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COMMON FIXED POINT AND INVARIANT
APPROXIMATION RESULTS

MuJaHID ABBAS AND JoNG Kyu KiMm

ABSTRACT. Necessary conditions for the existence of common fixed points
for noncommuting mappings satisfying generalized contractive conditions
in the setup of certain metrizable topological vector spaces are obtained.
As applications, related results on best approximation are derived. Our
results extend, generalize and unify various known results in the litera-
ture.

1. Introduction and preliminaries

Let X be a linear space. A p-norm on X is a real valued function |||, on
X with 0 < p < 1, satisfying the following conditions:
(i) llzll, > 0 and [lz||, = 0 if and only if z = 0,
(i) IAzll, = (AP [,
(i) llz +yll, < llzli, + v,
for all z,y € X and all scalars A. The pair (X, ||.||,,) is called a p-normed space.
It is a metric linear space with dp(z,y) = [z —y|, for all 2,y € X, defining a
translation invariant metric d, on X. If p = 1, then we obtain the concept of
a normed linear space. It is well known that the topology of every Hausdorff
locally bounded topological linear space is given by some p-norm, 0 < p < 1
(see [8], [12] and references mentioned therein). The spaces I, and L,[0,1],
0 < p £ 1 are p-normed spaces. A p-normed space is not necessarily a locally
convex space. Recall that the dual space X* (the dual of X) separates points
of X if for each non-zero z in X, there exists f in X* such that f(z) # 0. In
this case weak topology on X is well defined and is Hausdorff. We mention
that, if X is not locally convex, then X* need not separate the point of X. For
example, if X = L,[0,1], 0 < p < 1, then X* = {0} ([17]). However there are
some non-locally convex spaces (such as the p- normed spaces {, 0 < p < 1)
whose dual separates the points of X ([13]).
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In the sequel, we will assume that X* separates points of a p-normed space
X whenever weak topology is under consideration.

Definition 1.1. Let f: X — X be a mapping. A point x € X is called a fized
point of f if fx = . We denote the set of fixed points of f by F(f).

Definition 1.2. Let E be a subset of a p-normed space X. For u € E, the set
E is called u-starshaped or starshaped with respect to u if tz + (1 —t)u € E
for each z € E. Note that E' is conver if F is starshaped with respect to every
u € E.

Definition 1.3. Let F be a g-starshaped subset of a p-normed space X, q €
F(g) and F be both f and ¢ invariant where f,¢g: X — X. Put,

Y% ={ysiyn =1 - Na+ 2z, re(0,1])

Now, for each z in X, dy(g9z,Y/") = inf |lgz —yull,.

i
A€[0,1]
Definition 1.4. Let f,¢g: X — X be mappings. The map [ is said to be:

(1) g-contractive if there exists k € (0,1) such that

Ifz — fyl, < kllgz — gyll,

(2) asymptotically g-nonexpansive if there exists a sequence {k, : k, > 1}
with lim k, = 1 such that

n—oo
£ = f yll, < knllgz — gyll,
for each z,y in £ and n € N. If g = I (identity map), then f is
asymptotically nonexpansive mapping. If k, = 1, for all n € N, then

f is known as a g-nonexpansive mapping;
(3) R-weakly commuting if there exists a real number R > 0 such that

Ifgz - gfzll, < Rllgz - fzl,

for all z in E. If R =1, then maps are called weakly commuting [20];
(4) R-subweakly commuting if there exists a real number R > 0 such that

|9z — gf=l, < Rdy(gz,Y]®);
for all z € F;
(5) uniformly R-subweakly commuting if there exists a real number R > 0
such that

IF"9z — gf"a||,, < Rdy(g2,Y{"");
forallz € E.

(6) Cyq-commuting if gfx = fgz for all x € Cy(g, f), where Cy(g, f) =
U{Clg, f):0<A<1}and faz = (1 - Ng + Mz

Clearly Cy-commuting mappings are weakly compatible but not conversely in
general. R-subcommuting and R-subweakly commuting maps are Cy-comm-
uting but the converse does not hold in general [2].
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Definition 1.5. A self mapping f on a p-normed space X is said to be
(1) affineon E in X, if

F((L = N+ Afy) = (1= N fo+Afy,
for all z,y € E and X € (0,1);

(2} uniformly asymptotically regular on E if for each € > 0 there exists a
positive integer IV such that || f"z — fy||, < € for all n > N and for
all z in E.

Definition 1.6. Let X be a p-normed space, M a closed subset of X. If
there exists a yo € M such that ||z —yol|, = dp(z, M), then yo is called a
best approzimation to xz out of M. We denote by Py(z), the set of all best
approximation to x out of M.

Jungck [9] generalized the notion of weak commutativity by introducing com-
patible maps and then weakly compatible maps ([11]). There are examples that
show each of these generalizations of commutativity is a proper extension of the
previous definition. Also during this time, many authors established fixed point
theorems for pairs of maps (see for examples, [1], [4], [5], [10], and references
therein). Shahzad [18] introduced the class of noncommuting mappings called
R-subweakly commuting mappings and applied it to S-nonexpansive mappings
in normed spaces. It is well known that uniformly R-subweakly commuting
map is a R-subweakly commuting but converse does not hold in general.

This paper deals with the study of common fixed point for C,;-commuting
and uniformly R-subweakly commuting mappings in the setting of locally boun-
ded topological vector spaces and locally convex topological vector spaces, and
hence extends several results in ([3], [14], [7] and [18]). We also establish results
on invariant approximation for these mappings.

2. Common fixed point results

The following result extends and improves Theorem 2.2 of [1], Theorem 2.1
of [7] and Theorem 2.2 of [19].

Theorem 2.1. Let E be a nonempty q-starshaped complete subset of a p-
normed space X, and T, f and g be self-mappings on X. Suppose g € F(f) N
F(9), f and g are continuous and affine on E, and T(E) C f(E)Ng(E). If the
pairs {T, f} and {T, g} are Cy-commuting and satisfy for all z,y € E,

[Tz~ Tyll, < max{lfz - ol . dy(F2, Y1), dy(gu, Y ),
P p

(2.1)
1, (F2, Y O) 4 dy (g9, Y,

then T, f and g have a common fized point in E provided one of the following
conditions holds;

(1) E is complete, T is continuous and cl(T(F)) is compact;

(if) F is weakly compact, (f —T) is demiclosed at 0 and X is complete.
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Proof. Define T, : E — E by
Thx={(1-X)g+ ATz,
where A, € (0,1) with lim A, = 1. Since E is g-starshaped, T}, is self mapping
on E for each n > 1. Ag_}ooand T are Cj-commuting and f is affine on E with
fa=4q. Foreach z € C,(f,T)
JTox = fI1=A)g+MTz)=(1-M)g+ A\ fTx
= (1-X)g+\Tfz=T,fx.
Thus f and T;, commute for each x € C(f,T,) C Cy(f,T). Hence f and T,
are weakly compatible for all n. Also since ¢ and T are C;- commuting and g

is affine on F with gq = g, therefore g and T, are weakly compatible for all n.
Also,

ITwz = Tayll, < (An)? Tz —Tyll,
< ()P max{||fz - gyl , dp(fx, Y ),
1
dp(gy, Y ), 5 [dp(f2, Y, W) + dpgy, "))}
< ()P max{||fz — gyl , | fz — Tazll,

lov ~ Tl 21 ~ Tyl + oy - Tnal, ).

By Corollary 3.1 of [6], for each n > 1 there exists z, in F such that z,, is a
common fixed point of f, g, and T;,. Hence we have the result for each case (i)
and (ii).
(i) The compactness of c/(T'(E)) implies that there exists a subsequence
{Tzi} of {T'z,} such that Tz; — y as k — oo. Now, the definition of
Ty, implies ¢, = (1—Ag)g+ e Txk, A — 1 as k — oo further implies
Zx — ¥, so by continuity of T, f and g, we have y € F(T)NF(f)NF{g).
(ii) Since FE is weakly compact, there is a subsequence {zy} of {z,} con-
verging weakly to some y in E. But f and g being affine and continuous
are weakly continuous, also weak topology on X is Hausdorff so fy =
y = gy. Since E is bounded, so (f — T)zr = (1 — (Ax) " )(zx —q) — O
as k — 0o. Now demiclosed of f — T implies {f — T)y = 0 and hence
the result is obtained.

This completes the proof. O

Corollary 2.2. Let E be a nonempty q-starshaped subset of a p-normed space
X, and T, f and g be self-mappings on X. Suppose q € F(f)NF(g), f and g are
continuous and affine on E, and T(E) C f(E)Ng(E). If the pairs {T, f} and
{T, g} are R-subweakly commuting mappings satisfying (2.1), then T\, f and g
have a common fized point in E provided one of the following conditions holds;

(i) E is complete, T is continuous and cl(T(FE)) is compact;
(ii) E is weakly compact, (f —T) is demiclosed at 0 and X is complete.
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Corollary 2.3. Let E be a nonempty closed q-starshaped subset of a p-normed
space X, and T, f be two R-subweakly commuting mappings on E such that
T(E)Y C f(E), ¢ € F(f) and cl(T(E)) s compact. If T is continuous f-non-
expanswe and f is affine on E, then F(T) N F(f) is nonempty.

Theorem 2.4. Let E be a nonempty closed subset of a complete p-normed
space X and f, g be two mappings on E such that f(E — {u}) C ¢(E — {u}),
where u € F(g). Suppose that f is g-contractive and continuous. If f and ¢
are R-weakly commuting mappings on E — {u}, then F(fYNF(g) is a singleton
in E.

Proof. It can be proved following the similar arguments of those given in the
proof of Theorem 1 of [16]. O

Theorem 2.5. Let E be a nonempty closed g-starshaped subset of a complete
p-normed space X, and f, g be two uniformly R-subweakly commauting mappings
on E — {q} such that g(E) = E and f(E—{q}) C g(E —{q}), where g € F(g).
Suppose that f is continuous asymptotically g-nonexpansive with sequence {k,}
and g is affine on E. For each n > 1, define a mapping fn. on E by for =
(1 — an)g + a,f"z, where o, = 2‘—: and {)\.} is a sequence in (0,1) with
lim A, =1. Then for each n € N, F(f,) N F(g) is a singleton.

n—oo

Proof. For all z,y € E, we have

Ufnz = Fayll, = (@) lf e~ fyl,
< ()l — fyll, -
Moreover,
fngz — gfnzll, = (an)?f gz —gf =,
< (an)PRdy(ga, Y{" )
< (en)"Rligz — frzl

which show that f,, and g are (@, )P R-weakly commuting for each n € N. Hence
the result immediately follows from Theorem 2.4. |

Theorem 2.6. Let E be a nonempty closed g-starshaped subset of a p-normed
space X and f, g be continuous self-mappings on E such that g(E} = E and
Ff(E—-{q}) C g(E —{q}), ¢ € F(g). Suppose f is uniformly asymptotically
regular, asymptotically g-nonerpansive and g is affine on E. If cl(E — {q})
is compact and [ and g are uniformly R-subweakly commuting mappings on
E — {q}, then F(f)N F(g) is a singleton in E.

Proof. From Theorem 2.5, for each n € N, F(f,) N F(g) is a singleton in E.
Thus,
9Tn =2n = (1 —an)g+anfiz,.
Also,
lzn — fPznll, = (1 —an)® llg — frznll, -



542 MUJAHID ABBAS AND JONG KYU KIM

Since f(E — {q}) is bounded, ||z, — f"@yll, — 0 as n — co. Now,

o= foall, < llon— Fnll, + [ 50 = 7 e, + (400 - faul],
Ny — [l + Hf":cn — f”“anp + k1|9 20 — gzall,
@0 = Faall, + |0 = 5], + b lg(F7 50— 20l

which implies that, ||zn — fz,[|, — 0, when n — co. As cl(E - {q}) is compact
and F is closed, there exists a subsequence {z} of {z,,} such that xy — zg € F
as k — oo, continuity of f implies f(zo) = . Since f(E — {q}) C 9(E — {¢}),
it follows that zg = f(x¢) = gy, for some y € E. Moreover

IA

IA

Ifzr — fyll, < k1 llgze — gyll, = k1 llze — zoll, -

Taking the limit as £ — 0o, we obtain fxg = fy. Thus, fzg = gy = fy = xg.
Since f and ¢ are uniformly R-subweakly commuting on E — {q}, therefore

I fzo = gzoll, = Ifgy — afyl, < Rllgy — fyll, = 0.

Hence result follows. O

3. Invariant approximation results

Meinardus [15] was the first to employ fixed point theorem to prove the ex-
istence of an invariant approximation in Banach spaces. Subsequently, several
interesting and valuable results appeared in the literature of approximation
theory ([1], [18] and [21]). In this section, we obtain some results on best ap-
proximation as a fixed point of uniformly R-subweakly commuting mappings
and C,-commuting mappings in the setting of a p-normed space.

Theorem 3.1. Let M be a nonempty subset of a p-normed space X, and f,
g be two continuous self-mappings on X such that and f(OM N M) C M,
ue F(fyNF(g) for some u in X. Suppose f is uniformly asymptotically requ-
lar, asymptotically g-nonezpansive and g is affine on Py (u) with g(Pu(u)) =
Pr(u), ¢ € F(g) and Py (u) is g-starshaped. If cl(Py(u)) is compact and
Prs(u) is complete, f and g are uniformly subweakly commuting mappings on
Pas(w) U {u} satisfying ||/ — ful, < gz — gul, . then Pas(u) 0 F(f) M F(g)
# .

Proof. Let z € Ppr(u). Then ||z — ul|, = dp(x, M). Note that for any A € (0, 1)
A+ (1 =Nz —ull, < (A=A llz —ull, < llz—ul, = dp(z, M),

which shows that a line segment { u+(1—MX)z : 0 < A < 1} and M are disjoint.
Thus z is in interior of M so x € M N M which further implies fz € M, as
FOM N M) C M. Since gz € Pp{u), u is common fixed point of f and g,
therefore by given contractive condition, we cbtain

Ifz =, Ifz — ful,
lgz = gull, = llgz —ull, = dp(u, M).

IA
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Thus Pps{u) is f-invariant. Hence,
f(Pru(w)) C Pr(u) = g(Prr(u)).

Now the result follows from Theorem 2.6.

Theorem 3.2. Let M be a nonempty subset of a p-normed space X and T, f
and g be self-mappings on X such that u is common fized point of f,g and
T and T(OM N M) C M. Suppose f and g are affine and continuous on
Pus(u), where Pys{u) is g-starshaped with f(Pas(u)) = Pa(u) = g(Ppr(u)) and
q € F(f)nF(g). If the pairs {T, f} and {T, g} are Cy-commuting and satisfy
for all z € Pp(u) U {u}
(3.1)
Ifz—gul,, if y=u
T(
IT2 =Tyl < max{lfz = gull, dolf: ¥y ), dy(gy, i),
Ldp(fa, Yo ) + dylay, Yo "D}, if y € Pu(u),

then Py(u) N F(T) N F(f) N F(g) is nonempty provided one of the following
conditions holds:

(i) cl(Pnr(u)) is compact and Prr(u) is complete;

(i) Ppr(u) is weakly compact, (f—T') is demiclosed at 0 and X is complete.
Proof. Let x € Py (u). Then ||z — ul|, = dy(x, M). Note that for any A € (0,1)
A+ @-Nz—ul, = 1=A)[z—ul,<lz-ul,

= dy(x,M),
which shows that a line segment {\u+ (1—-X)z: 0 < A < 1} and M is disjoint.
Thus « is in interior of M so x € 3M N M which further implies Tz € M, as
T(OMNM) C M. Since fx € Py(u), u is common fixed point of f,g and T,
therefore by given contractive condition we obtain
Tz —ull, = |ITz—Tul,
< fz—gull, = Ifz —ull, = dp(u, M).

Thus Pps(u) is T-invariant. Hence,

T(Pun(w) C Pu(uw) = f(Pu(u)) = g(Pu(u)).
The result follows from Theorem 2.1. O

Corollary 3.3. Let M be a nonempty subset of a p-normed space X and T, f
and g be self-mappings on X such that u is common fixed point of f,g and
T and T{OM N M) C M. Suppose f and g are affine and continuous on
Pus(u), where Py(u) is g-starshaped with f(Pa(u)) = Pa(u) = g(Pp(u)) and
q € F(fyn F(g). If the pairs {T, f} and {T,g} are R-subweakly commuting
and satisfy (3.1) for all x € Pp(u) U {u}, then Pyy(w)NF(TYNF(f)NF(g) s
nonempty provided one of the following conditions holds:
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(i) cl(Par(u)) is compact and Pas(u) is complete;
(i) Par(u) is weakly compact, (f —T) is demiclosed at 0 and X 1is complete.

Remark 3.4. Theorem 2.6 extends Theorem 3.4 of [3] to p-normed space. More-
over all results of the paper remain valid in the setup of metrizable locally
convex topological vector space (X,d), where d is translation invariant and
d(Az, Ay) < Ad(z,y), for each A € (0,1) and z,y € X (recall that d, is trans-
lation invariant and satisfies dp(Az, Ay) < (A\)Pd(z,y) for any scalar A > 0).
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