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FUZZY n-INNER PRODUCT SPACE

SRINIVASAN VIJAYABALAJI AND NATESAN THILLAIGOVINDAN

ABSTRACT. The purpose of this paper is to introduce the notion of fuzzy
n-inner product space. Ascending family of quasi « -n-norms correspond-
ing to fuzzy quasi n-norm is introduced and we provide some results on
it.

1. Introduction

An interesting theory of 2-inner product space and n-inner product space has
been effectively constructed by C. R. Diminnie, S. Gahler and A. White in [6, 7].
It was further investigated and developed by A. Misiak in [20, 21]. Recent results
about n-inner product space can be viewed in [4,5]. In [11,12,13,15,19] we can
study about the origin and development of n-normed linear space. Different
authors introduced the definitions of fuzzy inner product space in [1,16,17]
and fuzzy normed linear space in [2,3,8,9, 10, 14, 18, 23]. Recently in [22] we
have introduced the notion of fuzzy n-normed linear space.

In this present paper we introduce the notion of fuzzy n-inner product space
as a further generalization of n-inner product space found in [4]. We further
generalize our fuzzy n-normed linear space [22] to fuzzy quasi n-normed linear
space provide some results on it.

2. Preliminaries

Before proceeding further, in this section let us recall some familiar concepts
which will be needed in the sequel.

Definition 2.1 ([4]). Let n be a natural number greater than 1 and X be a

real linear space of dimension greater than or equal to n and let (e, ee,... o)

be a real valued function on X x .-+ x X = X"l gatisfying the following
————

n+1
conditions:
(1) (Z) (33,1'|CL'2, e ,{Un) Z 0;
(¢3) (x, x|z, ..., ®y) = 0 if any only if z, xs, ..., T, are linearly dependent,

Received June 25, 2006.

2000 Mathematics Subject Classification. 46540, 03ET72.

Key words and phrases. n-inner product, fuzzy n-inner product, fuzzy quasi n-norm,
quasi a-n-norm.

©2007 The Korean Mathematical Society
447



448 SRINIVASAN VIJAYABALAJI AND NATESAN THILLAIGOVINDAN

(2) (z,y|T2, ... Tn) = (y,z|Z2, ..., Zn),

(3) (z,y|z2,...,%n) is invariant under any permutation of 2,..., Ty,

(@) (z,zlz2,. .., 20) = (x2, 222, 23, ..., Tn),

(5) (az, z|z2,. .., Zn) = a(z, z|T2,. .., z,) for every a € R(real),

(6) (.’17+.Z‘ ,y|x2,...,:vn) = (fv,y|$2,---»$n) + (w 7y|x27"'axn)'

Then (e, ele, ..., o) is called an n-inner product on X and (X, (e,e[s, ... e))

is called an n-inner product space.

Definition 2.2 ([4]). Let n €N (natural numbers) and X be a real linear space
of dimension greater than or equal to n. A real valued function ||e,...,e|| on
X x -+ x X = X" satisfying the following four properties:

————

n
(1) ||z1,z2,...,2,|| = 0 if any only if 1,22, ..., %, are linearly dependent,
(2) ||z1, 2, - . ., Tx|| is invariant under any permutation,
(3) lJ&1,x2, .., aznl| = |a] |lz1,22,. .., 2nll, for any a € R (real),
4) lle1, 22, Tn-1,y + 2|l < |21, 22, T, 9l + lz1, @2, - 20, 2],
is called an n-norm on X and the pair (X,|]e,...,e||) is called an n-normed

linear space.

Remark 2.3. In the above definition if we replace (3) by, (3)" ||z1,Z2, .. . ,azx]|
= |alP ||z1, %2, .., Zx]||, for any a € R(real) and 0 < p < 1, then (X, ||e,...,||)
is called a quasi n-normed linear space.

Remark 2.4 ([4]). If an n-inner product space (X, (e,ole,...,®)) is given then
|1, x2,. .., zn]l = \/(1‘1,131'332, ..., &Tp) defines an n-norm on X. Further the
following extension of Cauchy-Buniakowski inequality is also true

[(z,y|z2,. .., zn)] < \/(a:,xlxz,...,xn)\/(y,y|x2,...,:vn).

Definition 2.5 ([22]). Let X be a linear space over a real field F. A fuzzy
subset N of X" x R {R-set of real numbers) is called a fuzzy n-norm on X if
and only if:

(N1) For all t € R with t <0, N(z1,%2,...,%n,t) =0.

(N2) For all t € R with ¢t > 0, N(z1,22,...,Zs,t) = 1 if and only if

I1,T2,...,%, are linearly dependent.
(N3) N(z1,%2,...,Zn,t) is invariant under any permutation of x1,zs,...,
Ty

(N4) For all t € R with t > 0, N(z1,22,...,¢Zn,t) = N(Z1,Z2,...,Tn, ﬁ),
if ¢c#£0, ce F (field).

(N5) Foralls,t € R, N(wl,xQ,...,azn—}—m;,s—l-t) > min{N(z1,%2,...,Zn,S),
N(z1,Ta,. .., 2, t)}.

(N6) N(z1,z2,...,Zn,t) is a non-decreasing function of ¢ € R and

im N(z1,%2,...,%n,t) = 1.
t—o00

Then (X, N) is called a fuzzy n-normed linear space or in short f-n-
NLS.
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Remark 2.6. In the above Definition 2.5, if we replace (N4) by, (N4) For
all t € R with t > 0 N(z1,22,...,¢Tn,t) = N(azl,xg,...,:vn,#), if ¢ # 0,
¢ € F(field),0 < p < 1. Then (X, N) is called a fuzzy quasi n-normed linear
space or in short f-g-n-NLS.

Theorem 2.7 ([22]). Let (X,N) be a f-n-NLS. Assume the condition that
(N*)N(z1,22,...,Zn,t) > 0 for all t > 0 implies x1,x2,. .., T, are linearly de-
pendent. Define ||z1, %z, ..., Tp||lo=nf {t: N(z1,22,...,2n,¢) > o}, € (0,1).
Then {||e,e,...,0||o : @ € (0,1)},is an ascending family of n-norms on X. We
call these n-norms as a-n-norms on X corresponding to the fuzzy n-norm on
X.

3. Fuzzy n-inner product space

In this section we introduce the satisfactory notion of fuzzy n-inner product
space as a generalization of Definition 2.1 as follows.

Definition 3.1. Let X be a linear space over a field F'. A fuzzy subset J :
X" x R (R-set of real numbers) is called a fuzzy n-inner product on X if and
only if:

(1) For allt € R with ¢ <0, J(x,z|xg,...,Zn,t) =0.

(2) For all t € R with t > 0, J(z,z|x2,...,zn,t) = 1 if and only if

Z,Tz2,...,Ty are linearly dependent.
(3) For all t > 0, J(z,y|z2,...,%n,t) = J(y, z|x2, ..., %0, ).
(4) J(z,y|z2,...,%n,t) is invariant under any permutation of g, ..., Zp.
(5) For all t > 0, J(z,zl|za,...,xn,t) = J (@2, T2|Z, T3, ..., Tn, T).
(6) For all t > 0, J(az,bzx|x2,...,2n,t) = J(z,z|T2, ..., Tp, |—a%|), a,b€R

(real).
(7) For all s,t € R,

J(a:—{—z/,ylxg,...,zn,t-ks)
> min{J(a:,y|x2,...,ar:n,t),J(a:’,y|m2, 3T, 8) )
(8) For all s,t € R with s >0,¢t>0,

J(x,ylze, ..., Tn, VEs)
> min{J(z,z|za, ..., 20, 1), J (Y, ylz2, . .., Tn, 8) }.

(9) J(z,ylz2,...,%n,t) is a non-decreasing function of ¢ € R and
lim J(z,y|z2,...,Zn,t) = L
t—oo

Then (X, J) is called a fuzzy n-inner product space or in short f-n-IPS.

Example 3.2. Let (X, (e, e|e,... ¢)) be an n-inner product space. Define

t+|(z,y|—_ztg ,,,,, zo» Whent>0,t € R,
ez, ylzz, ..., zn,t) = (z,y|za,...,2,) € X*HL
0, whent <0.
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Then (X, J) is a f-n-IPS.

Proof. The nine conditions for f-n-IPS are verified below:

(1) For all t € R with ¢ < 0 we have by our definition, J(z, z|zg,...,Zn,t)
=0.
(2) For all ¢ € R with t > 0 we have

J(z,z|xa,. .., zn,t) =1

t
=1< [(z,z|xe,...,2,)} =0
t+|(z, z|z2,...,20)] l( 22 nl
& (z,z|z0,...,2p) =0 2,29,..., 2y
are linearly dependent.
(3) For all t > 0,
J(z,y|z Tn,t) = !
O R NN |
t

t+ |(y, z|za, ..., zn)|
= J(y,$|$2, s ,.’L’n,t).

(4) As (z,zlxa,...,x,) is invariant under any permutation of za, ..., Zn,
we have J(z,y|z,. .., T, t) is invariant under any permutation.
(6) For all ¢t > 0,

t
J(z,z|za, ..., Tp,t) = PP ——T
_ i
Tt |(z2, 2o, 23, - - -, )|
= J(z2, z2lz, T3, . .., Tn, ).
(6) For all t > 0,
t o]
J(@ zlzs, 20, |ab|) - |at_b[ + |(z, z|T2, . .., zn)|
- t
Tt 4 |abl|(z2, z2|T, T3, . -, 20|
_ t
Tt + |(az, bx|ae, . . ., )|
= J(az, bx|za, ..., Zn,t).

(Y If(a) s+t <0(b)s=t=0(c)s+t>0;s>0,t<0;8<0,¢t>0,
then the above relation is obvious.If (d) s > 0, > 0,5+t > 0. Then
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without loss of generality assume that

J(%yl-’C% e ,l’n,t)

451

SJ(x/,ykcg,...,xn,s)
t s
:> —_— ’
t4 |(z,ylee, .. x0)| T s+ (@ ylw2, . 20
N t+ |(z, ylze, ... 20)] > s+ l(x',ylxz,...,xnﬂ
t S
=1+ I(xvylx%t?xn)l 2 1+ I(CK 7y]x27--"xn)|
l(z,y|z2, ..., zn)| l(xl,ylxg,...,znﬂ
= 2z
t s
Yy Yl Z2,y - . '
= sl 2t 120)] >z ,ylze, ..., z0)]
si{z, ylze,...,x
= |z, y|z2, .-, Tn)| + (. y] 2t n)l

z ‘($>y‘m23 o ’m'ﬂ)‘ + \(wl’y‘xﬂv v axn)\

S ’
= (1+ E)l(I,yliﬂz,,iEnH > |(.’E+£L‘ ,y|x2,...,xn)|

s+t ’
= ()@ yloa,- - 30| 2 @+ yloz,- )
(@, ylez, ., zn)l | +2 s ylwa, o 20)]
t - s+t
14 l(z,y|z2,. .., Zn)l S14 l(z+a,y|za, ...,z
t s+t

I3
N t+ 1z, ylza,. .., zn)l S s+t+|(z+z,ylz2,. .., z0)]

t - s+t
t s+t
= < ;
t+ l(z,ylza,...,zn)| T s+Ht+{(x+2,ylze, ..., z0)

= min{J(w,y|x2,...,zn,t),J(x’,y|x2,...,:z:n,t)}

§J(m+xl,y|x2,...,xn,s+t).

(8) Without loss of generality assume that

J(z,z|z2, ..., Tn,yt)

< J(y,ylz2,...,Tn,s), for all s,t € R with s > 0,¢> 0.
N t < s
t+|($,a}|x2,...,xn)| —- 5‘+’|(y,y|x2,...,$n)l

= t+l($,$l];2,,$n)' > S+|(y,y|$2,...,xn)|
8
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=14 I(JJ,LL‘|.'IJ2,...,$n)| >1+ I(y,ylxg,...,wn)|
s
I($,$|I2,...,$n)| l(yvy'a:%--'?mn)'
>
t - s
s|(z, zjxa, ...,z
22l s (g, gl
|(z,z|z2,. .., zn)|s|(z, z|X2, . .., Z0)]|
t
Z |($,l'll'2,. v ,xn)“(y,waQ,- v )$n>|
By Remark 2.4,
s
I(x,:zlxg,...,xn)FE
2 |(l’,y1$2,...,$n)|2
2
z,y|ze,...,x
= |(x,a:|m2,...,:cn)|252— > |z, ylz2 - n)l
[(z,z|z2,. .., Tn)|? S [(z,ylz2, - -, 20
t2 - st '
Taking square root on both sides,
_ @ zlzs, ozl (@ yles, . 0]
¢ = Vst

I(ZE,:EI.’L'Q,...,SUn)l 2 14 I(xvyle’-"vx’n)l
¢ Vst
N t+|(z, z|z2, . ..y TR)] S Vst + 1z, ylza, . .. zn)]
t - Vst
¢ Vst
= <
t+ |(z, x|z, ... zn)| T Vst +|(xz,ylT2, ., T0)]
= min{J(z, z|z2,...,Zn,t), J(¥,y|Z2, ..., Tn, )}

< J(:r,y|x2,...,:rn,\/5§).

=14+

(9) For all t1,t2 € R if ¢1 < tg < 0 then, by our definition,
J(@,y|lxe, ..., 20, t1) = J(z,y|z2, ..., Tn,t2) = 0.

Suppose t2 > t; > 0 then,

to 11
to + [z, ylza, .. 2n)] G+ (@ylze, - T
— I(l',y|$2,..-,$n)|(t2—t1) >0

3

(t2 + |(@, ylz2, - 2n) N0 + (2, ylae, - z0)]) T
for all (z,y|xa,...,1,) € X"
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t2 tl
= z
tz+](m,ylx2,...,xn)| t1+|({L‘,y|CE2,...,IL‘n)|
= J(z,ylza, ..., 20, t2) > J(z,yl|z2, ..., Tn, t1).
Thus J(z,y|z2,...,Zn,t) is a non-decreasing function. Also,
tlim J(z,ylzz, ..., zn, t)
. t
= lim
t—o0 t+ ]("E,y|$2, e )$n)|
= lim ¢
t=oo ¢(1+ (2, ylza, . .., T0)])
=1.
Thus (X, J) is a f-n-IPS. O

4. Quasi a-n-normed linear space

As a consequence of Definition 2.5 we introduce an interesting notion of
ascending family of quasi a-n-norms corresponding to the fuzzy quasi n-norm
in the following Theorem.

Theorem 4.1. Let (X, N) be a f-g-n-NLS. Assume the condition that (N7)

N(z1,22,...,2,,t) > 0 for all t > 0 implies z,a,...,T, are linearly depen-
dent. Define ||z1,%2,...,Znlla = inf {t : N(z1,22,...,20,t) > 0}, a € (0,1).
Then {||e,e,..., 0|4 : € (0,1)},is an ascending family of quasi n-norms on

X. We call these quasi n-norms as quasi a-n-norms on X corresponding to
the fuzzy quasi n-norm on X.

Proof. (1) |lz1,22,...,2nlla= 0 = inf{¢t:N(z1,22,...,20,8) > a} = 0, =
For all t € R, t > 0,N(z1,22,...,%,t) > a > 0,a € (0,1) = By (N7)
T1,T2,...,%, arelinearly dependent. Conversely assume that z1, x5, ..., z, are
linearly dependent. = By (N2), N(z1,z2,...,%Tn,t) = 1 for all t > 0. = For
all a € (0,1), inf {t : N(z1,22,...,2Zn,t) > @} =0. = ||z1,22,...,Zn|la = 0.

(2) As N(z1,22,...,Tn,t) is invariant under any permutation it follows that
l|z1,22,...,Zn||a is invariant under any permutation.

(3) Forallce F, 0 < p < 1, then,

lz1, 22, .., cThnl|a

= inf {s: N(z1,22,...,c2n,s) > a}
= inf{s:N(wl,xg,...,wn,l—ciT;) > a}.

Let t = %5 then, ||z1, 22, ..., czplla =inf{|c|Pt : N(z1, 22, ..., 20, t) > a} =|c|P
inf{t : N(z1,22,...,2n,8) = a} =|c? ||z1,22,. .., Z0)|a-
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(4)
]le,xg,...,ana + ||x1ax2a"'a$n||a
= inf {¢: N{(z1,22,...,Zn,t) > o}

+inf{s : N(xl,xg,...,x;,s) > a}

= inf{t+s :N(z1,x2,...,2Zn,t) > a,N(azl,xQ,...,x;,s) > a}

v

inf{t+s:N(xl,xg,...,xn+x;l,t+s) Za}
> inf{r:N(zl,xg,...,xn-{—wln,r) Za},r:t—}—s

7
[lz1, 22, ..y Zn + Zp|a-

Therefore, ||z1, %2, . . ., TntZp)la < |21, T2 - .., Zolla+]|Z1, T2, . - ., Tp||o- Thus
{||e,®,...,0]|q: @ €{0,1)} is a quasi a-n-norm on X. Let 0 < a; < ag. Then
llz1, 22, . Tnllay
= inf {¢t : N(z1,22,...,2Zn,t) > o1}
|1, %2, s Tnl|ap =Inf {t : N(z1,22,...,2n,t) = az}.
As
oy <az = {t:N(x1,22,...,5,,8) > a2} C{t: N(z1,22,...,Zpn,t) > a1}
= inf {t : N(z1,22,...,%n,t) > a2}
>inf{t: N(z1,2z2,...,2Zn,t) > a1}

= H‘Tlax% v 7'7"71”012 > ||.’E1,CI32, v 7‘7:71/”011'
Hence {||e,e,...,®||o: o € (0,1)}, is an ascending family of quasi o-n-norms
on X corresponding to the fuzzy quasi n-norm on X. W]

Theorem 4.2. Let {||o,e,...,08||,: a € (0,1)} be an ascending family of quasi
n-norms corresponding to (X, N). Now we define a function N :X"xR —
(0,1} by,

sup{a € (0,1) : ||z1, 22, - ., Zn|la < T},
N’(arl, T2y e ey T, t) = when x1,%a, ..., T, are linearly independent,t # 0.

0, otherwise.
Then (X,N') is a f-g¢-n-NLS.

Proof. Let us verify the six conditions of the f-q-n-NLS as follows: (V1) For all
t € R with ¢t < 0 we have N (21,22, ...,2n,t) = 0, forall (z1,22,...,2,) € X7,

as{a:||z1,22,. .-, Znlla <t} =¢ whent < 0. For ¢t =0 and z1,29,...,2, are
linearly independent, {a : ||z1, 22, ..., Zn|la <t} = ¢ = N (z1,Z2,...,Tn,t) =
0. When z1,x2,...,Z, are linearly dependent and ¢t = 0 then from the defini-

tion, N/(xl,a:Z,...,a:n,t) = 0. Thus for all £t € R with ¢t < 0, N/(fl?l,.’Eg,...,
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n,t) = 0. (N2) Let N'(z1,22,...,2n,¢) = 1. That is for t > 0, N'(z1, 72, . ..,
Zn,t) = 1. Choose any € € (0,1). Then for ¢ > 0, there exists a; € (e, 1]

such that ||z1,z2,...,Znl|la, <t and hence ||[z1,%2,..., T < t. Since t > 0
is arbitrary, this implies that ||z1,22,...,2Zs]le = 0 = z1,22,..., 2, are lin-
early dependent. Conversely, if z1,%s,...,%, are linearly dependent, then

a € (0,1)} = 1. Thus for all t > 0,N'(z1,22,...,2n,t) = 1 if and only if
Z1,%2,...,%n are linearly dependent. (N3) As ||z1,%2,...,%n||o is invariant
under any permutation of 21,2, ..., z, we have N’ (x1,22,...,%n,t) is invari-
ant under any permutation of z1,zs,...,Zy. (N4)/For all t € R with t > 0,
ce F,0<p<1, N'(xl,xg,...,cmn,t/) = sup{e : ||z1,22,...,cxp|la < t}
=sup{a: ||z1,22,. .., Znlla < l—ctlg} =N (zl,xg,...,xn,#) . (IN5) We have
to show that for all s,t € R,

for t > 0, N'(xl,xg,...,a:n,t) = sup{e : ||z1,%2,...,Zn|la < t} = sup{a :

N (z1,z2,...,Zn + z,,5+ 1)

! ! ’
> min{N (x1,22,...,%n,8), N (:cl,wg,...,xn,t)}.

If(a) s+t <0(b)s=t=0()s+t>0s>0t<0;s<0,t>0,
then in these cases the relation is obvious. If (d) s > 0, ¢ > 0, let p =
N'(acl,xz,...,xn,s),q = N'(mhxz,...,a:'n,t) andp<q Ifp=0andg¢g=0
then obviously (V5) holds. Let 0 < r < p < ¢g. Then there exists o > r such

that ||z1,Z2,...,%Zn||le £ s and there exists 8 > r such that ||w1,a:2,...,:c;||a <
t. Let v = min{e, 8} > r. Thus ||z1,22,..., 24|}y < ||21,%2,. .., Zplla < s
and ||z1,22,...,@ylly < |l21,22,. ., Zp|la < t. Now ||z1,22,. .., %0 + T, ||y
< [Z1, 22, - - -, Zn|la+ |21, T2, . - ., Tp)|e < s+t Therefore, N'(z1, 22, ..., Tn +

’

Z,,t+s) >y > r. Since 0 < r < v is arbitrary, N (x1,72,...,Zn +
Tt +8) > p = min{N (z1,%2,...,2n, 1), N (z1,22,...,2,,5)}. Similarly
if p > g, then also the relation holds. Thus, N’(zl,xz,...,xn,t +3s) >
min{N'(z1,@2,...,Zn,8), N (21, 22,...,2,,t)} (IN6) Let (x1,22,...,2,) € X"
and @ € (0,1). Now t > ||z, z2,...,2pl|la = N/(xl,asg,...,:vn,t) = sup{Q :
1, z2,. .., 20lls <t} > a. So, t&r&N,(xl,mg,...,mn,t) =1 Ift; <t <0

then N/(acl,xg, s T, b)) = N/(l'l,l'z, ooy Tpyte) = 0for all (z1,22,...,2,) €
X" Ifto >t > 0then {a:||z1,22,...,20lla <t1} C{a:||z1,22,. .., 70]la <
ta} = sup{a : ||lz1,22,...,Zalla < 81} < sup{a : ||z1,22,..., Zn]|la < t2}
= N,(xl,xg,...,xn,tl) < N’(xl,:cg,..,,xn,tz). Thus N/(:vl,x2,...,:cn,t) is
a non-decreasing function of t € R. Hence (X, N ') is a f-q-n-NLS. a
Remark 4.3. Assume further that for z1,x9,...,z, are linearly independent,
(N8) N(z1,%2,...,%n,t) is a continuous function of ¢t € R (R-set of real num-

bers) and strictly increasing in the subset {t : 0 < N(z1,22,...,Zn,t) < 1} of
R.
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Theorem 4.4. Let (X, N) be a f-g-n-NLS satisfying the conditions (N7) and
(N8) and {||e,e,...,0||a: @ € (0,1)} be an ascending family of quasi n-norms
corresponding to (X, N). Then for (y1,v2,-..,Yn) € X™ with y1,92,...,Yn are
linearly independent, N(y1,y2,- .-, Un, |¥1,Y25 - s Unlla) = o, € (0,1).

Proof. Let ly1,v2,---,Ynlla = T, then T > 0. Also there exists a sequence
{tn}2; such that N(y1,¥2,...,Yn,tn) > cand lim £, =7. So, lim N(y1, o,
n—oc

n-—od

+osYnstn) 2 @ = By (V8), N(y1, 42, -, Y, im tn) > o = N(y1, 42, Y,
Hy1,v2,. .., ¥nlla) = o, for all a € (0, 1). O

Theorem 4.5. Let (X, N) be a f-g-n-NLS satisfying the conditions (N7) and
(N8) and {||e,e,... 8|l : € (0,1)} be an ascending family of quasi n-norms
corresponding to (X, N). Then for (y1,y2,...,yn) € X™ with y1,¥2,...,Yn are
linearly independent, o € (0,1) and ¢ (> 0) € R, |[y1,v2, . .. Unlle =t if and
only if N(y1,2, ..., yn,t ) = .

Proof. Let a € (0,1), y1,Y2,. - .,Yn are linearly independent and ¢ = lly1, Yo,
wo oy Unlla = inf{s : N(y1,¥2,---,Yn,8) > a}. Since N(y1,¥y2,...,Un,t) is con-
tinuous (by (N8)), we have by Theorem 4.4

(4.1) N(yl’y%""ymt/)za'

Also, N(y1,%2,- - Yn,t ) < N/(yl,yg,...,yn,s) if N(y1,y2,---¥n,3) = a. If
possible, let N(y1,¥y2,...,yn,t ) > «, then again by (N8), there exists t <
t such that N(y1,v,.. .,yn,t”) > o which is impossible, since ¢ = inf{s :
N(y1,v2,.--,Yn,8) > a}. Thus

(42) N(y17y27""yn7tl) SCE
By (4.1) and (4.2) we get N(y1,%2,.--,¥n,t ) = . Thus

(43) t/ = ”yl’yQ’ s ayn”a = N(ylva) oo 7yn7t/) = Q.
Next if N(y1,¥2,---,¥n, t,) = o, then from the definition
(4.4) Hy1,¥2, -+ > Ynlla = Inf{t : J(w, 2|ya, ..., yn,t) = a} = ¢

(Since N(z1, %2, ..., Tn,t) is strictly increasing in {¢ : 0 < N(z1,z2,...,Zn,t) <
1}.) From (4.3) and (4.4) we have, for y3,¥2,. ..,y are linearly independent,
a € (0,1) and t'(> 0) € R, {[y1,¥2,- - -, Unlla = ¢ if and only if N(y1,¥2,...,Yn,
t)=oa. O
Theorem 4.6. Let (X, N) be a f-g-n-NLS satisfying the conditions (N7) and
(N8). Let ||z1,%2,...,Zn|la=Inf {t : N(z1,22,...,2n,t) > a}, a € (0,1) and
N': X" x R —[0,1] is defined by,
sup{a € (0,1) : ||z1, 22, .. -, Zulla < t},
Nl(xl,l’g, ey Epyt) = when z1,22,...,%, are linearly independent,t # 0.
0, otherwise.
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Then (a) {||e,e, ..., o||o : & € (0,1)} is an ascending family of quasi a-n-norms
corresponding to (X, N). (b) (X,N') is a f-¢-n-NLS. (¢c) N = N.

Proof. (a) and (b) follows from Theorem 4.1 and Theorem 4.2. (c) To prove
this we consider the following cases. Let {y1,y2,...,Yn,t0) € X" X R and
N(y1,Y2,---,Yn,t} = ap. Case(i) If y1,y2,...,yn are linearly dependent and
to < 0, then N(y1,y2,...,¥nsto) = N (¥1,%2,...,Yn,to) = 0. Case(ii) If
Y1,Y2,-..,Yn are linearly dependent and to > 0, then N(y1,y2,...,Yn,t0) =
N,(yl,yg,...,yn,to) = 1. Case(iil) If y1,y2,...,yn are linearly independent
and tg < 0, then N(y1,y2,...,Yn,t0) = N'(y1,92, ..., Yn,to) = 0. Case(iv)
Suppose y1,¥2,...,Yn are linearly independent and £3(> 0) € R such that
N(y1,92,---,Yn,to) = 0. For o € (0,1}, |ly1,92,. .-, ¥nlla = inf{t : N(y1,72,
<y Ynyto) > «a} By Theorem 4.4, N(y1,y2,-- ., Yns [U1,¥2,-- -, ¥nlla) > o
for all @ € (0,1). Since, N(y1,y2,..,Yn,t0) = 0 < a it follows that ¢, <
||y1,y2, vy Ynlla, for all & > 0. So,

N(y17y27"'7yn7t0) = Sup{a :, HyhyQa"‘)y'nHa < tO} = sup{¢} = 0.
Therefore N(y1>y2a . -aynytO) =N (ylay27 ce 7yn>t0)' Case(v) If Y1,Y92,---,Yn
are linearly independent and to(> 0) € R, such that 0 < N(y1,¥2,--.,Yn,to) <
1. Let N(y1,Y2,..-,Yn,t0) = cp. Then 0 < op < 1. Now N’(acl,xg,...,:rﬁ,t)

=sup{a: ||T1,Z2,...,Tn|le <t}, when z1,zo,...,z, are linearly independent,
(4.5) t#0

and

(4.6) llz1, 2, .. Znlle = Inf{t : N(z1,22,...,2,,t) > o}, € (0,1).
Since N(y1,%2,---,Yn,to)} = co, we have from (4.6),

(4.7) 1y, 925 - s Ynllao < to

Using (4.7) we get from (4.5),

(4.8)

N (y1,92,- -, Unrt0) = @0 = N (Y1,%2,--»Yn,t0) = N(y1,¥2, ..+, Un, to)-

Now from Theorem 4.5, N(¥1,¥2,.-,Unst0) = Qo il ||yl,yg’,...,yn||a0 =
to. Now for 1 > a > ao, let |jy1,y2,-.-,¥nlla = ¢, then ¢ > ¢;. Then
by Theorem 4.5, N(yl,yg,...,yn,t') = a. So, N(yl,yg,...,yn,t/) =a >
ap = N(y1,Y2,-- -, Yn,to). Since N{y1,y2,...,Yn,t) is strictly increasing and
N, vz, Un,t ) > N@1,Y2,..,Yn,to), it follows that t > to. So for
1>a>am llyn,ye, - Unlla = t' & to. Hence

(4'9) N/(ylvy% e ’ymtO) Sag= N(yl’yQa s 7ynat0)'

By (4.8) and (4.9) we have, N’(yl,yg,...,yn,to) = N(y1,Y2,---,Yn,to). Case
(vi) If y1,y2,...,yn are linearly independent and to(> 0) € R, such that
N(y1,v2, ---,Yn,to) = 1. Then by (4.5) and (4.6) it follows that, ||y1,y2,. ..,

Ynlla < to = N'(y1,92,- -, Ynsto) = 1. Thus N(y1,v2,- - -, Ynsto) = N (y1, v,
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< Yn,to) = 1. Hence N(z1,x3,...,Zn,t) = N (21,22, ... ,Zn,t) for all (21, za,
T, t) EXTX R O
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2
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