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EXTENDED FUZZY EQUIVALENCE RELATIONS

INHEUNG CHON

ABSTRACT. We define an extended fuzzy equivalence relation, dis-
cuss some basic properties of extended fuzzy equivalence relations,
find the extended fuzzy equivalence relation generated by a fuzzy
relation in a set, and give some lattice theoretic properties of ex-
tended fuzzy equivalence relations.

1. Introduction

The concept of a fuzzy relation was first proposed by Zadeh ([8]).
Subsequently, Goguen ([2]) and Sanchez ([7]) studied fuzzy relations in
various contexts. In [4] Nemitz discussed fuzzy equivalence relations,
fuzzy functions as fuzzy relations, and fuzzy partitions. Murali ([4])
developed some properties of fuzzy equivalence relations and certain
lattice theoretic properties of fuzzy equivalence relations. Gupta et
al. ([3]) defined a fuzzy G-equivalence relation on a set and develop
some properties of that relation. The standard definition of a reflexive
fuzzy relation p on a set X, which most mathematicians or computer
scientists used in their papers, is p(x,z) = 1 for all x € X. We ex-
tend this standard definition to p(z,z) > € > 0 for all x € X and
tien)f{ wu(t, t) > p(y,z) for all y # 2z € X, which is called e-reflexive

fuzzy relation in this note. Chon ([1]) defined an extended fuzzy con-
gruence based on the e-reflexive fuzzy relation and characterized those
congruences on semigroups.

In section 2 we define an extended fuzzy equivalence relation based
on the e-reflexive fuzzy relation and review some basic properties of
fuzzy relations which will be used in next sections. In section 3 we
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discuss some basic properties of extended fuzzy equivalence relations
and find the extended fuzzy equivalence relation generated by a fuzzy
relation on a set. In section 4 we find sufficient conditions for the
composition p o v of two extended fuzzy equivalence relations p and
v on a set to be an extended fuzzy equivalence relation generated by
p U v, show that the collection E(S) of all extended fuzzy equivalence
relations on a set S is a complete lattice, and show that if S is a group,
then E(S) = {u € E(S) : p(e,c) = k for all ¢ € S} is a modular
lattice for 0 < e < k < 1.

2. Preliminaries

In this section we define an extended fuzzy equivalence relation
and recall some basic properties of fuzzy relations which will be used
in next sections.

DEFINITION 2.1. A function B from a set X to the closed unit
interval [0, 1] in R is called a fuzzy set in X. For every x € B, B(z) is
called a membership grade of x in B.

The standard definition of a fuzzy reflexive relation p in a set X
demands p(x,z) =1 for all z € X, which seems to be too strong. We
redefine this standard definition as follows.

DEFINITION 2.2. A fuzzy relation p in a set X is a fuzzy subset of
X x X. pis e-reflexive in X if p(x,x) > e > 0 and tin)f( wu(t, t) > p(x,y)
€

for all z,y € X such that  # y. pis symmetricin X if pu(z,y) = u(y, )
for all z,y in X. The composition A o i of two fuzzy relations A, p in
X is the fuzzy subset of X x X defined by

(Ao p)(w,y) = sup min(A(@, 2), u(2, ).
zE
A fuzzy relation p in X is transitive in X if popu C p. A fuzzy relation
w1 in X is called an extended fuzzy equivalence relation if y is e-reflexive,
symmetric, and transitive.

Let Fx be the set of all fuzzy relations in a set X. Then it is
easy to see that Fx is a monoid under the operation of composition o
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and an extended fuzzy equivalence relation is an idempotent element
of F X-

DEFINITION 2.3. Let u be a fuzzy relation in a set X. p~! is
defined as a fuzzy relation in X by pu~!(z,y) = u(y, x).

It is easy to see that (pov) ™! = v=1opu™! for fuzzy relations u

and v.

PROPOSITION 2.4. Let Fx be a monoid of all fuzzy relations in
X and let ¢ : Fx — Fx be a map defined by ¢(u) = p~t. Then ¢ is
an antiautomorphism and ¢(u=1) = (¢(u)) ™! = p.

Proof. Straightforward. O

PROPOSITION 2.5. Let p be a fuzzy relation on a set X. Then
Use, p™ is the smallest transitive fuzzy relation on X containing p,
where u™ = o po---opu.

Proof. See Proposition 2.3 of [6]. O]

PROPOSITION 2.6. Let pu be a fuzzy relation on a set X. If p is
symmetric, then so is Uy2 | p", where pf"* = ppopo---0 .

Proof. See Proposition 2.4 of [6]. O

PROPOSITION 2.7. If pu is an e-reflexive fuzzy relation on a set X,
then u"*1(z,y) > u™(x,y) for all natural numbers n and all x,y € X.

Proof.

() = (pop)(z,y) = sup min[u(z, z), u(z,y)]

> min[u(z, ), p(z, y)| = p(z, y).

Suppose p*t1(z,y) > p*(x,y) for all x,y € X. Then

k—|—2( k—i—l)( k—H(

x,y) = sup min[u(x, 2), p" " (z,y)]

zeS

2 sup minfu(z, 2), pE(z,y)] = (po p*)(z,y) = 1

Pz, y) = (pop

M (2, ).
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By the mathematical induction, u"*(x,y) > pu"(x,y) for all natural
numbers n. 0J

ProprosITION 2.8. Let p and each v; be fuzzy relations in a set
X foralliel. Then po(Uv;))= U(uov;), (Uy;)opu= U (y;opu),
i€l i€l i€l i€l

Ny;) € N ; d( Ny C N (v .
po () € N (row), and (D) op S O (vion)

Proof. Straightforward. O

3. Extended fuzzy equivalence relations

In this section we discuss some basic properties of extended fuzzy
equivalence relations and find the extended fuzzy equivalence relation
generated by a fuzzy relation.

DEFINITION 3.1. Let p be an extended fuzzy equivalence relation
in a set X. The set {y € X : p(y,z) > 0}, which is denoted by
[x], is called an equivalence class of x. The collection of equivalence
classes of X, denoted by X/pu, is called quotient of X by p. That is,
X/p=A{[z]: ze€ X}.

PROPOSITION 3.2. Let u be an extended fuzzy equivalence rela-
tion in a nonempty set X and let [x] be the equivalence class of v € X.

(1) For every x € X, [z] is a nonempty set.
(2) w(x,y) >0 iff [2] = [y].
(3) [z] N [y] # 0 iff p(z,y) > 0.

Proof. (1) Straightforward.
(2) Suppose u(z,y) > 0. Let a € [z]. Then p(a,z) > 0.

pla,y) = sup min [u(a, k), p(k, y)] = min [u(a, z), (2, y)] > 0.
€
That is, a € [y]. Thus [z] C [y]. Similarly we may show [y] C [z].
Hence [z] = [y]. Conversely suppose that [x] = [y]. Then z € [y], that
is, pu(x,y) > 0.
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(3) Suppose that [z] N [y] # 0. Then there exists ¢ € X such that
ple,z) > 0 and p(c,y) > 0. w(x,y) > sup minfu(x, k), u(k,y)] >
keX
]

min [u(x,c), pu(e,y)] > 0. Conversely suppose that p(z,y) > 0. Then
z € [yl. Slncexe[x],[m]ﬂ[];é@. O

PROPOSITION 3.3. Let i be an extended fuzzy equivalence rela-
tion in a nonempty set X. Then the quotient set X /u is a partition of
X.

Proof. Straightforward from Proposition 3.2. O

THEOREM 3.4. Let p be a fuzzy relation on a set S. If p is e-
reflexive, then so is U5 u™, where u™ = ppopo---o pu.

Proof. Clearly u' = p is e-reflexive. Suppose p* is e-reflexive.
Then

THwe) = (W o ) x) = sup minfu(z, 2), (2, 0)]

> min[u® (2, z), p(z, )] > € >0

W

for all x € S. Let ,y € S with  # y. Then

inf pF (¢, 1) = mf (¥ o p)(t,t) = inf sup min[u® (¢, 2), u(z,t)]
tesS tesS zE€S

> 3 . > . k .
2 inf min[u"* (t,t), u(t,t)] > min [infu”(,¢), inf u(t,?)]

> min[u*(z, 2), (2, y)]
for all z € S such that z # x and z # y. That is, tlng pFt(t,t) >
€

sup  min[p¥(x, 2), u(z,y)]. Clearly inf u(t,t) > min [p*(z,2),
z€5—{z.y} tes

p(w,y)] and inf p"(t6) > min (1" (2, y), puy,y)]. Since p*+i(t,1) >
€
pF(t,t) > u(t,t) by Proposition 2.7,

inf p*H(t, 1) 2 min (4 (2, 2), p(, )] and

inf pFr (1) > min (1 (z, ), p(y, v))-
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Thus

inf Mt 1) > max [ sup  min(u®(z, 2), p(z,9)),
tes zeS—{z,y}

min (1" (z, ), p(e,y)), min (1" (z,9), 1(y,y))]
= sup minfp"* (2, 2), u(z,y)) = (1* o p) (z, y)
zE
= u"(z,y).
That is, ©**t! is e-reflexive. By the mathematical induction, u" is e-
reflexive forn = 1,2,.... Thus tlng [Uoe, u™|(t,t) = tlIlg sup|p(t,t), (o
€ €

w(t,1),...] = sup [inf p(¢,t), nf (wop)(t,1),...] 2 suplu(z,y), (ko

)(@,y), .| = [0 4" (2, y). Clearly U2, u")(z,) > ¢ > 0. Hence
U2, p" is e-reflexive. O

ProPOSITION 3.5. Let pu and v be extended fuzzy equivalence
relations in a set X. Then pu N v is an extended fuzzy equivalence
relation.

Proof. 1t is easy to see that u N v is e-reflexive and symmetric.
By Proposition 2.8, [(uNv)o (uNv)] C[uo(pnv)|Nivoe(unv)] C
[(pop)N(pov)]N[(vou)n(vor)] C [uN(pov)N[(vou)nv] C pNv.00

It is easy to see that even though 1 and v are extended fuzzy equiv-
alence relations, p U v is not necessarily an extended fuzzy equivalence
relation. We find the extended fuzzy equivalence relation generated by
(U v in the following proposition.

PRrOPOSITION 3.6. Let p and v be extended fuzzy equivalence
relations in a set X. Then the extended fuzzy equivalence relation
generated by pUv is US2 1 (nUv)" = (pUrv)U[(pUv)o (nUv)|U....

Proof. Clearly (nUv)(z,x) > € > 0.
nf (LUP)(Et) = inf max(u(t,t), v(t )
S : :
> max (infp(t,1), inf v(t,1)

> max (u(z,y),v(z,y)) = (pUv)(z,y)
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for all x # y in X. That is, u U v is e-reflexive. By Theorem 3.4,

> (pU )™ is ereflexive. Since p U v is symmetric, U2, (u U v)™
is symmetric by Proposition 2.6. By Proposition 2.5, U2 (p U v)”
is transitive. Hence U2 ;(n U v)™ is an extended fuzzy equivalence
relation. Let A be an extended fuzzy equivalence relation in a set X
containing pUwv. Then US2 (pUv)" CUS A" =AU (Ao A)U (Ao Ao
AU+ CAUAU--- C A Thus U524 (,u Uv)™ is the extended fuzzy
equivalence relation generated by p U v. OJ

We now turn to the characterization of the extended fuzzy equiv-
alence relation generated by a fuzzy relation.

THEOREM 3.7. Let u be a fuzzy relation in a set X. Then the
extended fuzzy equivalence relation in X generated by p is

w (pupTtue)”
= (pUp UG U (Up U)o (puptug)u...,

where 0 is a fuzzy relation in X such that 6(x,z) > 0,0 =0""
0(z,y) < pl(w,y), and inf 6(t,1) > max [p(z,y), u~ 1(90, y),0(x,y))] for

all x #y in X.
Proof. Let iy = pUp~t U. Then

pr(z, ) = max [u(z, z), u (z, z), 0(x, )] > e > 0.

. _ s -1 >
nf pu(t,¢) = inf max[u(t,t), p=(8,%), 6(t,1)] 2 inf 6(2,2)

> maX[M(x7y)7 Mil(xﬁy)vg(xvy)] = :ul('rvy)'

Thus p; is e-reflexive. By Theorem 3.4, US2, u is e-reflexive. Since
0 =0"" p(z,y) = (pUp 't UO)(z,y) = maxlu(z,y), n~ ' (,y),07"
(z,y)] = max[u~'(y, x), u(y, ), 0(y, z)] = (LUp~"U0)(y, z) = w1 (y, z).
Thus p; is a symmetric. By Proposition 2.6, UP2 , uf' is symmetric. By
Proposition 2.5, Up2 u7 is transitive. Hence U%O:l py is an extended
fuzzy equivalence relation containing p. Let v be an extended fuzzy
equivalence relation containing u. Then u(z,y) < v(z,y), p~H(z,y) =
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wy,z) < v(y,z) = v(z,y), and 0(z,y) < p(x,y) < v(z,y). Thus

g1 C v. Suppose that p¥ C v. Then p" ™ (z,y) = (11 o p)(z,y) =
sup minlu (x, 2), 41 (2,y)] < sup minfu(z, z),v(z,y)] = (v ov)(z,y)
zeX zeX

Since v is transitive, ,u'f‘H C vov C v. By the mathematical induction,
pt C v for all natural numbers n. Thus U2, uf = p U (ug o pg) U
(H1opop) - Cv. O

4. Lattice of extended fuzzy equivalence relations

In this section we discuss lattice theoretic properties of extended
fuzzy equivalence relations. Let E(S) be the collection of all extended
fuzzy equivalence relations on a set S.

THEOREM 4.1. (E(S5), <) is a complete lattice, where < is a rela-
tion on the set of all extended fuzzy equivalence relations on S defined
by p < v iff u(z,y) <v(z,y) for all x,y € S.

Proof. Clearly < is a partial order relation. It is easy to check
that the relation o defined by o(z,y) = 1 for all z,y € S is in E(S)
and the relation A\ defined by A(x,y) = € for z = y and A(z,y) = 0
for x # y is in E(5). Also o is the greatest element and A\ is the
least element of E(S) with respect to the ordering <. Let {u;} cs
be a non-empty collection of extended fuzzy equivalence relations in
E(S). Let u(z,y) = ;gg wi(x,y) for all z,y € S. It is easy to see

that p(x,z) > e for all z € S, tin)lz w(t, t) > u(y, z) for all y # z € X,
€

and g = p~t. po p(z,y) = sup minfinf wi(z,2), inf u;(z,y)] =
zeX JjEJ JjedJ

sup inf inf minfp;(x, 2), pi(2z,y)] < inf sup minfp;(z, 2), pi(2z,y)] =
zex JEJ i€J J€T Lex

inf j1;0p1;(2,y) < inf 1y (2.y) = p(a.y). That is, p € B(S). Since s
JE JE
the greatest lower bound of {y;};ecs, (E(S), <) is a complete lattice.l]

Let Ex(S) = {n € E(S) : p(e,c) = k for all ¢ € S}. It is easy
to see that Ey(S) is a sublattice of E(S) for 0 < ¢ < k < 1. We
define addition and multiplication on Ej(S) by p+v =< pUv > and
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v = pNv, where < pUr > is the extended fuzzy equivalence relation
generated by p U v.

DEFINITION 4.2. A lattice (L, +, -) is called modularif (x+y)-z <
x4+ (y-z) forall z,y,z € L with z < z.

LEMMA 4.3. Let p and v be extended fuzzy equivalence relations
in a set X such that u(t,t) = v(t,t) forallt € X. If pov = v o p,
then p o v is the extended fuzzy equivalence relation in X generated
by pUwv.

Proof.

(ov)(@ z) = sup minu(z, 2), v(2, )]

> min(p(z, x),v(x,z)) > € >0,

inf (uov)(t.t) = inf sup minfu(t,2).v(z.1)

> tlen)f( mln[,u(t, t),v(t,t)] > min[u(zx, 2),v(z,y)]

for all z € X. Thus

fnf (uov)(t,t) = sup minlu(z, 2), v(z,9)] = (o v)(z,y).

That is, o v is e-reflexive. Since yu and v are symmetric, (uov)™! =

vlout =vopu = pov. Thus o v is symmetric. Since pu and
v are transitive and the operation o is associative, (pov)o (pov) =
po(wop)ov = po(uov)ov = (uop)o(wor) C piov. Hence
o v is an extended fuzzy equivalence relation. Let z,y € X with

v # . Since v(r.r) 2 u(s.r), (ov)(ry) = sup minlu(z, 2),v(z,)] >

min(u(z, y), v(4, ) = u(z,y). Since u(p,p) > v(p,q), (1o v)(x,y) =

sup minfju(z, 2), (=, y)] > min(u(z, 2),v(z,y)) = v(e,y). Thus (uo

Y
v)(z,y) > max(u(z,y),v(z,y)) = (nUv)(z,y) for z # y. (nov)(t,t) =
sup minfu(t, =), v(z )] > min(u(t.t), v(t,1) = (uU)(t,1). That is,
zeX
pUrv C porv. Let A be an extended fuzzy equivalence relation in X

containing pUv. Since A is transitive, pov C (uUv)o(uUr) C Ao C .
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Thus p o v is the extended fuzzy equivalence relation generated by
pUv. O

It is well known that if 4 and v are equivalence relations on a set
S and pov = vopu, then pov is the equivalence relation on S generated
by pUv. Lemma 4.3 may be considered as a generalization of this in
extended fuzzy equivalent relation.

THEOREM 4.4. Let 0 < e < k <1, let S be a set, and let H be
a sublattice of (Ex(S),+,-) such that pov = voy for all u,v € H.
Then H is a modular lattice.

Proof. Let u,v,p € H with u < p. Let x,y € S.

min [(:u © V)(x,y),p(x, y)] = 216115) min [ILL(Z‘, Z)a V(z,y),p(ac, y)]

< sup minfu(z, 2), p(x, 2), v (2, ), p(, )]

< Sugmin[u(w, 2),v(z,y), p(2,y)]
zE

= [ o min(v, p))(z, y).

Thus (pov)-p < po(v-p). Since p,v € Ex(S), p(e,c) =v(c,c) =k
for all ¢ € S. By Lemma 4.3, po v is the extended fuzzy equivalence
relation generated by pUv. That is, u + v = pov. Similarly we may
show p+ (v-p) =po(v-p). Thus (u+v) -p < pu+ (v-p). Hence H
is modular. U

ProrosITION 4.5. If S is a group, then pov = v oy for all
W, v € Ex(S).

Proof. Straightforward. 0

COROLLARY 4.6. If S is a group and 0 < ¢ < k < 1, then
(Ex(S),+,-) is modular.

Proof. By Theorem 4.4 and Proposition 4.5, (E(S),+, -) is mod-
ular. O
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