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ABSTRACT-This paper presents a robust controller design approach for improving vehicle dynamic roll motion
performance and guaranteeing the closed-loop system stability in spite of vehile parameter variations resulting from aging
elements, loading patterns, and driving conditions, etc. The designed controller is linear parameter-varying (LPV) in terms
of the time-varying parameters; its control objective is to minimise the H_, performance from the steering input to the roll
angle while satisfying the closed-loop pole placement constraint such that the optimal dynamic roll motion performance
is achieved and robust stability is guaranteed. The sufficient conditions for designing such a controller are given as a finite
number of linear matrix inequalities (LMIs). Numerical simulation using the three-degree-of-freedom (3-DOF) yaw-roll
vehicle model is presented. It shows that the designed controller can effectively improve the vehicle dynamic roll angle
response during J-turn or fishhook maneuver when the vehicle’s forward velocity and the roll stiffness are varied

significantly.
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1. INTRODUCTION

Vehicle rollover incidences are a worldwide public safety
issue and prevention of rollover crashes is crucial for safe
highway operations. On the one hand, rollover preven-
tion can be achieved by employing a rollover warning
system (Chen and Peng, 2001), which requires the
development of rollover criteria (Kim et al., 2006). On
the other hand, an active roll control {ARC) system needs
to be developed to assist the driver in actively preventing
rollover accidents. Currently, the use of active roll control
systems to improve vehicle roll stability and to reduce the
likelihood of rollover accidents has been proposed and
developed for heavy road vehicles (Sampson and Cebon,
2003; Miege and Cebon, 2005a; Miege and Cebon,
2005b).

Since commercial vehicles always operate in highly vari-
able environments, parameter variations resulting from
aging elements, loading patterns, and driving conditions,
etc., will be unavoidable and these variations will consi-
derably influence the vehicle dynamics. Hence, it is
required that the designed ARC system should be robust
and stable with regard to the variations of the vehicle
parameters within reasonable bounds and should also
retain good performance in spite of the parameter vari-
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ations. For a heavy vehicle with time-variable forward
velocity, a customary linear interpolation method was
used to obtain the interpolated control law between the
fixed speed controllers (Miege and Cebon, 2005a). At the
same time, a gain-scheduled controller and linear para-
meter-varying (LPV) controller have been developed in
Kim and Park (2004) and Gaspar et al. (2005), respec-
tively, to deal with the variations of vehicle dynamics,
assuming real-time measurement of varying forward
speed was available. In fact, except for the varied vehicle
forward velocity, there are many other parameters such as
roll stiffness, centre of gravity (CG), and track width,
etc., affecting the roll stability of the vehicles (Jang and
Marimuthu, 2006; Takano et al., 2003) directly. Dealing
with these parameter uncertainties in the controller design
process becomes essential in real-world applications.

In this paper, an optimal robust LPV H. controller
that considers the closed-loop pole placement constraint
is designed for a three-degree-of-freedom (3-DOF) yaw-
roll vehicle model, with the goals of retaining the dynamic
roll motion performance and providing robust stability
subject to the parameter variations. Sufficient conditions
for designing such a controller are given in terms of a
finite number of linear matrix inequalities (LMIs). Simu-
lation results show that despite the variations in para-
meters, such as vehicle forward velocity and roll stiff-
ness, the designed parameter-dependent state feedback
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controller is capable of achieving good roll control
performance and robust stability.

The subsequent parts of this paper are organised as
follows. Section 2 presents the description of a 3-DOF
yaw-roll model under study. The formulation of an LPV
H.. control problem and the conditions for designing
such a controller are given in Section 3. Section 4 pre-
sents the simulation results. Finally, we conclude our
findings in Section 5.

2. VEHICLE DYNAMICS MODEL

In developing the controller for active roll control of
vehicles, it is not desirable to use the nonlinear complex
vehicle models due to the difficulty of implementing the
control system in real-world applications. Hence, in this
paper, a 3-DOF yaw-roll model is used for the design of
the controller. Vehicle parameters for a 1997 Jeep
Cherokee published in (Chen and Peng, 2001) are used to

construct the 3-DOF model based on Lagrangian dynamics.
A view of the 3-DOF yaw-roll model is shown in Figure
1.

After including the direct roll moment as one of the
control inputs, the equations of motion in matrix form for
the 3DOF yaw-roll model are given as

i 1
B _
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where v is the lateral velocity, r is the yaw rate, p is the

(b) Top view

Figure 1. 3-DOF yaw-roll model.

(c) Front view
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roll rate, ¢ is the roll angle of the sprung mass, &, is the
steering input, and My is the roll moment. In the matrices,
u, is the vehicle forward velocity, M, is the sprung mass,
h is the distance from the centre of gravity of sprung mass
to the roll axis, L,=M;gh—Kg, and L,=—cg Where K and ¢,
are roll stiffness and roll damping coefficient, respective-
ly. Detailed descriptions of other entries in Equation (1)
can be found in the Appendix.

If we define the state vector as x=[v r p ¢] the state-
space form of Equation (1) is expressed as

).C=AX+BIW+Bzu, (2)
=L Muy-v, 0 -Y,
M 0 Mk 0 wy o Tr s
0 I, I, 0| | Ng
where 4=- - N, 0 -Nyl,
Mh I, I, 0 g r ¢
0 0 0 1 0 Mhuy -L, ~Ly
0 0 -1 0
M 0 Mh O][¥ M 0 Mh o] o
0 1, I, Of |Ns 0o I, I, o} |0
By , By = )
Mh I, I, 0| |0 MhoI, I, O] |1
0 0 o0 1]]0 0 o o |0

w=4,, is steering disturbance (the steering input is view-
ed as the disturbance to the system), and u=M, is the
control input. Although this model is obtained under the
constant vehicle velocity assumption, validation against
experimental data (Chen and Peng, 2001) shows that this
model is still acceptable even when the vehicle forward
velocity is varied.

3. OPTIMAL LPV H. CONTROLLER DESIGN

3.1. H.. Performance

When the time-varying parameters are considered in
Model (2), the vehicle model becomes an LPV model
and this LPV model is expressed as

x=A(p)x+B(p)w+By(p)u, G)

where the matrices A(p), B,(p), and B,(p) are continuous
functions of p which is a time-varying parameter vector
and can be measured in real-time. Assume matrices A(p),
B\(p), and B,(p) are constrained to the polytope P given
by

N
P= {(A5B]’B2 Xp) (A’BlaBZXp)z Zpi(p)(A9B]’BZ)i’
i=1

@

=1

N
Zpi(p) =1 pi(p) 20, i= 1,...,N}.

It is clear that the knowledge of the value of p; defines
a precisely known system inside the polytope P described
by the convex combination of its N vertices. Although p,

does not necessarily represent the actual time-varying
parameter p of the dynamical system, there exists a linear
relationship between p and p, that can be easily determin-
ed from the physical model whenever p affinely affects
the linear system. For example, if there are three time-
varying parameters p,, p,, and p; in the model, and the
eight vertices of the polytope P are defined as

Vi: =[Pinin Pamin P3minls V2! =[P1max P2min Piminl s
V3 =[Pimin P2max Paminls Vi =[Pimax Prmax Piminl s
Vs: =[Pimin P2min P3max)s Vi =[Pimas P2min Pamax] s )
Vit =[Pimin Pomax P3max]s Vs =[Pimax Pomax Pamasl s

where pun and P, i=1, 2, 3, denote the minimum value
and the maximum value of parameter p,, respectively,
then the convex coordinates p, i=1, 2,..., 8, can be given
as

o1= 86,0, =(1-0)56,p3 = (1-8)0, p = (1-5)1-£)0,

ps= E(1-0),p6 =(1-8)E(1=6), p; = {(1-£)1-6), ©)
P =(1=5)1-8)(1-6),
where

__Pimax — P __Pomax — P2 5= Pimax ~ P3 )

Pimax ~ Pimin P2max ™ P2min P3max ~ P3min

and therefore, the varying-parameter model can be ex-
pressed as

8
(4.B,,B,Yp)= Zpi(p)(A’Bl B2, ®
=l
where the vertex matrices (4, B, B,), i=1,2,.., 8, are
obtained by replacing the values of p,, p,, and p; in the
model with those values defined in V,, V,,..., and V,
respectively.

To design a controller for an active roll control system,
one should indicate the control output, which is the
variable of interest that needs to be controlled so that the
performance index from the disturbance input to the
control output can be realised with the specified require-
ment. For system (3), we indicate the control output as

z=Cx+D,w+Du, &)

where C,, C,, C, are problem-dependent constant
matrices. For example, if we want the roll angle to be
controlled, we can choose C,=[0 0 0 1], D,;=0, D,,=0; if
we want the control moment to be constrained (e.g., we
hope that the amplitude of the control moment or the
consumed power of the control moment should be less
than a given level), we can choose C,=0, D,;=0, and
D,,=I to define the control output.

In this paper, we are interested in designing a state
feedback parameter-dependent controller
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N N
u=K(p)x=Y p(pK;x, Y pi(p)=1,p:(p) 20,

i=1 i=]

(10)
i=1,...,N
for system

J.C=A(p)x+Bl(l7)"v"'BZ(p)u, (11)
z=Cyx+ Dyyw+ Dpyu,

such that the closed-loop system is stable and the H..
performance |7,.|.. is minimised, where Ty, is the
closed-loop transfer function from the disturbance w to
the control output z.

3.2. Pole Placement Requirement

Generally, H.. performance design does not directly deal
with the transient response of the closed-loop system.
Therefore, in addition to the H.. performance mentioned
above, to obtain the satisfied dynamic performance, we
also require the closed-loop poles are to be placed in the
region S(¢, r, 0) as defined in Figure 2. In many practical
applications, exact pole assignment may not be
necessary. It is sufficient to locate the closed-loop poles
in a prescribed subregion in the complex left half plane.
By confining the closed-loop poles to the region
S(a, r, 6), we can ensure a minimum decay rate ¢, a
minimum damping ratio {(=rcos6), and a maximum
damped natural frequency @, (=rsind) for the closed-
loop system. These, in turn, bound the maximum over-
shoot, the frequency of oscillation, the decay time, the
rise time, and the settling time for the closed-loop system
transient response.

Figure 2. The system pole placement region S(a; 1, 6).

3.3. Formulation for the Controller Synthesis

For simplicity, we only consider the case in which the
time-varying parameter p does not affect the matrices B,
and B,. In such a case, the synthesis of the state feedback
controller that guarantees the optimal H.. performance
and satisfies the additional constraint on the closed-loop
pole locations can be achieved based on the sufficient
conditions provided in the following theorem.

Theorem 1 Minimise yover positive symmetric matrix X
and matrix Y, subject to the following LMI constraints:

Ax+x4T +BY, +¥ Bl B, xcl +¥ Dl

* -y D} <90, (12)
* * -y
AX +X4T + B,Y, + YT BY +2aX <0, (13)
kX AX +ByY,
|: r i 2 1}<0’ (14)
* -rX
sin9{A,-X+BzYi +x47 +(32Y,-)T]
*
cosO[AiX+BZI’i—XA,-T —(Bﬁ)ﬂ}(o (15)
sin 04X + Ba¥; wxal )]

i=12,.,N,

where the notation * is used to represent a block matrix
which is readily inferred by symmetry.

Given a solution (X,Y;) of this minimisation problem,
the optimal H.. state feedback control gain is obtained as
K=Y X" and the LPV controller is synthesised as

N
K(p)= Y pipK;
=l

The proof of Theorem 1 can be easily derived follow-
ing a similar procedure from (Montagner et al., 2005;
Chilali and Gahinet, 1996), of which details are omitted
here for brevity. If the time-varying parameter p also
affect the matrices B, and B, as shown in Equation (3),
the sufficient conditions will be relatively complicated
but can still be derived using a similar procedure which is
not provided in this paper.

4. SIMULATION RESULTS

In this section, we will apply the proposed approach to
design the optimal LPV H.. controller based on the 3-
DOF yaw-roll model described in Section 2. The para-
meters of the 3-DOF 1997 Jeep Cherokee yaw-roll model
selected for this study are listed in Appendix. In this
study, simulations are conducted using software MATLAB/
Simulink.

Assume that all the state variables defined in Equation
(2) are measurements available for feedback, that is, we
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can design a full-state feedback controller. As an ex-
ample, we consider the vehicle forward velocity u, and
the roll stiffness K, as the time-varying parameters, and
define the time-varying parameter vector p as 36 km/h <
pi=t, < 180 km/h, p,=1/u,, and p,=K,, where the roll
stiffness K is varied within 20% of its nominal value for
designing the LPV controller. The design objective is to
minimise the effect of disturbance w on the roll angle by
minimising ||7..|.. and to constrain the closed-loop poles
in the indicated region S(0, 20,7/3) Using the approach
presented in Section 3, we obtain such an LPV controller
as defined in (10). For description in brevity, we denote
this designed controller as Controller I hereafter.

To evaluate the performance of the designed controller
in the time domain, two kinds of maneuvers are used: one
is J-turn maneuver in which the steering input angle is
defined as that in Kim and Park (2004), and the other is a
fishhook maneuver which is similar to that presented in
Jang and Marimuthu (2006) but with different definitions
for the steering amplitude and time range.

During the J-turn maneuver, the responses of the roll
angle for both the passive and the active control systems
are plotted in Figure 3 for different vehicle forward
velocities. The forward velocity is increased from 36 km/
h to 180 kmvh, and the other parameters are kept as
nominal values which are given in Appendix. It can be
seen from Figure 3 that the roll angle response for the
passive system (u=0) varies largely with the variation of
forward velocity during the J-turn maneuver, but on the
contrary, the roll angle response of the active system
which is realised by Controller I is maintained throughout
in spite of the variation of the forward velocity. In parti-
cular, the transient processes are all very smooth and the

36— = - - - m =

Roll angle (deg)
»

b
e = m - .

0.294- B J
23 235 24

Time (8}

Figure 3. Roll angle response during J-turn maneuver at
different vehicle forward velocities. Vehicle forward
velocity increases from 36 km/h to 180 km/h with step 36
km/h.

Yaw rate (deg/s)

Time (s)

Figure 4. Yaw rate response during J-turn maneuver at
different vehicle forward velocities. Vehicle forward
velocity increases from 36 km/h to 180 km/h with step 36
km/h.

overshoot values are all close to the steady-state values.

Figure 4 shows yaw rate response with respect to the
varied forward velocity. It can be seen that although the
yaw rate is varied significantly with the variation of
forward velocity, there is no great difference between the
passive system and the active system for yaw rate at a
given forward velocity. This means that the proposed
control approach has little effect on the yaw motion.
Similarly, we change the roll stiffness to different values
but keep the forward velocity at 72 km/h and the other
parameters as nominal values in order to see the dynamic
performances realised by the two systems.

Figure 5 shows the roll angle responses for the two

. ' ! i Active’ !
> 1 Vo e

i " ) increase of velocity . Lo Passhe g
L Il e o it et et iettedie i B
:

4 ! - B - : v ;
|
i

Roll angle (deg}

Figure 5. Roll angle response during J-turn maneuver at
different roll stiffnesses. Roll stiffness increases from
45566 Nm/rad to 65566 Nm/rad with step 5000 Nm/rad.
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Yaw rate (deg/s)

Time (s)

Figure 6. Yaw rate response during J-turn maneuver at
different roll stiffnesses. Roll stiffness increases from
45566 Nm/rad to 65566 Nmv/rad with step 5000 Nm/rad.

systems with different roll stiffnesses which are varied
from about —20% to 20% of its nominal value. It can be
seen that roll stiffness significantly affects the roll per-
formance of the passive system as analysed in Takano et
al. (2003). However, with the designed control system,
the dynamic roll performance is least affected by the
variation of the roll stiffness.

Figure 6 shows the yaw rate response with respect to
the variation of roll stiffness. It can be seen that the
variation of roll stiffness does not affect the yaw motion.
Additionally, there is little difference between the passive
system and the active system for the yaw rate response
with any given roll stiffness.

T8

I Y

Roll angle (deg)

increase of welocit -
e

Figure 7. Roll angle response during fishhook maneuver
at different vehicle forward velocities. Vehicle forward
velocity increases from 36 km/h to 180 km/h with step 36
km/h.

Yaw rate (dag/s)

Time (s)

Figure 8. Yaw rate response during fishhook maneuver at
different vehicle forward velocities. Vehicle forward
velocity increases from 36 km/h to 180 km/h with step 36
km/h.

During the fishhook maneuver, the roll angle res-
ponses for the passive and active systems at different
velocities and different roll stiffnesses are plotted in
Figures 7 and 9, respectively. It can be seen from these
two figures that the designed controller can retain good
performance regardless of the variations in the forward
velocity and roll stiffness while a different maneuver is
applied. The yaw rate responses for the passive and
active systems at different velocities and different roll
stiffnesses are plotted in Figures 8 and 10, respectively. It
can be seen from these two figures that the designed
controller has little effect on the yaw motion as compared
to the passive system regardless of the variations in the

Roll angle (deg)

! incmése of wlmﬁ
4 5 6
Time (s)

Figure 9. Roll angle response during fishhook maneuver
at different roll stiffnesses. Roll stiffness increases from
45566 Nm/rad to 65566 Nm/rad with step 5000 Nm/rad.



ROBUST CONTROLLER DESIGN FOR IMPROVING VEHICLE ROLL CONTROL

Yaw rate (deg/s)

Time (s}

Figure 10. Yaw rate response during fishhook maneuver
at different roll stiffnesses. Roll stiffness increases from
45566 Nm/rad to 65566 Nm/rad with step 5000 Nm/rad.
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Figure 11. The closed-loop system poles for randomly
generated forward velocity and roll stiffness. The poles of
the closed-loop system vertices are represented by the
diamond symbol.

forward velocity and roll stiffness with a different mane-
uver applied.
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To further validate the closed-loop system perfor-
mance and stability when the forward velocity and roll
stiffness are varied, the closed-loop system poles for 500
randomly generated forward velocities and roll stiffnesses,
within their respective ranges, are plotted in Figure 11. It
can be seen from this figure that all of the closed-loop
system poles are concentrated in several areas which all
locate in the designed region S(0, 20,7/3). This guaran-
tees the dynamic response performance and the closed-
loop system stability.

In addition, to show the advantages of the designed
LPV controller, two more controllers are designed for
comparison purposes based on the similar conditions
presented in Section 3. One controller considers the
variations in forward velocity and roll stiffness, but it is
not parameter-dependent, i.e., the controller gain is fixed.
This controller can be obtained by setting ¥,=Y,="*-=Yin
Equations (12)~(15). After finding the matrices X and ¥
by resolving the LMIs in Equations (12)~(15), the obtain-
ed controller is given as K=YX'. For brevity, we denote
this designed controller as Controller II hereafter. Another
controller is designed for forward velocity 108 km/h and
the nominal values for the roll stiffness and other para-
meters; that is, this controller does not consider variations
in the forward velocity and roll stiffness. This controller
can be easily obtained by solving the LMIs (12)~(15)
with N=1. We denote this controller as Controller III for
brevity.

In order to show the time domain performance of the
closed-loop system composed by the three controllers,
the same J-turn maneuver is applied with randomly gene-
rated forward 'velocity and roll stiffness. As examples,
four cases are listed in Table 1, where the first row
indicates the randomly generated forward velocity and
roll stiffness; in the bracket, the first value is for the
forward velocity in km/h, and the second value is for the
roll stiffness in Nm/rad. The second row indicates the
particular system, where ‘O’ means the passive system,
‘I-III’ mean the active systems which are composed by
controllers I-II1, respectively. ‘@,” means the maximum
roll angle in deg, ‘@, means the steady state roll angle in
deg, ‘M, means the maximum input moment in kN.m,
‘M, means the input moment in steady-state in kN.m.

Table 1. Controller performance comparision for randomly generated forward speed and roll stiffness.

P [161,65433] [101,53546] [83,67890] [41,60787]

C o 1 II 111 O I I I o | I I O I II 11
@, | 3.09 (030060 |027|299 (030081 |031|200]030|0.81|032]|129]|030) 084|026

¢ |259]029|0.14 | 012|276 | 029 | 0.55 | 0.31 | 1.89 | 0.29 | 0.69 | 0.32 | 1.08 | 0.29 | 0.84 | 0.26
M,| O [277|337|299| 0 [218|195(216| 0 |[1.80|136;176| 0 | 076|042 0.79
M, 0 |235|278(253 0 [203|181|201} 0 (172129169 O |0.76|0230.78
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Controller |
Controller I
Controller il 1
Passive

1 e

Roll angle (deg)

Time (s)

Figure 12: Roll angle response during J-turn maneuver
for different controllers with »,=161 km/h, and K=
65433 Nm/rad.

For clarity, the dynamic responses for the first case are
also plotted in Figure 12 and Figure 13 for the roll angle
and the input moment, respectively.

It can be seen from Table 1 and Figures 12 and 13 that
no matter what kinds of parameters are used, Controller I
can always keep the maximum roll angle and steady state
roll angle at similar values, but on the contrary, Controller
II varied the roll angle outputs greatly in different cases.
However, Controller II can guarantee the stability of the
closed-loop system regardless of the variations on the
parameters because it is designed with consideration of
these parameter variations. Controller III can achieve
good performance comparable to that realised by Contro-
ller I, or even better in steady-state than that of Controller
I in some cases; however, this controller cannot theore-
tically guarantee closed-loop system stability when the
actual vehicle parameters are different from the designed
parameters. In addition, the required input moment for
Controller I1I is larger than that required by Controller I,
which will consume more power and will possibly cause
an actuator saturation problem. These findings confirm
that Controller I can better realise the desired dynamic
roll motion performance and robust stability with accep-
table input moment as compared to the other two
controllers.

It should be noted in this study that the roll moment is
assumed as the control input to be implemented. In
practice, the roll moment can be provided by using
hydraulic actuating system together with anti-roll bar
(Sampson and Cebon, 2003; Miege and Cebon, 2005a).
To overcome the potential problems with a hydraulic
system, such as complexity due to the large number of
hydraulic elements including pump, relief valve, accumu-
lator, control valve, oil tank, pipes, etc., leakage during

Moment (kN.m)

Time (s)

Figure 13. Required moment for different controllers
during J-turn maneuver.

operation, and complicated maintenance, an electrically
actuating system can be applied (Kim and Park, 2004).

5. CONCLUSIONS

This paper presents a robust controller design approach
for vehicle roll motion control which considers variations
in vehicle model parameters. By using the LMIs formu-
lation, the required full-state feedback parameter-depen-
dent controller can be obtained. A simulation example is
used to demonstrate that the designed controller can
effectively improve the dynamic roll motion performance
when the vehicle parameters, such as forward speed and
roll stiffness, change within reasonable magnitudes. This
approach has the potential to incorporate more objec-
tives, such as actuator saturation, actuator failure, etc.,
into the design process. Further work will be done to
affinely express more key parameters in the matrices and
to develop the effective online parameter identification
algorithm.
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APPENDIX

Detailed descriptions of entries in Equation (1):

M = M+M,

Yﬂ = —(Caf-FCar)
36, Oy
Y, = C L+ Cp—=
y - bCpp —aCyy
U
0
Y(S = Cly’
Nﬂ = bCa,—aCaf
b2C,, +a*C
N, = ____wu_"_%
0
oy 06
Ny = ac}/a;i—bcw 6¢’
N5 = va/

I, = (g)s+ M —20x(I)s + O3 (L),
I, = Mphc-(I.) +OpU,);
I = (]zz)s+(lzz)u+Mscz+Mu€2

z

Parameters used for a 1997 Jeep Cherokee

Symbol Definition Value Unit
M, Rolling sprung mass 1663 kg
M, Non-rolling unsprung mass 325 KG
(A Inclination angle of the roll axis point down 0.0873 rad

a Distance from the vehicle CG to the front axle 1.147 m

b Distance from the vehicle CG to the rear axle 1.431 m

c Distance from the CG of M, to the vehicle CG 0421 m

e Distance from the CG of M, to the vehicle CG 2.157 m

g Gravity 9.81 m/s?
h Distance from the CG of M, to the roll axis 0.306 m
Cy Front tire cornering stiffness 59496  N/rad
C Rear tire cornering stiffness 109400 N/rad

96,/d¢  Partial derivative of the roll induced steer at the rear axle 0.07

dy/d¢p  Partial derivative of the camber thrust at the front axle 0.8
Cy Camber thrust coefficient at the front axle 2039 N/rad
K; Roll stiffness 56957 Nm/rad
Cr Roll damping coefficient 3496 Nms/rad
(), Moment of inertia about the x-axis of the rolling sprung mass 602.8 kgm’
(L), Product of inertia about the x-z axes of the rolling sprung mass 90.0 kgm®
€. Moment of inertia about the z-axis of the rolling sprung mass 2163.7  kgm®
). Moment of inertia about the z-axis of the non-rolling unsprung mass 540.0 kgm®




