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Parabolic Wave Equations Based on Padé Approximants - Model Applicable
to Incidence Angle 80°
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Abstract : Parabolic approximation wave models based on Padé approximants are presented of which the Padé
(15,15} is shown to be applicable to incidence angle 80° in comparison with the exact solution of a constant
sloping bed. After introducing a systematic way of the derivation to the parabolic wave equation, parabolic
models are obtained in this study upto the 15th order and several numerical results are given to wave
transformation in a constant sloping bed.

Keywords : parabolic approximate form, Padé approximation, Snell’s law, method of operator correspon-

dence, numerical computation
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Table 1. The coefTicients of Padé Approximations less then order 10 to the phase function (1-4‘)'1 and the amplitude function (1-5)_1:
NumA. and Deno denote numerator and denominator of phase approximation, respectively. NumH and Deno correspond to

those of amplitude function.

Name CoefTicients of Polynomials
oog 2 & & & & g & &
NumA 1 -3/4
Py Deno 1 -1/4
NumH 1 3/4
NumA 1 -5/4  5/16
Pnj Deno 1 -3/4 1/16
NumH 1 1/4  5/16
NumA 1 =714 7/8 -7/64
Py Deno 1 54 38 -l/64
NumH 1 -1/4 1/8 7/64
NumA 1 -9/4 27116  -15/32 9/256
Py Deno 1 -7/4  15/16 -5/32 1/256
NumH 1 234 3/16 1/32 9/256
NumA 1 -11/4 11/4 -77/64 55/256 -11/1024
Pss Deno 1 -9/4 7/4 -35/64 15/256 -1/1024
NumH 1 -5/4 1/2 -3/64 3/256 11/1024
NumA 1 -13/4 65/16  -39/16 91/128 -91/1024  13/4096
Pgg Deno 1 -11/4 45/16 -21/16 35/128 -21/1024 1/4096
NumH 1 74 17/16 -1/4 3/128 3/1024 13/4096
NumA 1 -15/4  45/8 -275/64  225/128 -189/512  35/1024 -15/16384
P(7,7) Deno 1 -13/4 33/8 -165/64 105/128 -63/512 7/1024  -1/16384
NumH 1 -9/4 15/8 -45/64 15/128 -3/512 1/1024  15/16384
NumA 1 -17/4 119/16 -221/32  935/256 -561/512  357/2048  -51/4096  17/65536
P(8,8) Deno 1 -15/4 91/16 -143/32  495/256 -231/512  105/2048 -9/4096 1/65536
NumH 1 -11/4 47116 -49/32  103/256 -25/512 5/2048 1/4096  17/65536
NumA 1 -19/4 1972 -665/64 17297256 -2717/1024  627/1024 -627/8192 285/65536 -19/262144
Py Deno 1 -17/4 15/2 -455/64 1001/256 -1287/1024 231/1024 -165/8192 45/65536  -1/262144
NumH 1 -13/4 17/4  -183/64  269/256  -211/1024 5/256 -5/8192  5/65536  19/262144
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Table 2. The coefficients of Padé Approximations for order 10 and 15 to the phase function (l-f)v2 and the amplitude function (1-5)‘1:
NumA and Deno denote numerator and denominator of phase approximation, respectively. NumH and Deno correspond to

those of amplitude function.

Poly. Paoso i Pasas) .
Coeff. Wave Angle Height Wave Angle Height
Deno Numer Numer Deno Numer Numer
2 1 1 1 1 1 1
& -19/4 21/4 -15/4 -29/4 -31/4 -25/4
& 153/16 189/16 93/16 189/8 217/8 139/8
& -85/8 -119/8 -77/16 -2925/64 -3627/64 -1813/64
& 455/64 735/64 147/64 7475/128 10075/128 3849/128
& -3003/1024 -5733/1024 -651/1024 -26565/512 -39215/512 -11169/512
& 3003/4096 7007/4096 399/4096 33649/1024 54901/1024 11311/1024
&7 -429/4096 -1287/4096 -15/2048 -245157/16384 -447051/16384 -64181/16384
&8 495/65536 2079/65536 15/65536 159885/32768 330429/32768 31523/32768
& -55/262144 -385/262144 5/262144 -146965/131072 -350455/131072 -20873/131072
g1o 1/1048576 21/1048576 21/1048576 46189/262144 130169/262144 4443/262144
& -37791/2097152 -130169/2097152 -2247/2097152
&2 4641/4194304 20553/4194304 147/4194304
&3 -595/16777216 -3689/16777216 27116777216
a4 15/33554432 155/33554432 1/33554432
&3 -1/1073741824 -31/1073741824 31/1073741824
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Table 3. Computations of different Padé approximants in the phase function 1-sin°6

] Exact Pay Pa3) Piss) Par Po,10) P55 0.5% < error
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

10 0.9848 0.9848 0.9848 0.9848 0.9848 0.9848 0.9848

20 0.9397 0.9397 0.9397 0.9397 0.9397 0.9397 0.9397

30 0.8660 0.8667 0.8660 0.8660 0.8660 0.8660 0.8660
40 0.7660 0.7696 0.7660 0.7660 0.7660 0.7660 0.7660 Pap

50 0.6428 0.6561 0.6428 0.6428 0.6428 0.6428 0.6428

60 0.5000 0.5385 0.5005 0.5000 0.5000 0.5000 0.5000

70 0.3420 0.4334 0.3467 0.3423 0.3420 0.3420 0.3420 Ps3

80 0.1736 0.3599 0.2062 0.1811 0.1755 0.1739 0.1737 Pssy, Pan
90 0.0000 0.3333 0.1429 0.0909 0.0667 0.0476 0.0323 Puosop Pus.is)

Table 4. Computations of different Padé approximants in the amplitude function (l-sinZH)'1
Exact Py P Pss) P Pao,10) Pas, s 0.5% < error

0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

10 1.0311 1.0304 1.0311 1.0311 1.0311 1.0311 1.0311

20 1.1325 1.1205 1.1324 1.1325 1.1325 1.1325 1.1325 Pay

30 1.3333 1.2667 1.3325 1.3333 1.3333 1.3333 1.3333

40 1.7041 1.4608 1.6941 1.7038 1.7041 1.7041 1.7041

50 2.4203 1.6877 2.3403 2.4143 2.4199 2.4203 2.4203

60 4.0000 1.9231 3.4812 3.9095 3.9863 3.9993 4.0000 Pasy

70 8.5486 2.1332 5.3526 7.3491 8.1556 8.4838 8.5459 P55y, Py
80 33.1634 2.2803 7.7272 14.6577 20.8533 27.1753 31.6348 Poop Pas,is)
90 2.3333 9.0000 21.0000 38.3333 743333 161.000
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Fig. 1. Computed linear wave amplitude ratio by Padé (2,2)
and Padé¢ (3,3) approximations for a constant sloping
bed (1:100).
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Table 5. Applicability of parabolic approximation models to a
constant sloping bed (1:100)

Model Applicable incidence angle
Padé (1,1) approximately to 30°
Padé (2,2) approximately to 45°
Padé (3,3) approximately to 50°
Padé (4,4) approximately to 55°
Padé (5,5) approximately to 65°
Padé (6,6) approximately to 70°
Padé (7,7) approximately to 70°
Padé (8,8) approximately to 75°
Padé (9,9) approximately to 75°

Padé (10,10)
Padé (15,15)

approximately to 75°
approximately to 80°

ZAH - QlALzE 807kA] A8 2 383

2 A% A5 Frlel WE AUE AN ARe
0% A4S walTh A Hol ANY XBY T

FEF ZAR ) Padé TAME o]E-3tH AAIFQ W
0% FEE F USS Ho|L YA AP AFA
AYZE 80°74A] 38 o) g=Hol A Bk of HEs] 5t
TH|E Alalsle 153} Padé 2AM 93 TEY 2ALE
g3} Az BHES AAEIGE B =5 ZARE o
f3hd 71E TEY ZARRYY Yapzel whE Aok 3
2o} ogr B uite] WEe Ags] A 5 3l
o} 2 AAE AR tiE XA E S dedt A
e ez sr)ol nut B3ek Xyl A48
RE FXRF el digt A7t d s

B 3EY TARHL AatelAe Ak St mE
AU T g F43) Frlh) IAR Z5E FUHEe] €35
2L FAAEE 3 2t B3 93] ZARCRs A
A7t vk Aol ol TEY AP AUs
7t #eas AME 2o AP E 5 44 S
shgleh. zElar Bk 9 g ALl 9 ARRS] Ao
ek A3 Aos £4510] Padé ZAtl & A
W X5y 2359 4 S AT

Al 2

re

AT BEABAT A ZIEATAIIS oy
= g A Qe e Ao Avole) A
o ZAHE SAY,

i

N
o,

]

Mgt (1990). B AR o Hea AR, §
= Fok - sl FF8k3| %), 2(3), 134-142.

A5, 0)FF (2006). 7 HBAL TR ohE £EH
A 29, 3= ik -l oFEElE A, 18(4), 360-371.

M, o159 (20072). TEE TAM FAERY 74 A
AzA. &5 it SFTEFA, 192), 170-178.

Aag, o1 (2007b). At 2 A AL f= 8l
Qh- 3| FF e A, 193), 360-371.

s ebFAbt (2005). Fk B A7 EAVIE



384 A

Berkhoff, J.C.W. (1972). Computation of combined refraction-
diffraction. Proc. 13th Coastal Eng. Conf., 1, 471-490.
Berkhoff, J.C.W., Booy, N. and Radder, A.C. (1982). Verifi-
cation of numerical wave propagation models for simple

harmonic linear waves. Coastal Eng., 6, 255-279.

Booij, N. (1981). Gravity waves on water with non-uniform
depth and current. Report 81-1, Dept. of Civil Eng., Delft
Univ. Technology.

Dean, R.G. and Dalrymple, R.A. (1984). Water wave mechan-
ics for engineers and scientists. Prentice-Hall, Englewood
Cliffs, New Jersey.

Dalrymple, R.A. and Kirby, J.T. (1988). Models for very wide-
angle water waves and wave diffraction. J. Fluid Mech,,
192, 33-50.

Dalrymple, R.A., Suh, K.D., Kirby, J.T. and Chae, J.W. (1989).
Models for very wide-angle water waves and wave diffrac-
tion. Part 2. Irregular bathymetry. J. Fluid Mech., 201, 299-
322.

Jain, MK, Iyengar S.RK. and Jain R.K. (1985). Numerical
Methods for Scientific and Engineering Computation.
Wiley Eastern Ltd., New Delhi, India.

Kirby, J.T. (1986a). Higher order approximations in the para-
bolic equation method for water waves. J. Geophys. Res.,
91, 933-952.

Kirby, J.T. (1986b). Rational approximations in the parabolic
equation method for water waves, Coastal Eng., 10, 355-
378.

1t}
2]

Kirby, J.T. and Dalrymple, R.A. (1986). Approximate model
for nonlinear dispersion in monochromatic wave propaga-
tion. Coastal Eng., 9, 545-561.

Liu, PL.-F. (1990). Wave transformation. The Sea, B. LeMe-
haute and D.M. Hanes, eds., Ocean Engineering Science, 9,
Wiley, New York, 27-63.

Mei, C.C. (1989). The Applied Dynamics of Ocean Surface
Waves. World Scientific, Singapore.

Mordane, S., Mangoub G., Maroihi K.L. and Chagdali M.
(2004). A parabolic equation based on a rational quadratic
approximation for surface gravity wave propagation. Coastal
Eng., 50, 85-95.

Nwogu, O. (1993). Alternative form of Boussinesq equations
for nearshore wave propagation. Journal of Waterway, Port,
Coastal and Ocean Engineering, 119(6), 618-638.

Press, W.H., Flannery, B.P.,, Teukolsky, S.A. and Vetterling,
W.T. (1986). Numerical Recipes: The Art of Scientific
Computing. Cambridge University Press.

Radder, A.C. (1979). On the parabolic equation method for
water-wave propagation. J. Fluid Mech., 95, 159-176.
Wei, G, Kirby, J.T., Grilli, S.T., Subramanya, R. (1995). A
fully nonlinear Boussinesq model for surface waves. Part 1.
Highly nonlinear unsteady waves. J. Fluid Mech., 294, 71- 92.

Received June 7, 2007
Accepted August 14, 2007



