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ON THE STABILITY OF A PEXIDERIZED MIXED TYPE
QUADRATIC FUNCTIONAL EQUATION II

KiL-Woung JuN, JIN-HEE LEE, AND YANG-HI LEE

ABSTRACT. In this paper, we establish the generalized Hyers-Ulam-Rass-
ias stability of the Pexider type quadratic equation fi(z+y+ 2)+ fao(z —
Y+ f3(x—2z)— falr—y—2)— fs{z+y) — fe(z + z) = 0 and its general
solution.

1. Introduction

In 1940, S. M. Ulam [23] raised the following question: Under what con-
ditions does there exist an additive mapping near an approximately additive
mapping?

In 1941, D. H. Hyers [6] proved that if f : V — X is a mapping satisfying

[f(z+y) - fl=) - fyll <e

for all z,y € V, where V and X are Banach spaces and ¢ is a given positive
number, then there exists a unique additive mapping T : V — X such that

1f(@)-T(x)ll<e
for all z € V. In 1978, Th. M. Rassias [17] gave a significant generalization of
the Hyers’ result. Th. M. Rassias [20] during the 27th International Symposium
on Functional Equations, that took place in Bielsko-Biala, Poland, in 1990,
asked the question whether such a theorem can also be proved for a more
general setting. Z. Gadja [4] following Th. M. Rassias’s approach ([17]) gave
an affirmative solution to the question. Recently, P. Givruta [5] obtained
a further generalization of Rassias’ theorem, the so-called generalized Hyers-
Ulam-Rassias stability (see also [7, 18-21]). Lee and Jun [15,16] also obtained
the Hyers-Ulam-Rassias stability of the Pexider equation of f(z + y) = g(x) +

h(y).
A stability problem for the quadratic functional equation

flz+y)+ flz—y) =2f(z) +2f(y)
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was proved by F. Skof [22] for a function f : V — X, where V is a normed
space and X a Banach space. P. W. Cholewa [2] noticed that the theorem of
Skof is still true if the relevant domain V is replaced by an Abelian group. S.
Czerwik [3] proved the Hyers-Ulam-Rassias stability of the quadratic functional
equation. Jun and Lee [8-12, 14] proved the Hyers-Ulam-Rassias stability of
the Pexider type quadratic equation

flz+y)+g(z —y) = 2h(z) + 2k(y).

In [13], the authors investigated the following Pexider type quadratic functional
equation

(L.1) file+y+2)+fole—y)+ fa(z—2)— fa(z—y—2)— fs(z+y) - fo(z+2) =0

in the punctured domain. In this paper, we establish the generalized Hyers-
Ulam-Rassias stability for the equation (1.1) and its general solution in the
whole domain. Throughout this paper, let V and X be a normed space
and a Banach space, respectively. For convenience, we employ the opera-
tors as follows; for a function ¢ : V3 — [0,00), let @', e, ¢, : V3 — [0, 00),
M,M', M., M, :V — [0,00) be functions defined by

801(37,3/,2) = %[(p(:l:,y,z) + (p(—l‘,y,Z)],
QOE(ZL',y, Z) = %[‘P(l':y?z) + <P(_$, =Y, _Z)]7

1
80:3(37, Y, Z) = Z[Sp(xa Y, Z) + (P(—l', yaz) + QD(—iL', —Y, - ) + Lp(.’]?, -Y _Z)]a

M) = 9(5, 2~ D)+ 205 5, -2 +¢(5.5.3)
M@ =2 -2y 255 -5+ 0§50,
M) = o5, 2 - D) 265 - D (5.5,
M) = A 5 -3 r o3 2 - D+ elS. 5 5)

for all z,y,z € V.

2. Stability of the equation (1.1)
The authors [13] obtained the following lemma.

Lemma 2.1. Let a be a positive real number. Let ® : V — [0,00) be a map
such that

(%) &(z) = }: a1—L<I>(2lx) <oo forallz eV
=0
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or

(+%) B(z) == Zalcb(;?) <ooforallz€V.
=0

Suppose that the function f:V — X satisfies the inequality

1) - 122 < 2

a a
for all x € V.. Then there exists exactly one function F : V — X satisfying

I/ (@) — F(z)|| < ®(z) for allz €V and aF(z) = F(2z) for allz € V.
Moreover, the function F is given by
: f2"a) , ,
Flz) = l%mn__,oo a7 z.f@ satz.sﬁes (%),
limg, o0 6" f(27 ") if ® satisfies (#x)
forallzeV.

We establish the stability results for the even functions in the following
Theorem 2.1 and Theorem 2.2.

Theorem 2.1. Let ¢ : V3 — [0,00) be a function such that

. — 1
(a) Br,,7) = Y e, 21y, 212) < oo

1=0

holds for all x,y,z € V. If the even functions fi, fo, fa, fa, fs, f6 1 V — X
satisfy the inequality
Ifilz+y+2)+ falz — y) + fs(z — 2)
—fuz —y—2) = fs(z +y) — fo(z + 2)| < 0(z,9,2)

for all x,y,z € V, then there exists exactly one quadratic function Q : V — X
satisfying the inequalities ’
(2.2)

1£1(2) - £1(0) - Q@) <
1a(2) = £200) — Q@) < M(z) + &

(2.1)

"0 (0 — .
o' (x, ,0)+290( , L, =) +M($)+<Pl(g7g—’0)’

(z,0,0) + ¢'(0,0,x)
2 )
1:@) = £50) - Q)| < 11'(@) + £ 220 LE020)
I£e) - £u0) - Qo)) < FELOFLOLTD | gy 1 2,2 ),

2
| fs(z) = f5(0) — Q(=)]]

¢'(,0,0) + ¢'(0,0,2)
fo(z) ~ fo(0) ~ Q) < M'(@) + &

M(z) +

IN

2 ’
(2,0,0) + ¢'(0,2,0)
2
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for all x € V, where

- <1 L = 1
1=0 1=0
for all x € V. Moreover, the function Q) is given by
277.
Q(z) = lim (2"
n—oo  4M

forallz €V and for k=1,2,3,4,5,6.
Proof. Replace z by —z in (2.1) to get
Ifiz —y —2)+ fa(z +y)+fa(z + 2) — fulz +y + 2)

—fs(x —y) = folz — 2)|| < p(—2,y,2)
for all z,y,2 € V. It follows from (2.1) and (2.3) that
[F(z+y+2)+Glz-y)+ Hz—2) - Flz -y -2)
—G(@+y) - H@+2)| <¢(z,9,2)
for all z,y,z € V and H(0) = G(0) = H(0) = 0, where the functions F,G, H :
V — X, are defined by

F(z) = —[fl z) + fa(z) — f1(0) = f4(0)],
G(z) := 5[f2(x) + f5(z) — f2(0) — f5(0)],

1
H(z) := E[fs(m) + fe(x) — f3(0) — £5(0)]
for all z,y,z € V. Replace y and z by 2/2 and —z/2 in (2.4), to get

(2.3)

(2.4)

(2.5) |H(z) - G@) < ¢(5:5,—3)
for all z € V. It follows from (2.4) and (2.5) that
e - 22,
< 2IFCE) - F(f> - Ga) ~ H(@)| + 1 H(z) - G(2)]

+ il FCD 2 R+ 6lem) - 6() - HE))
<1 z 3r =z 1,22z =z 1
2

re oy ez 1
<G D+ G 5 T ¥ G s) = MW
for all z € V. By Lemma 2.1, we can define
27'L
(2.6) Q) = tim ZET)
n—oo 4N

for all x € V and
(2.7) IG(z) - Q)| < M(x)
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for all x € V. By the similar method in obtaining the inequality (2.7), we get

H(2"zx)
471

for all z € V. It follows from (2.5) and (2.6) that

| < M (x)

(2.8) |H(z) - Jim

H(2"z)

47‘L

(2.9) Q(z) = lim

for all x € V. It follows from (2.4) and (2.7) that

(210) [F(z)- Q)] < |G(z) - Q@)|| +|1F(z) - G(@)|| < M(z)+¢'(5

X
2’5’0)

for all z € V. Replacing z by 2™z, dividing by 4™ in the above inequality and
taking the limit in the resulted inequality as n — oo, we have

lim F(2"z)

n~00 4n

= Q(z)
for all z € V. Using (2.4), (2.6), (2.9) and the above equality, we obtain
(211) Qr+y+2)+Qr-y)+Q(z—5)-Qr—-y—2)-Q(r+y) —Q(z+2) =0

for all z,y,2 € V. Replace & and z by £ in (2.11) to have

(212)  Qa+y)+Q(5 -9 -Q-y) - QG +y) - Q@) =0

-

for all z,y € V. Replace  and z by £ and =E in (2.11), we have

QW) +Q(5 —1) + Q@) —Qz —v) ~ Q5 +1) = 0.

for all z,y € V. Subtracting the above equality from (2.12) and using the
evenness of (), we lead to

Qz +y) +Qz —y) - 2Q(x) — 2Q(y) = 0
for all z,y € V.
On the other hand, it follows from (2.1) and (2.3) that
IF'(@+y+2)+ Gz —y)+ H (@ = 2)+F(z -y - 2)

(213) +G’($+y)—|—HI(.’E+Z)” < (Pl(x,yvz)

for all z,y,z € V, where the functions F',G’, H' : V — X are defined by

1

F@) = 3@ - fi@)l G'(@) = 3lfala)— fs@)], H'@)= 31fs(@) - fo(o)
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for all z,y,z € V. It follows from that (2.13) that

1F/(@) + G'(e) + (@) < 1200

IF'@) + H(@) + ¢ (o) < 002

¢'(0,,0)
2

1) + B'(2) + G ()] < £ 050

for all z,y, z € V. From the above inequalities, we have
Sol(x7 07 0) + ‘P/(O, 07 .73)

|F'(x) + H'(0) + G ()] <

IG'(z) = G'(0)]] <

2
1H'(@) - ()] < £EL0 2050
||F'(ac) _ F’(O)” < (,0’(:1:,0,0) +2Q0I(0,l‘, —w)

for all z € V. By using (2.7), (2.8), (2.9), (2.10), the above inequalities and
the definition of F, G, H,F’,G’, H', we have
I£1(2) = £1(0) — Q(@)]| < |1F(z) — Q)| + |1 F'(=) — F'(0)]]

/ / _ ~
¢'(2,0,0) +290 0.2,-2) | 1) +9'(5.2,0),

1G(2) + G'(z) — G'(0) — Q=)
¢ (2,0,0) + ¢'(0,0, z)

<

Il

| f2(z) — £2(0) — Q(z)|

< M(z) + 5
for all z € V. The rest of inequalities in (2.2} can be shown similarly. Also the
uniqueness of Q follows from Lemma 2.1. O

Theorem 2.2. Let ¢ : V3 — [0,00) be a function such that

oo

- x Yy z
(a,) QD(CL‘,y,Z) =Z4ZW(FaFaW) <00
=0
holds for all z,y,z € V. If the even functions fi, fa, fa, fa, f5, fe : V — X sat-
isfy the inequality (2.1) for allx,y,z € V, then there exist exactly one quadratic
function Q : V — X satisfying the inequalities (2.2) for all x € V, where

M(z) = Z4ZM(2%), M'(z) = ZzﬂM'(?%)
= =0
forallz e V. Moreovér,othe function @ is given by
Q(x) = lim 4"(fi(27"2) - f+(0))
forallx €V and for k=1,2,3,4,5,6.
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Proof. The proof is similar to that of Theorem 2.1. O

Applying Theorem 2.1 and Theorem 2.2, we get the following corollary in
the sense of Rassias inequality.

Corollary 2.1. Let p # 2 be a positive real number and € > 0. If the even
functions f; 'V — X, i=1,2,...,6, satisfy
If1(@+y+2) + falz —y) + falz — 2) = falz —y — 2)
— fs(z +y) = folz + 2)I| < e(llzl” + fly[|” + [12]I7)
for all z,y,z € V, then there exist exactly one quadratic function Q : V — X
satisfying
3+ 2+ wmagle-llzlP,  if k=14

[1+ s2tle - =) if k=2,3,56

I fx(z) — f&(0) — Q(@)|| < {
for all x € V. Moreover, the function Q is given by
ooy _ e 22 ip<2,
limy, 00 4" (f£ (27 ") — fr(0)) ifp>2
forallz eV and k=1,2,3,4,5,6.

We establish the following Theorem 2.3 and Theorem 2.4 for the odd func-
tions.

Theorem 2.3. Let p: V3 — [0,00) be a function such that

o0
R 1
) P0,,2) = 3 srrrol2,21y,212) < o0
=0

holds for all z,y,z € V. If the odd functions f1, fo, f3, fa, fs, fe : V — X
satisfy

Ifilz+y+2)+ fale —y)+fslz — 2) - falz —y - 2)
- f5(:v+y) - f6($+z)” < go(x,y,z)

for all x,y,z € V, then there exist exactly three additive functions A, Ay, As :
V — X satisfying

(2.14)

1) — A@) + 4 (z) + As(e)]| < L (),
1) - A(@) — Ar(@)] < La(e),
lf3(x) — A(z) — A2(z)|| < La(z),
(2.15) 1fa(z) — A(z) — Ay(z) — As(z)] < Ln(a),
(e

Ifs(z) — A(2) + A1 (2)l| < La(z),
[fe(z) — A(z) + A2(2)| < Ls(x)
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for allx € V, where

¢ (2'z,2'y,2'2
@' (z,y,2) _Z o ),

Li(z) = %[«3 (0,2,0) + ¢'(0,0,) + ¢'(22,0,0) + ¢'(0,z,2))] + &' (=, , —2),

La(z) = min([7'(0,22,0) + (0,2, )} 5[¢(0,2,0) + #'(0,0,7) + ¥/ (0,,0))

1., - R
+518(22,0,0) + ¢ (0,2,2))] +¢(,0,),

La(z) = min(5[4(0,0,28) + ¢ (0,2, ~2)], 31#'(0,2,0) + (0,0,2) + #/(0,0,2))

1 Al al
+ 5[‘»5/(21:70) 0) + (0,:1:,1:))] +¢'(z,2,0).
Moreover, the function A, A1, As are given by

Alz) = lim 21D T /1(270)

n—o0 on+l ’

. (@) - f5(2"x

Ai(z) = lim 2( )2n+15( ),
. f3(2x) — fs(2™x

Ax(z) = lim, g ;nf( :

foralzeV.
Proof. Replace z by —z in (2.14) to obtain

| - filz —y—2) = falz +y) — falz +2) + falz +y + 2)
+f5($ _y)+f6(37 - z)” S QD(—.'L',y,Z)

for all z,y,z € V. Let the functions F,G, H : V — X be defined by

(2.16)

= HAE+AE) G = 5lh@)+ @), HE@) = 5He)+ fi)
for all z,y,z € V. From (2.14) and (2.16), we get

|\Flx+y+2)+Glz~y)+ Hz—2)— Flx —y—z2)

(2.17) ~G(z+y)—H(z+2)| < ¢'(z,y,2)

for all z,y,z € V. From (2.17), we have

(218) IF@) - G@)] < 5¢'(0,2,0),

(219) IF(@) ~ H@)| < 5¢(0,0,2)
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for all z € V. It follows from (2.17) that

176) - 22 = o) - F@) + 15 (2) - 0(e) - H)|
+IHE) - F@)|
< i(p’(o,x,()) + icp'(O,x,x) + iso’(0,0,x),
)~ C22) = 2ot - )| + 1P (22) - Ola) - HE)|
FIHE) - G
< icp’(O,%,O) + %go'(O,x,x) + iap’(o,x, ~z)
and
15~ 222 = H1#(22) - Fao)] + 1F(22) - Ola) - H)|

+ || = H(z) + G(=)[]
1 1 1
< Z‘Pl(()?()a 2:[") + ZQDI(()?CE?:E) + Z(p/(o’x’ —IL')
for all x € V. Applying Lemma 2.1, we obtain

F(2"x)

(2.20) ||F(z) — nh_)ngo $'(0,z, ) + Ls $'(0,0,),

l\DIp—l

1,
“ < 5(,0’(0,:1?,0)

(2.21) [G(z) -

G(2"x) 1., 1, 1.,
7}—>H;o om | < 2% 0,2z,0) + 3% 0,z,2) + 3% (0,2, —x)
and

(2%)

(2.22) |H(z) - nli_m $'(0,0,2z) + ;cp 0,z,2) + go "0, z, —x)

<50
for all z € V. From (2.18) and (2.19), we easily obtain

n n n
lim F(2rz) ~ im G(2"z) - lim H(2"x)

for all z € V and we can define a function A: V — X by

(223)  Al) = lim 220y G2 _ gy, H2'0)

n—o0 n n—o0 2 n—o0 n

for all z € V. On the other hand, it follows from (2.18),(2.19) and (2.20) that
(2.24)
1G(z) - A(z)l| < ||G(z) - (ﬂi)ll + [|F(z) — A=)

1 1 1
5 ©'(0,z,0) + &'(0,z,0) + 5@'(0,:1:,3:) + Egﬁ’(O,O,x)
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nd
(225
|H(z) — Alz)|| < |H(z) ~ F(z)|| + || F(2) — A(2)||

< %Lp'(O,O,x) + %@'(0,@',0) + %@'(O,x,x) + %@’(0,0,1})
for all z € V. Replacing z by 2"z, dividing 2" in (2.17) and taking the limit
in the resulted inequality as n — oo, we obtain
Az+y+2)+Alz—y)+ Az —2) - Az —y—2) - Alz+y) - Alz +2) =0
for all z,y,z € V. Replace , z by 0,z in the above equality to have
2A(x +y) — 2A(z) —24(y) =0

for all z, € V. Hence, A is an additive function.

Let the functions F’,G', H' : V — X be defined by

1 ) 1 1
F'(@) = 5lhi(2) - fal@)), G'(@) = 5lh(2) - f0)], H'@2) = 5{fs(2) ~ fs(2)]
for all z € V. From (2.14) and (2.16), we have
\Fl(x+y+2)+G'(z—y)+ H(z - 2)

(226) 7 ! ! !
+F(@-y—2)+G'@+y)+H @+ 2)| <¢'(z,y,2)
for all z,y,z € V. It follows from (2.26) that

Io'@ - D) < Lypien) + ¢em) + /20

2
+ 1 - F'(27) - 2G'(z) — H'(22)|]

1 1
S 190/(2.’1?,0,0) + 5()0/(.’13, 0,-’13),

I < SIF(2z) + G'(2) + H'(20)]
(2.27) + | = F'(2z) - G'(2z) — 2H' (z)]

1 1
< Zcp’(Zx,(),O) + §<P'(x,:v,0),

17/ (2) — 2 < I (2m) + G (2) + ' (20)]
1= 2 (@) ~ ' (22) — H'(2a)]
< %30’(21'7 0, O) + %(pl(xwx» ‘I)

for all z € V. Applying Lemma 2.1, we obtain an odd functions A;, Ag, As :
V — X satisfying

(2.28) IG'(z) — Ai(@)]| < 5¢'(22,0,0) + ¢/ (=,0,2),

DN} =
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(2.29) | (@) = o)l < 56/(22,0,0) + ¢/ (a,2,0)
for all z € V, where
! 27L
(2.30) Ai() = Tim ¢ (2n 2
1{on
(2.31) Ao(z) = lim 2 (2271 2)

for all z € V. Replacing z,y, z by 2"z,0,0 and dividing by 2**! in (2.26), we
obtain

F'(2"z) + G'(2"z) + H'(2"z) ©'(2"z,0,0)
I - < S
for all z € V. Taking the limit in the above inequality as n — 0o, we have
Fl n
(2.32) lim (22n 2) = —A;(z) — Az(z)

for all x € V. By Lemma 2.1, (2.27) and (2.32), we have
1 ~7 ~r
(2.33) I (z) + A(2) + A2(@)]| < 59'(22,0,0) + (2,7, ~2)

for all x € V. From (2.30), (2.31) and (2.32), we have
(2.34)
—Aj(z+y+z)-As(z+y+2)+ Az —y) + Ae(z — 2) — As(z -y — 2)

— A —y—2)+A(z+y)+ Az +2)=0
for all z,y,z € V. Replace z,y, z by ”—”%3,0, ¥ in (2.34) to get
—Ai(z) + Ai(z +y) - Ai(y) =0
for all z,y € V. Replace z,y,z by ZE%, 2= 0 in (2.34) to get
—Ax(z) + Az(z +y) — A2(y) =0

for all z,y € V. Hence A; and A; are additive. From (2.20), (2.23), (2.33) and
the definition of F, F’, we have

1£1(2) = Alz) + A1(#) + As(@)]| SIF(z) - A+ IF'(@) + A1 (2) + Aa(@)]
<5¢/(0,2,0) + 34/(0,2,5) + 5¢/(0,0,2)

1
+ —2—@'(250, 0,0) + ¢'(z,z,—x)

for all z € V. The rest of inequalities in (2.15) can be shown by the similar
method. tJ

Theorem 2.4. Let ¢ : V3 — [0,00) be a function such that

. > T Y z
(b/) (p(xay9 Z) = Zzl(p(émv §i+—1’ Ezﬁ) <00
=0
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holds for all z,y,z € V. If the odd functions fi, fa, fa, fo, f5. fs : V = X
satisfy the inequalities (2.14) for all z,y,z € V, then there exist exzactly three
additive functions A, Ay, Ay 1 V — X satisfying the inequalities (2.15) for all
x €V, where

[oe]

~l L L T y z

QD ($7y7 Z) T Z 2190 (21'_‘_1 3 2i+1 » 27;_'_1 )
i=0

Moreover, the function A, Ay, Aa are given by
A(z) = lim 2" (fs(27"2) + frrs(27"2)),
A(z) = lim 2" (fo(27"%) - f5(27")),
Ag(z) = lim 2" Y(f3(27 ") — f6(27"2))

n—o0

forallz € V and for k=1,2,3.

Proof. The proof is similar to that of Theorem 2.3. O
Applying Theorem 2.3 and Theorem 2.4, we get the following corollary in

the sense of Rassias inequality.

Corollary 2.2. Let p # 1 be a nonnegative real number and ¢ > 0. If the odd
functions fr, .V — X, k=1,2,...,6, satisfy

fi(z+y+2)+ falz —y) + fa(z — 2) — falz —y — 2)
— fs(z +y) = fo(z + 2)|| < e(llz]|” + lyll” + =)

for all z,y,2 € V, then there exist exactly three additive functions A, A1, As :
V — X satisfying

I£1() = A®) + A (a) + Ae(@)] < e el
12(2) = Alz) = A @) < (g + )e- el
I12(s) = Ale) = Aa(a)] < (grpmry + e el
I£a(e) = Alz) = Ax(a) =~ Aela)] < gr—e- el
I5(e) = Ale) + As(@)] < (g + e el
1fo(e) — A(e) + Ao(@)]| € (st + 2 - o

2020 — 2| " 2
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for all z € V. Moreover, the functions A, A1, Ax are given by

if p<l,
n—0

A( lim L) fa(2a)—f(=2"a)= fa(=2"2)
nlg%o2n—2(f1(gln) F (&) - (&) — fu(-2) i p> 1,

) (x) nllrrgof2(2"$)—f5(2"$);Jig—2"$)+f5(—2nm) if p<l,
1 - . _ R
i 2o &) - (B - )+ S-E) i p>1,
y ( nli_)n;ofa(znﬂf)—f6(an)gjig—2nx)+fs(—2nz) if p<l,
2\%) = .
nle 2" 2(fa(5%) — fo(3x) — fa(=5%) + fo(—5%)) if p>1
forallxz eV.

We establish the following theorem from Theorem 2.1 and Theorem 2.3.

Theorem 2.5. Let ¢ : V3 — [0,00) be a function that satisfies the condition
(a) and (b). Suppose the functions fr, : V. — X, k = 1,2,...,6 satisfy the
inequality

Nz +y+2)+ folz—y) + falz —2) — falz —y ~ 2)

(2.34) ~ sz +y) — fo(z + 2)| < p(z,y,2)

for all x,y,z € V. Then there exist exactly one quadratic function Q:V — X
and ezactly three additive functions A, A1, As 1 V — X satisfying

If1{z) = £1(0) — Q(z) — A(z) + Ai(2) + A2(z)| < Ki(2)
1f2(z) = f2(0) — Q(z) — A(z) — Ai(2)]| < Ka(z),
(2.35) I fs(z) — f3(0) — Q(z) — A(z) — A2(2)]| < Ks(2),
' [ fa(x) = fa(0) = Q(z) — A(z) — Ai(z) — A2(2)]| < Ki(z),
Ifs(z) = f5(0) — Q(z) — A(z) + A1 (2)]| < K2(2),
If6(z) — f6(0) — Q(z) — Alz) + Az(z)]| < Ks(z)
for all x € V, where K1(x), K2(x), K3(x), &., @, are given by
K@) = 05, 5 =) + 2605 5 - D) + 85, 5. 5)
1

+ §[¢e<o, £.0)+ #(0,0,2) + &(22,0,0) + #,(0,2, )]
4 !
0 _
+ (a0, -2 + o, 2 ,0) 4 00700270

2’ 2 2
z 3x oz T T T
— & od 200 (Z. 2 2 (2

);

Nl&
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1
+ min(3 2,0, 22,0) + (0,3, 2],

1
5[8(0,,0) + ¢ (0,0,2) + ¢ (0, 2, 0)])

1
b 12L(22,0,0) + (0,2, 2)]
o 5) + PO 000)
_ Tz 3z o 4T T T
Rl = 4G - SFETICRR TR

+ min(§[¢e(0, 0,2z) + ¢ (0,2, —x)],
1. .
3[#(0,2,0) + ¢.(0,0,2) + ¢ (0,0, 2)])

1
+ 5[66(22,0,0) + (0,2, 2))] + ¢¢ (=, ,0)

¢e(2,0,0) + ¢ (0,2,0)

+ )
2
= L (2'z, 2%, 2'2)
(pe(xv Y Z) Z 41_;_1 )
Z @6(211‘ 213/7 212)

21—{»1

Pe(z,y, 2

for all x,y,z € V. Moreover, the functions Q, A, A1, A2 are given by
fe(@'z) + fe(-2"7)

Qo) = fim
Az) = lim f(2ra) — fl("2n.’17;:;;‘4(2nx) _ f4(_2nm),
Ai(z) = lim f2(2") - fz(*2"$é;+g‘5(2”x) + f(-20)
Ag(w) = lim fa(2"z) — fs(—znzé; 56(2%) + fo(—2ma)

forallz eV and k=1,2,3,4,5,86.
Proof. From (2.34), we obtain
Ifi(=z —y = 2)+fa(=x +y) + fa(~z+ 2) — fa(-z +y + 2)
- fs(—z —y) = fo(—z = 2)| < (-2, ~y,-2)
for all z,y,z € V. From (2.34) and the above inequality, one gets
| fie(z +y+2) + fee(z — y) + frelz — 2)
— fae(T —y — 2) — fse(x + y) — foe(x + 2)||
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< @y 2) + (=2, —y, —2)
- 2
| fi0(x +y + 2) + foolz — y) + f3o(z — 2) = faol(z —y — 2)
— foo(@ +y) — foo(z + 2)|l
< Lp(m,y, Z) + 90(_'7:7 Y, _Z)
- 2
for all z,y,z € V, where fie(z) = Mk(—x—) y Jro(z) = —(x)—f—’“(—m—) for all
zeV,k=12,3,4,56. Since fi. is an even functlon fro is an odd function
and fx = fre + fro, we can apply Theorem 2.1 and Theorem 2.3 to get the
desired result. O

We establish the following theorem from Theorem 2.1 and Theorem 2.4.

Theorem 2.6. Let p : V3 — [0,00) be a function that satisfies the condition
(a) and (b'). If the functions f1, fo, f3, fa, f5, fo : V — X satisfy the inequality
(2.34) for all z,y,z € V, then there exist exactly one quadratic function Q :
V — X and exactly three additive functions A, A1,As 1 V — X satisfying
(2.35) for all z € V, where @, ¢, are given by

o

oL (2iz, 2%y, 2'2) " . i, X y z
.fL' Y,z Z TR 4%*_1 ) (pe(xay’z) "‘ZZQOe(W7 émzw__‘_f)
=0

forallz,y,z € V. Moreover, the function Q is given by the equality in Theorem
2.5 and A, Ay, Az are given by

A(z) = lim 2"~ 2(fl( )+f4( =) — fi(— ) f4(“—))

Al(w)=nlggo2"_2(fz(§;)— 5<2—n>—f2(—2 >+f5<—2%)

Ao(w) = lim 2 2(fa( ) = fol5s) = fal= ) + fo(= )
foradlzeV.

We establish the following theorem from Theorem 2.2 and Theorem 2.4.

Theorem 2.7. Let ¢ : V3 — [0,00) be a function that satisfies the condition
(a') and (b'). If the functions f1, fa, fa, fa, f5, fo 1 V — X satisfy the inequality
(2.34) for all z,y,z € V, then there exist exactly one quadratic function Q -
V — X and exactly three additive functions A, Ay, Az : V. — X satisfying
(2.35) for all x € V, where @.,,¢L are given by

o
x Y z

Pe(@,y,2) = Z4i<pé(2i+1’ Qi+1 QiT%
i=0

~7 z
Pelz,y,2) Z 21+1’ 21+1 ' 2z+1)
=0
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Moreover, the function Q is given by
. Je(EE) F fr(—
Q) = im an(PELLCE) g )
for k=1,2,3,4,5,6 and A, A1, Ay are given by the equalities in Theorem 2.6.

Corollary 2.3. Letp # 1,2 be a positive real number and € > 0. Suppose that
the functions fr : V — X, k=1,2,...,6, satisfy

Ifilz+y+2)+ fale —y)+ f3z—~2) - falz —y — 2)
— fs(@ +y) — fo(z + 2)|| < e(ll=l” + NIy + |12117)
for all z,y,z € V. Then there exist exactly one quadratic function @ :V — X
and three additive functions A, A1, As: V — X satisfying
I/1(z) — £1(0) — Q(z} — Alz)+A1(z) + A2(2)]
P4+ 11 2 3 10 + 27
< [z_fh ( §)+§|£3T]5'(l$llp,

(37 +11) 8+ 27

152(0) = £20) = Q) — A}~ (@] < [ + 3 + g Ele ol
155(2) = £3(0) = Qo) = Ala)~Ao(o)] < Lot 2 + 3 + 2 E 2 hol,

fal) = £200) — Q(z) — A(z)-As () — Aa(a)]

3P+ 11 2 3 10 4+ 2P
< [ — —- —_— e p
( +11) 3  8+72?
- - —A A — P
15(2) = (0) = Qa) ~ AWHA @ < Ly + 5 + gm—gple - Il
(3*+11) 3 84 2P
_ _ - < 2 . P
I6(a@) = 75(0) = Q&) = A+ A2 () < Ly =+ 5 + e e el
for all x € V. Moreover, the function Q is given by
lim f_k(ﬂ_ﬁ).;r{fc_(;?E if p<?2
T) = n—oo
Q( ) 111204n(fk(—ﬁ2 )Hfe(— fk:(o)) if p>2
fork=1,2,3,4,5,6 and the functions A, A1, As are given by
lim f1(2"$)+f4(2"1);fig—2"90)—f4(—2"2) if p<l,
Afg) = o= )
Jm 202 (A () + fulE) - A-E) - faE) i p> 1,
lim f2(2”x)—f5(2"m)~nf2g—2"z)+f5(——2"a:) Zf p<l,
Al(m) n-’—>oo n—2 T o T z T ;
nll{l;f (fa(5) = fs(5E) = fo(=%) + fs(—&)) o p>1,

if p<l,
n—oo

lim 2" 2(fs(5%) — fo(&) — fa(=&) + fo(— %)) if p>1

T~—0Q

lim f3(2"fﬂ)—fﬂQ"E);fig—an)'Ffs(—?"Z)
Az(x) =
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forallz eV,

Corollary 2.4. Let e > 0 be a fized real number. Suppose that the functions
fi: V=X, k=1,2,...,6, satisfy

Ifi(z+y+2)+ fole—y) + falz - 2) - fule—y—2) = fs(z+y) - fo(z+2) < €
for all x,y,z € V. Then there exist exactly one quadratic function Q : V — X
and three additive functions A, A1, Ay 1 V — X satisfying
19
I71(2)=£1(0) = Q(z) — A(z) + Ar(2) + A2(2)]| < 7,

1£2(2)=12(0) - Q&) — A(w) — 4s(a)] < e,
175(0)=£3(0) — Q&) — A®) + Ao < s

174(0)=£3(0) = Q&) = A(#) = As(e) ~ Ax(o)] < =
15 (2)=F5(0) ~ Q(x) ~ A(e) ~ As(@)] < =
16(2)=fo(0) = Q@) - A@) + Aa(@)]| < e
foradlzeV.
Now we obtain the general solution of the equation (1.1).
Corollary 2.5. Suppose that the functions fy: V — X, k =1,2,...,6, satisfy
h@t+y+2)+falz—y)+ falz—2) - fule—y—2) - falz+y) - fs(z +2) =0

foradlz,y,z€ V.
Then there exist exactly one quadratic function Q : V — X and three addi-
tive functions A, A1, As 1 V — X satisfying

fi(z) = Q(z) + A(z) — Ai(z) — A2(z) + £1(0),
fo(z) = Q(z) + A(z) + A1 (z) + f2(0),
fa(z) = Qz) + A(z) + A2(z) + f3(0),
fa(z) = Q(z) + A(z) + Ai(z) + Az(z) + f4(0),
fs(z) = Q(z) + Az) — A1(z) + f5(0),
fo(z) = Q(z) + A(z) — A2(z) + f6(0)

for all x € V. Moreover, the functions Q, A, Ay, Az are given by

_ fel@) + ful(~a)
2

Q(l’) - fk(o)a
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Alz) = fi(@) + fa(z) —é{l(_x) _ f4(—x)’

Ai(z) = folz) — fs(z) — fol=2) + f5(—2)

)

4
fa(@) — fo(z) — fa(—z) + fo(—2)

Ax(z) = 4

forz €V and for k=1,2,3,4,5,6.
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