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COMMON FIXED POINT FOR MULTIVALUED MAPPINGS
IN INTUITIONISTIC FUZZY METRIC SPACES

SUSHIL SHARMA, SERVET KUTUKCU, AND R. S. RATHORE

ABSTRACT. The purpose of this paper is to obtain some common fixed
point theorems for multivalued mappings in intuitionistic fuzzy metric
space. We extend some earlier results.

Introduction

As a generalization of fuzzy sets introduced by Zadeh [12], Atanassov [2]
introduced the concept of intuitionistic fuzzy sets. Recently, using the idea of
intuitionistic fuzzy sets, Park [7] introduced the notion of intuitionistic fuzzy
metric spaces with the help of continuous ¢-norms and continuous t-conorms
as a generalization of fuzzy metric spaces due to George and Veeramani [3].
Jungek and Rhoades [4] gave more generalized concept weak compatibility
then compatibility. Recently, many authors have studied fixed point theory
in intuitionistic fuzzy metric spaces (see [1], [6], [7], [10], [11]).

In this paper, we prove common fixed point theorem in intuitionistic fuzzy
metric space. We extend results of Kubiaczyk and Sharma [5] to intuitionistic
fuzzy metric space.

We begin with some definitions.

1. Preliminaries

Definition 1 ([8]). A binary operation x : [0,1] x [0,1] — [0, 1] is a continuous
t-norm if * is satisfying the following conditions:

(a) * is commutative and associative;

{b) * is continuous;

(c)ax1=a for all a € [0, 1];

(d) a*b < c*d whenever a < ¢ and b < d, and a,b,c,d € [0,1].

Definition 2 ([8]). A binary operation ¢ : [0, 1] x [0,1] — [0, 1] is a continuous
t-conorm if ¢ is satisfying the following conditions:
(a) ¢ is commutative and associative;
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(b) ¢ is continuous;
(c) a0 = a for all a € [0,1];
(d) a0b < cOd whenever a < c and b < d, and a,b,c,d € [0,1].

Definition 3 ([1]). A 5-tuple (X, M, N, *, ) is said to be an intuitionistic fuzzy
metric space (shortly IFM-space) if X is an arbitrary set, * is a continuous
t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X 2 x (0,00)
satisfying the following conditions: for all z, y, z € X, 5, ¢t > 0,

(VD) M(r,3,0) + Mo ) <

(IFM-2) M(z,y,0) =
(IFM-3) M (z,y,t) = 1 for all t > 0 if and only if z = y;
(IFM-4) M(z,y,t) = M(y, z,);
(IFM-5) M (z,y,t)* M (y, z,8) < M(z,z,t+s) forall z,y,z € X and s,t > 0;
(IFM-6) M(z,y,.) : [0,00) — [0,1] is left continuous;
(IFM-7) lim¢— 0o M (z,y,t) = 1 for all z,y € X;
(IFM-8) N(z,y,0) = 1;
(IFM-9) N(z,y,t) =0 for all ¢ > 0 if and only if x = y;
(IFM-10) N(z,y,t) = N(y,z,1);
(IFM-11) N(z,y,t)ON(y, z,8) > N(z,z,t+s) forall 2,y,2z € X and s, > 0;
(IFM-12) N(z,y,.) : [0,00) — [0,1] is right continuous;
(

IFM-13) lim¢—,oo N(z,y,t) =0 for all z,y € X;

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y, t) and N(z,y,t) denote the degree of nearness and the degree of non-
nearness between z and y with respect to £, respectively.

Remark 1. Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric
space if X of the form (X, M, 1 — M, «,{) such that t-norm * and t-conorm ¢
are associated, i.e. zQy =1 — ((1 — z) * (1 —y)) for any z,y € [0,1]. But the
converse is not true.

Example 1 ([7]). Let (X,d) be a metric space. Denote a x b = ab and aQb =
min{1,a+b} for all a,b € [0, 1] and let My and Ny be fuzzy sets on X2 x (0, 00)
defined as follows:

d(z,y)

Md(x,y,t) = m

t
———— Nyi(z,y,t) =
t+d(l‘,y) d( ' Yy )
Then (Mg, Ny) is an intuitionistic fuzzy metric on X. We call this intuitionistic
fuzzy metric induced by a metric d the standard intuitionistic fuzzy metric.

Remark 2. Note the above example holds even with the t-norm a*b = min{a, b}
and the t-conorm a{b = max{a, b} and hence (My, Ny) is an intuitionistic fuzzy
metric with respect to any continuous t-norm and continuous ¢-conorm.

Example 2 ([7]). Let X = N. Define a * b = max{0,a + b — 1} and ab =
a+b—abfor all a,b € [0,1] and let M and N be fuzzy sets on X2 x (0,00) as
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follows:
Zifx <y, 2 ifr <y,
M 57t= v, _ 7*N 77t= Yy, . —
(5,,1) {%lfm, (,,) {¥MSL

for all z,y € X and ¢t > 0. Then (X, M, N, x,{) is an IFM-space.

Remark 3. Note that, in the above example, t-norm * and t-conorm ¢ are not
associated. And there exists no metric d on X satisfying
t d(z,y)
M(z,y,t) = ———, N(z,y,t) = — 222
(3,9 t+d(z,y) (39 t+d(z,y)

where M(z,y,t) and N(x,y,t) are as defined in above example. Also note the
above functions (M, N) is not an intuitionistic fuzzy metric with the ¢-norm
and t-conorm defined as a * b = min{a, b} and a0b = max{a, b}.

Lemma 1 ([1]). In intuitionistic fuzzy metric space X, M(z,y,.) is non-
decreasing and N(z,vy,.) is non-increasing for all z,y € X.

Lemma 2. Let (X, M, N, *,0) be an intuitionistic fuzzy metric space. If there
exists k € (0,1) such that M(z,y,kt) > M(z,y,t) and N(z,y,kt) < N(z,y,t)
forz,ye X. Thenz =y.

Proof. Since M(z,y,kt) > M(z,y,t) and N(z,y,kt) < N(z,y,t), then us-
ing results of Sharma [9] we have M (z,y,t) > M(z,y, £) and N(z,y,t) <
N(z,y, %) By repeated application of above inequalities, we have

t t t
M(‘T»yat) ZM(xvlh_)ZM(xay)'—g) Z ZM(I,:I/,—)>

k k kT
and
N(z,y,t) < N(z,y —t—)<N(:ry i)<-~-<N(glcy —t—)<
= A A k2~ T g =
for n € N, which tend to 1 and 0 as n — oo, respectively. Thus M(z,y,t) =1
and N(z,y,t) =0 for all t > 0 and we get =z =1y. O

Lemma 3. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space. If there
exists a number k € (0,1) such that

(1.1) M(Yni2,Ynt1,9t) = M(Ynt1,9n,1); N(Ynt2,¥n+1,9t) < N(ynt1,Yn,t)
forallt >0 andn=1,2,..., then {y,} is a Cauchy sequence in X.
Proof. For t > 0 and k € (0,1), we have

M(y2,y3,kt) > M(y1,y2,t) > M(yo,y1,t/k) or

M (y2,ys,t) = M(yo,41,t/k?)
and
N(y2>y3akt) S N(y19y27t) S N(yovylyt/k) or

N(y2>y3,t) < N(y07ylat/k2)‘
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By simple induction with the condition (1.1), we have for all ¢ > 0 and n =
0,1,2,...
(1.2)

M (Yn+1,Yn+2,t) = M(y1,y2,¢/k™), N(yn+1,Yn+2,t) < N(y1,y2,¢/k").
Thus by (1.2) and (IFM-5) and (IFM-11), for any positive integer p and real
number ¢t > 0, we have

p— tzmes

M(Yn,Yntpst) = MYnyYni1,8/D) %+ % M(Ynip—1,Yntps t/D)

p— tzmes _
> M(y1,y2,t/pk" ") %k M(y1,y2,t/pk"P7?)

and

p— tzmes

N(yn,yn+1,t/p) ek N(yn+p layn-l—p,t/p)

p— tzmes —
< N(y1,y2,t/pk™ ™) %% N(y1,y2,t/pk"P7?)

which — 1 and — 0 as n — oo, respectively. Thus limy,—.cc M (Yn, Yntp,t) =1
and limy, oo N(Yn, Yn+tp, t) = 0. Which implies that {y,} is a Cauchy sequence
in X. This completes the proof. O

IN

N(yna Yn+p> t)

Definition 4 ([1]). Let (X, M, N, x, 0) be an intuitionistic fuzzy metric space.

(a) A sequence {x,} in X is said to be Cauchy sequence if for each ¢t > 0
and p > 0, limp 00 M(@ntp,Tn,t) =1 and lim, 0o N(Zptp,Zn,t) =0.

Then a sequence {z,} in X converging to x in X if for each ¢ > 0,

(b) limy, oo M(zn,2,t) =1 and lim, 0o N(2n,z,t) =0.

{Since * and ¢ are continuous, the limit is uniquely determined from (IFM-5)
and (IFM-11)).

(c) An intuitionistic fuzzy metric space is said to be complete if and only
if every Cauchy sequence is convergent. It is called compact if every sequence
contains a convergent subsequence.

Definition 5. Let (X, M, N, *, Q) be a intuitionistic fuzzy metric space. Con-
sider I: X - X and T: X — CB(X). A point z € X is called a coincidence
point of I and T if and only if Iz € Tz.

We denote by CB(X) the set of all non-empty bounded and closed subsets
of X. We have

MY (B,y,t) = max{M(b,y,t);b€ B},
A(B,yat) = min{N(bay7t); bEB}
and
My (A, B,t) > { (a, B, 1), mmM (A,b,t)},
Na(A,B,t) < {maxN a, B,t), maxN (A,b,t)}

for all A,B in X and t > 0.
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2. Main results

Theorem 1. Let (X, M, N, x,{) be a complete intuitionistic fuzzy metric space
with continuous t-norm * and continuous t-conorm < defined byt +t >t and
{1-)¢(1—-t) < (1—¢) forallt €[0,1]. Let P: X — C(X) such that

(2.1) My(Pz, Py, kt) > M(z,y,t), Na(Pz, Py, kt) < N(z,y,t)

foralz,y€e X and 0 < k < 1. Then P has a fixed point. These means that
there exists a point u in X such that u € Pu.

Proof. For any zg € X, we define a sequence {z,} in X, as follows : z; € Pag
such that M(zo,z1,t) = MY (x9, Pxo,t) and N(zo,x1,t) = NA(SE(),Pxo,t),
ro € Pxq such that

M(z1,29,t) = MY (z1, Pz1,t) and N(z1,z2,t) = N&(zy, Py, t).

Inductively, we write 2,1 € Pz, such that M (2, Zny1,t) = MY (T, Pzn,t)
and N(zn, Tnt1,t) = N2(2n, P2n,t).
We shall prove that {z,} is a Cauchy sequence. By (2.1), we write
M(Tp,Tni1,kt) = MY (Tn, PTn, kt) > My(Pxn_1, Py, kt)
2 M(Z‘n_l,l‘n,t)
and
N(Zn,Tni1,kt) = NZ(xn,Pzn,kt) < Na(Pay-i, P, kt)
S N(Z'n__l,flln,t).

So by Definition 4 and Lemma 3, {z,,} is a Cauchy sequence. As X is complete,
there exists lim,,_,o £, = . We show that z is a fixed point of Pz.

MY (z, Pz,t) Mz, 2,,t/2) « MY (2, Pz, t/2)
M(z,z,,t/2) * My(Pxp_1, Pz, t/2)
M(z, 2y, t/2) * M(xn_1,2,t/2)

(AR AVARLYS

and

N*(z, Pz,t) N(z, 2n,t/2)ON (20, Pz, 1/2)
N(z,z,,t/2)ONA(PTy—1, Pz,t/2)

N(z,2,,t/2)YON(xn_1,2,t/2).

VAN VAR VAN

Letting n — oo, we write
MY (z,Pz,t) >1%1>1and N®(z, Pz,t) < 00 < 0.
This implies that = is a fixed point of Pz. O

Now we extend Theorem 1 for the sequences of mappings. We prove the
following :
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Theorem 2. Let (X, M, N, *,{) be a complete intuitionistic fuzzy metric space
with continuous t-norm * and continuous t-conorm < defined by txt > t and
Q-0 —-¢) <1 —1¢) forallt €0,1]. Let T, : X — CB(X) (n € N) and
continuous mapping I : X — X be such that T,(X) C I(X) where I commute
with T, for every n € N and there exists q € (0,1) such that
My (Tiz, Ty, qt)
(2.2) > min{M(Iz, Iy,t), M*(Iz, T;x,t), M" (Iy, Tjy, 1),
MY (Iz, Ty, (2 — a)t), MY (Iy, Tyz,t)}
and
NA (sza T].% qt)
(2.3) < max{N(Iz, Iy,t), N®(Iz, T;z,t), N® (Iy, T;y, t),
N&(Iz,Tyy, (2 - a)t), N (Iy, Ty, )}
for all z,y € X, € (0,2) and t > 0 for every 3,5 € N (i # j). Then there

exists a common coincidence point of T,, and I, i.e. there exists a point z in
X such that Iz €N Tyz, n € N.

Proof. Let z9 € X and 21 € X such that Iz; € Tizo, y1 = Iz and the
inequalities hold

M(w(hyl)qt) = M(xolel, qt) Z Mv(x07T1$07qt) - 5/27

N(zo,y1,qt) = N(zo, Iz1,qt) < N®(z0, T170,qt) +£/2
o € X such that Izs € Toxy,y2 = Iz2 and
M(yl;yQ: qt) = M(levle’qt) Z Mv(yl)T2x17 qt) - 6/223

N(:Ul:y?:qt) = N(IxI)IxQ:qt) S NA(ylaTZmlyqt> + 6/22‘

Inductively, we construct a sequence {y,} in X such that
A/[(yna Yn+1, qt) = M(Ixru Ixn—i—l:qt) > Mv(yn: Thr1Tn, qt) - €/2n7

Ny Uns1,qt) = NIz, [2ni1,qt) < N2 (Yn, Tni12n, qt) + /2.
Now we show that {y,} is a Cauchy sequence. By (2.2), for all ¢ > 0 and
a= 1~k with k€ (0,1), we write
M (yn, yn+1, qt)
MY (yn, Tpt12n, qt) — /2™ > My(TnZn—1, Tnt1Zn, qt) — /2"
min{M(Izy_1,Izn,t), M' (Izp—1,TnZn-1,t),
MY (Izn, Tnt1%n,t), MY (Izp_1, Tpi1Zn, (2 — a)t),
MY(Izy, TnZn1,t)} — /2"
min{M(Izp_1,1xn,t), M(Ixp-1,I5,,t), M{IZy, [Tpni1,t),
M(Izn_1,Izn41, 1+ k)t), M(Izy, I2,,t)} — /27

(A\VANAY
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and by (2.3)
N(Yn; Yn+1,qt)
N2 (Yn, Tns1Zn, t) +€/2" < NA(TnZn—1, Tas1%n, gt) + /2"
max{N(Ixn_l,Ia:n,t),NA(Ixn_l,Tnxn_l,t),
NA(Izp, Tri1Zn, ), N®(Izn_1, Tni12n, (2 — a)t),
N2Izp, Tottn_1,t)} +¢/2"
max{N{Izp,_1,12,,t), NIzp_1,I2,,t), N(I2Zpn, [Tp41,1),
N(Izp-1,Izns1,(1 + k)t), NIz, [2,,t)} +€/27
respectively. Now using (IFM-5) and (IFM-11), we write
(2.4)

M(yn; yn+1,0t)

IN A

IN

v

maX{M(yn—laymt)aM(yn—lyynat)»M(ymyn—f—l;t)a
M(yn—l’ynat)vM(ynayn-l—lv kt), 1} - g/zn,

(2.5)
N(yn,yn+1’qt) < ma’X{N(yn—lvynvt)7N(yn—l,ynat)aN(ynayn-i-l?t))
N(yn—l,ynat)a]v(yn)yn+l7 kt))1}+5/2n

Since t-norm *, t-conorm {, M(z,y,) and N(z,y,-) are continuous, letting
k — 1in (2.4) and (2.5), we have
M(ym Yn+1, qt) Z min{M(yn—hyna t): M(yn’ Yn+1, t)} - 5/2n7

N(Yn, Yn+1,qt) < max{N(Yn—1,Yn,t), N(Yn, Yn+1,t)} + /2"
forn= 1,2,... and so, for positive integers n, p and ¢ € (0, 1), we have

M(yn>y7l+17 qt) Z min{M(yn-—lyyrh t)a M(yn’yn-i—l’ t/qp)} - &./27&7

N(Yn, Ynt1,qt) < max{N(yn—1,Yn,t), N(Yn, Yn+1,t/q")} +€/2".
Since ¢ is arbitrary making £ — 0, and M (yn, Yn+1,t/¢”) — 1 and N (Yn, Yni1,
t/¢?) — 0 as n — oo, we obtain

M(Yn, Ynt1,qt) Z M(yn—1,Yn,t) and N(¥n, yn+1,qt) < N(Yn-1,¥n, ).

By Lemma 3, {yn} is a Cauchy sequence. Since X is complete, {yn} converges
to a point z in X. Now, by (2.2) and (2.3) with a = 1, we have
MY (IIz,,Tmz, qt)
Mo(TyIzn-1,Tmz, qt)
min{M(IIzp_1,12,t), M’ (I1zy_1,Tplx,—1,t),
MY (12, Tz, t), MY (I1xp_1,Trnz,t), M¥ (12, TpIzn_1,t)}
min{M(IIz,-1,12,t), M{(I1z,_1,I1z,,t),
MY (Iz, Tz, t), MY (IIzn_1,Timz,t), M(Iz, 1z, 1)},

AVARLY

A%
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N&(IIzy,, Tz, qt)

< Na(Tplzp—1,Tmz,qt)
< max{N(IIz,_1,12,t), N*([Iz,_1,Tolzn_1,t),

N&(I2, Tz, t), N> (II2y_1, Tz, t), N®(Iz, T Iz, 1,t)}
< max{N{IIzy,_1,12,t), NIIxn_1,IIz,,1t),

N&Iz, Tz, t), No(IIzp_1, Tz, t), N(Iz, Iz, )}

respectively. Since lim M(IIz,_1,1z,t) = 1, lim M(IIzxy—1,1Iz,,t) = 1,

n—oo

lim N(IIz,_1,1z,t)=0and lim N({Iz,_1,IIz,,t) =0, we have
n—o n—oo

lim MY (IIz,_1,Tmz,t) = MY (12, Tz,t),

Nn—r 00

lim N2(ITz,_1,Tmz,t) = N® (12, Tz, t).

n—00

Hence for any m € N, we write
MY (Iz,Tynz,qt) > M¥ (12, Trnz,t) and N®(Iz, Tz, qt) < No(12, Tz, t).

This implies by Lemma 2, that Iz € T,,z and therefore Iz € (\T,,z for n € N.
This completes the proof. (]
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