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PROJECTIONS OF PSEUDOSPHERE IN THE LORENTZ
3-SPACE

GRACIELA S. BIRMAN* AND GRACIELA M. DESIDERI

ABSTRACT. In this paper, we study the map projections from pseudo-
sphere S% onto the non-lightlike surfaces in the 3-dimensional Lorentzian
space, L3, with curvature zero. We show geometrical means and proper-
ties of R x S} —cylindrical, S! x L—cylindrical and R x H} —cylindrical
projections defined on S? to cylinders R x S}, S x L and R x H&,
respectively, and orthographic and stereographic projections on S? to
Lorentzian plane, L2.

1. Introduction

In Euclidean geometry, the most map projection can be at least partially
visualized geometrically as being projected onto one of three surfaces: the
cylinder, the cone, and the plane.

The aim of this paper is to study four map projections defined on S? to
non-lightlike surfaces in the 3-dimensional Lorentzian space, L3, with curvature
zero. These surfaces are the cylinders R x S}, S' x L and R x H{, and the
Lorentzian plane, L?. Hence, we study the maps: R x Si—cylindrical, S! x
L—cylindrical and R x H} —cylindrical projections of S? onto R x S}, S$* x L
and R x H}, respectively, and orthographic and stereographic projections onto
L2

We find that R x S}—cylindrical projection and R x H{} —cylindrical pro-
jection on S} — {z € S%;|z1| = 1} are diffeomorphisms. Also, we define the
extended R x S] —cylindrical projection and R x H} —cylindrical projection on
S2 which are one-to-one and onto maps.

Projection of Euclidean sphere onto straight cylinder is a geodesical map-
ping, [4]. The S' x L—cylindrical projection preserves non-lightlike geodesics
and preserves the causality of the non-lightlike geodesic curves.
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Analogous to the Euclidean case, orthographic projection of $? onto L? is
not one-to-one map.

The stereographic projection of S% — {:v € 8% = 1} onto L? — H} is a
diffeomorphism. We define the extended stereographic projection of S? onto
L? — {(0,0,—1)} which is one-to-one and onto map. Thus, we find that, in the
3-dimensional space of Lorentz, it is necessary to add two points to the pseu-
dosphere to compact it. In addition, the plane of Lorentz is simple connected
but the pseudosphere is not it, for that reason to preserve this property it is
necessary to remove one point of the plane.

First, in section two, we will remind well known definitions and formulas
about our concerns.

2. Preliminaries

Let z and y be two vectors in the n—dimensional vector space R*, n € {2;3}.
As it is well known, [1], [3], the Lorentzian inner product of z and y is defined
by

(x,y) = Z?:—ll ZiYi — TnYn-
Thus the square ds? of an element of arc-length is given by
ds? = S0 dz? — da2.

The space R” furnished with this metric is called a n—dimensional Lorentzian
space, or Lorentz n—space. We write L™ instead of (R", ds).

We say that a vector z in L™ is timelike if (z,z) < 0, spacelike if (z,z) > 0,
and null if {z,z) = 0. The nulls vectors are also said to be lightlike.

We say that z is orthogonal to y if {z,y) =0, z # y.

A curve with spacelike, timelike or lightlike tangent vectors is said to be
spacelike, timelike or lightlike, respectively.

We shall give a surface M in L3 by expressing its coordinates x; as functions
of two parameters in a certain interval. We consider the functions x; to be real
functions of real variables.

We say that M is a non-lightlike surface if at every p € M its tangent plane
T, M is furnished with positive definite or Lorentzian metric.

The pseudosphere S? in L3 is the surface

= (o) € 12 2425 -3 =1}

Let us recall that S? can be parametrized by:

T1 = cosfcoshw
(1) z2 = sinfcoshw
Ty = sinh w,

where w € R and 0 < 8 < 27.
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3. Map projections
3.1. The cylindrical projection

In classical way, a C'—cylindrical projection of points on a unit pseudosphere
S centered at O, consists of extending the line OP for each point P € S until
it intersects a cylinder C tangent to S .
In what follows, we will denote the warped product by X, the Lorentzian
line by L, and
Si=A{zel’®: (z,z)=1},
Hy={zel®: (z,a)=-1},
St = {(z1,22) €R*: 2 + 25 =1}.
Let us recall that R x S, S' x L and R x H} are the cylinders in L3, and
these are non-lightlike surfaces with zero curvature (cf. [1]).
We now study the cylindrical projection when S = S%. We distinguish three
cases.

3.1.1. C =R x S]. We consider the cylinder in L* defined by:
R x Sllz{(xl,:cg,x;;) €L®: 2} -a5=1}.
The two sheets of R x S} are characterized by z2 > 0 and 22 < 0 . It follows
that R x S{ admits the parametrizations

T = t
(2) o = coshw

z3 = sinhw,
where w,t € R.
Let us note that cylinder R x S1 is tangent to S? at points (0, £ coshw, sinhw) .
We can not apply the geometric process above mentioned on the lightlike
straight lines determined by the intersection of S$% with the planes z; = —1
and z; = 1, that is on the curves (—1, +u,u) and (1, +u, u), respectively, with
u € R.
Definition 1. Let A; = {z € S%;|z1| =1} and Ay = {z € R x §1;|z1| = 1}.
The R x S§ —cylindrical projection is defined:

7r1:5'%—A1 —>]R><S%—A2

such that
—,_rgl-—wg (111,.’172,.’1)3) if [$2| > |IE3, y

m ($1,$27x3)=

ﬁ (m1,133,(232) if ‘le < IZL’g‘ ,
for all (z1,%2,23) € S7 — A1.

Proposition 2. The map 7, is a diffeomorphism.
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Proof. Let fi and fo be the parametrizations (1) and (2), respectively. We
have

4,w) Eit (cos @ coshw, sin f coshw, sinhw) 5 (¢, % coshw, sinh @) Ta, (t,w)

where
—.—@LT if |sinf] > |tanhw|
t = t(0 w) - 4/sin? #—tanh? w
’ ——s0____ if |sinf| < |tanhw]
tanh? w—sin? @
and

sinh™! —ﬂhw—z if |siné| > [tanhw|
o= (0 LU) _ sin? §—tanh? w
b
sinh™! | ——snf____ if |sinf| < |tanhw]

4/tanh? w—sin? 6

are diffeomorphisms. O

Definition 3. An extended R x 5] —cylindrical projection is defined:
7S - Rx S —{(1,-1,0),(-1,-1,0)}

such that
1 .
s (T1,%2,23) if 71| # 1 and |z2] > |z3
—,ﬁzgl_mg(h , ; if || :%1 d|| :<: :
22— z2 (:121,373,1'2 1 1 7é an T z3],

i (21,22, 3) = (wl, m, 333) if . |z1|=1and z2 = 3,
(zl,—\/r—i—_a:%,xg) if |z1| =1 and z2 = —x3 # 0,

for all (z,x2,23) € S%.

Proposition 4. The map 771 is one to one and onto. Also, its inverse map s

given by

lz1| # 1 and |z2| > |zs],

ﬁ(xly"lfY)wfi) 7’f
1

1 .
7T_1'—1 (CEl,.’L‘Q,CEg) = \/;le ($17x371:2) Zf

(1,23, %3) if |z1l=1 and z2 = \/1+ 23,

(@1, —x3,23) if |z1|=1 and z2 = —/1 + 23,
for all (z1,22,z3) € R x S} — {(1,-1,0),(-1,-1,0)}.

Proof. Let x,y € S%. If 71 (z) = 71 (y), then we have:

lz1] # 1 and |z2| < |z3],

1 o
T (x1,72,23) = NrES (Y1,y2,¥3)
1 1
or 1 1
x1,23,T2) = —F———= \Y1, ) )
x%_l(l ) y%—l( y3y2)
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(xly V 1 +.’IJ§,1‘3> = <y1’ V 1 +y§7y3) )
(xl,\/1+:v§,:c3> = (yl,—\/l +y§,y3) :

By computing, x = y and 77 is one to one.

Let z € R x S - {(1,-1,0),(=1,-1,0)}. If z; # +1, since z € S} then
|z1] > 1 and |2z2] < |23], or |z1] < 1 and |z2| > |23|. Hence, if |21] > 1, there
exists z = ﬁ (21, 23, 22) € S% such that z = 77 (z) . If |z1| < 1, there exists

or

—_

T = ——— (21,22, 23) € S? such that z = 7 (z)..
zi+1

If 2y = %1, since z € S7 then zp = £+/1+ 22. Hence, if zo > 0, there
exists © = (21,23,23) € S; such that z = 7 (z). If zz < 0, there exists
z = (21, —23,23) € S? such that z = 77 () . Thus, 77 is onto.

It is easy to check that 711 o 77 = Ty o 71~ = identity. O

Remark 5. In the classical cylindrical projection in Euclidean space given by
o1 :8%2-{(1,0,0),(-1,0,0)} - S* xR

we remove two points of S2, and in the extended R x S1—cylindrical projection
in Lorentzian space given by

782 s Rx SH—{(1,-1,0),(-1,-1,0)}
we remove two points of the cylinder.

3.1.2. C = 8! x L. In Lorentz 3-space, there exists an unique relative po-
sition for the straight cylinder in map projection: touching the pseudosphere
along the curve (cos8,sinf,0) and parallel to z3—axes.
Let us recall that the cylinder S* x L in L? is defined by:
S§'x L = {(x1,22,33) € L’ : a7 + 23 =1},

and it is given by:

T1 =cosf
(3) To =sind
I3 — t,

where t e Rand 0 < 8 < 27.
Let X = {w €S'xLi—1<z3< 1}. According to the geometric process
above mentioned, we define the S! x L—cylindrical projection.
Definition 6. The S' x L—cylindrical projection
82 5 %

is defined by
1

T2 (3’51,932,1'3) = m (37171327 $3)
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for all (CEl,wg,fL'?)) € S%

The S! x L—cylindrical projection can be visualized geometrically as having
a pseudosphere S? wrapped around X.

Proposition 7. S x L—cylindrical projection is a diffeomorphism with inverse
map:

7r2‘1 (1111,332,333) = 7 (1,2, 23) .

Proof. Let f1 and f3 be the parametrizations (1) and (3), respectively. We
have

O,w) 5 (cos@ coshw, sinf coshw, sinhw) =3 (cosf,sinb,t) I, 6,t),

where ¢t = ¢ (f,w) = tanhw and 6 = 0 (4, w) = 6 are diffeomorphisms.
It is easy to check that m; ' o mp = my o, | = identity. 0

Let us note that 7 sends the timelike geodesics of S7 to vertical straight lines
in S x L (that is, timelike geodesics of cylinder), and the spacelike geodesics
of S? to Euclidean circle in S' x L (that is, spacelike geodesics of cylinder).

Thus, we say that S' x L—cylindrical projection preserves non-lightlike
geodesics and preserves the causality of the non-lightlike geodesic curves.

3.1.3. C =R x H}. This cylinder is defined by:
R x Hy={(21,22,23) € L® : 23 — 23 = ~1}.

The two sheets of R x H} are characterized by 3 > 0 and z3 < 0. It follows
that R x H} admits the parametrizations

z1 =1
4) Z2 = sinhw
z3 = % coshw,
where w,t € R.

We can not extend the line OP if P lies in the lightlike straight lines deter-
mined by the intersection of S? with the planes z; = —1 and z; = 1.
Definition 8. Let A; = {z € $7;|z1| =1} and A3 = { € R x Hj;|z1| =1} .
The R x H}—cylindrical projection

7F325%—-A1—>]RXH01—A3
is defined by

e (®1,z2,23) if |z < |23/,

——xglfxg(l‘l,xg,xg) if I:chl > !ZE?,',

3 (331,1‘2,»’53) =

for all (x4, 72, 73) € S7 — As.

Proposition 9. The map w3 is a diffeomorphism.
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Proof. Let f, and fi be the parametrizations (1) and (4), respectively. We
have

-1

0, w) ELR (cosf coshw, sinf coshw,sinhw) 23 (t,sinh @, + cosh) Is, (t,),
where
—;\/_f=h if |sing| > |tanhw|
t — t — sin —‘ an w . .
0w) ——8 __ if |sinf| < [tanhw]
v/ tanh? w—sin? @
and
sinh™' | ——t&mhe ) if  |sing] > |tanhw]
o= (9 w) _ 4/sin? §—tanh? w
sinh™' [ ——=n __ ) if |sind| < |tanhw]|

tanh? w—sin2 @

are diffeomorphisms. |

Definition 10. An extended R x H}~cylindrical projection
7387 = Rx Hp —{(1,0-1),(-1,0,-1)}

is defined by

1
2 2
T3—Ty

(o150, — ——\/m—%l—j (x1,23,32) if lzil # 1 and |x2| > |z3],
BATh T (9:1,:1:2,\/1-1—1:%) if |z1] = 1 and x5 = x3,
(xl,:rg,—\/l—}—xg) if [z1] =1 and 2o = —23 # 0,

for all (x1, 12, x3) € S2.

(.7!71,.’172,333) if |331| 7é 1 and IiL‘zI < |.’I}3|,

Proposition 11. The map 73 is one to one and onto. Also, its inverse map
s given by
1

s (@132,23) i o] # 1 and |32 < |zs],
1

T1,T3,T ] T 1 and |z2| > |z
o oranae) = | TR E T el £ 1 and fea] > ],

(21, 22,1T2) if x| =1 and z3 = \/1 + 22,
(z1, T2, —T2) if a1 =1 and z3 = —/1+ 22,

for all (z1,22,23) € R x HE — {(1,0—1),(=1,0,—1)}.

Proof. This proof is analogous to the proof of Proposition 4. O

Remark 12. Similarly to the extended R x S} —cylindrical projection, in the
extended R x Hj —cylindrical projection we remove two points of the cylinder.
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3.2. Orthographic projection

In Lorentzian geometry, the orthographic projection is a parallel projection
which the parallel projection lines are orthogonal to the projection plane.

According to the signature (4, +,~), the planes ; = 0 and z2 = 0 are
congruent planes to plane L2. Also let us note that these planes differ from
a Euclidean rigid movement. Without loss of generality, we choose the plane
z1 = 0 to develop our study.

Definition 13. Let II be the plane z; = 0. Then, the orthographic projection
is defined
7o : 8% — 11,
such that 7o (21, z2, 23) = (0, 22, z3) for all (z1,x2,z3) € S3. -
Let us note that
ife] (331,122,:1;3) =70 (—$1,$2,$3) y
that is, 7o is not a one-to-one map.

The lightlike straight lines determined by the intersection of S? with the
planes z; = —1 and x; = 1 are send to lightlike straight lines in II. In partic-
ular, 7o (1,0,0) = 7o (—1,0,0) = (0,0,0).

Also, the orthographic projection does not preserve geodesics. Thus, mo
sends the spacelike geodesics of S? to horizontal straight segments (that is,
parth spacelike geodesics of II) but 7o sends the most timelike geodesics of
52 to branch of Lorentzian circles in II, which are not timelike geodesics of
Lorentizian plane.

3.3. Stereographic projection

Instead of having parallel projection lines, the stereographic projection is
projected from a fixed point of S to projection plane. That fixed point is called
pole of projection.

In what follows, we will consider S = $? and the point N = (1,0,0) as the
pole.

A variety of different transformation formulas are possible depending on
the relative positions of the projection plane and zs—axis. Without loss of
generality, we choose the plane IT: z; = 0 to be projection plane.

Let P = (x1,%2,23) € S?. We extend the line NP until it intersects the
plane IT if z; # 1.

Definition 14. Let Ay = {:c €S% 1 = 1} . We define the stereographic pro-
jection mn by:
ay:SF— Ay — I~ H}

T2 I3
T, y L3) = 07_—7
7TN( 1,2 3) ( 1_:1:1 1_11)

such that

for all (z1,2,23) € S% — A4.
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Let I1, : 1 = a be a plane in L3. These planes are congruent planes to plane
L? for alla € R.

We remark that if —1 < @ < 1 and P € S? N1l,, then my (P) is spacelike in
IL

e Ifa < —1and P € SiNIl,, then 7y (P) is timelike in II and its sign
is preserved.

e Ifa>1and P e S?NII,, then my (P) is timelike in II and its sign is
reserved.

e Ifa=-1and P =(-1,z9,+x2), then my (P) are lightlike in II.

Proposition 15. The map 7y is a diffeomorphism.

Proof. Let P = (z1,29,2z3),N = (1,0,0) and Qp = P — (P,N) N. Then,
7wy (P) = ﬁ@}? and

1

~1 N
™ )= Gman +1

(Qp,Qp)—-1,2(P,(0,1,0)),2(P,(0,0,1))).

Definition 16. An extended stereographic projection 7y is defined by:
7~ 8§ — - {(0,0,-1)}

such that
(O L2 —T“L) if z1#1and |z2| # |z3],

' Tz, -z,
TN (z1, %2, 23) = <O,$2,\/1+x%> if z1 =1 and z3 = x3,
(O,xg,—\/l +a:§) if z1=1and zs = —a3 £ 0,

for all (z1,x2,x3) € S2.

Proposition 17. The map TN s one to one and onto. Also, its inverse map
1s given by

xZ—;lzgﬂ (23 — 23 — 1,2x0,223) if |z2| # |z3],
T (@1,32,@8) = (1,22,22) if o= JIF T

(17$2a_$2) Zf xr3 = -V 1_'—'7"%)
for all (1, x2,z3) € IT - {(0,0,-1)}.
Proof. This proof is analogous to the proof of Proposition 4. O

Remark 18. In the classical stereographic projection in Euclidean space given
by

on :S?={(1,0,0)} — R?
we remove one point of S?, and in the extended stereographic projection in
Lorentzian space given by

7~ : 57— L? = {(0,0,-1)}
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we remove one point of the plane. Then, it is necessary to add two points to
the pseudosphere to compact it.

4. Remarks on map projections of S? in Lorentz 3-space

In the development of this work we noticed that points (z1,2s,73) € S?
such that |z;| = 1 are of particular interest when we want to project S7 onto
cylinders or Lorentzian plane. The R x S}—cylindrical projection and R x
H! —cylindrical projection on S? — {z € S%;|z1| = 1} are diffeomorphisms.

On the other hand, the pseudosphere “wraps” the surface ¥ which is con-
tained in the straight cylinder. Also, §! x L—cylindrical projection preserves
non-lightlike geodesics and preserves the causality of the non-lightlike geodesic
curves.

The orthographic projection is not one-to-one map and it does not preserve
geodesics either.

The stereographic projection of the Euclidean sphere on the Euclidean plane
shows that to compact the plane it is necessary to add one point it. In the
3-dimensional space of Lorentz, the extended stereographic projection shows
that it is necessary to add two points to the pseudosphere to compact it. In
addition, the plane of Lorentz is simple connected but the pseudosphere is not
it, for that reason to preserve this property it is necessary to remove one point
of the plane.
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