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AN APPLICATION OF CRITICAL POINT THEORY TO
THE NONLINEAR HYPERBOLIC SYSTEM

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We investigate the existence of multiple nontrivial so-
lutions u(x, t) for a perturbation b[(£ —n+2)* — 2] of the hyperbolic
system with Dirichlet boundary condition

LE=pl(€—n+2)" =2] in (

Lyp=v[é—-n+2)T-2] in (
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where u™ = max{u,0}, u,v are nonzero constants. Here L is the
)

wave operator in R? and the nonlinearity (g — v)[(§ —n +2)T — 2]
crosses the eigenvalues of the wave operator.

1. Introduction

Let L be the wave operator in R?, Lu = uy — ug,. In this paper we
investigate the existence of solutions wu(z, t) for a perturbation b[(£ 41+
1)*™ — 1] of the hyperbolic system with Dirichlet boundary condition

Le=pl€-n+2)" -2 i (~3,5) xR,
m Ln;V[(f—nJr?)*—?] in (=5,5) xR,
f(:l:g,lf):(), f(x,t—i—w):g(x,t):f(—x,t),

n(iivt) =0, U(ﬂ%t‘HT) :77<I,t) :77(—55775);

where u™ = max{u, 0}, u, v are nonzero constants and the nonlinearity
(u—v)[(§ = n+ 2)T — 2] crosses the eigenvalues of the wave operator.
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The following type nonlinear equation with Dirichlet boundary con-
dition was studied by many authors.

Uy — Upe = O[(u+2)T —2] in (—=,=) xR,
(1.2) -
u(:i:§,t) =0, wu(z,t+7)=u(xt)=u(—=x,1t).

In [6] Lazer and McKenna point out that this kind of nonlinearity
b[(u + 2)" — 2] can furnish a model to study traveling waves in suspen-
sion bridges. So the nonlinear equation with jumping nonlinearity have
been extensively studied by many authors. For fourth elliptic equation
Tarantello [11] , Micheletti and Pistoia [8][9] proved the existence of non-
trivial solutions used degree theory and critical points theory separately.
For one-dimensional case Lazer and McKenna [7] proved the existence
of nontrivial solution by the global bifurcation method. For this jump-
ing nonlinearity we are interest in the multiple nontrivial solutions of
the equation. Here we used variational reduction method to find the
nontrivial solutions of problem (1.2).

The organization of this paper is as following. In section 2, we inves-
tigate some properties of the Hilbert space spanned by eigenfunctions
of the wave operator. We show that only the trivial solution exists
for the steady state problem of (1.2) when —3 < b < 1. In section
3, we investigate the existence of multiple solutions of (1.2), by using
critical point theory, when —7 < b < —3. In section 4, we investi-
gate the existence of multiple nontrivial solutions u(x,t) for the hyper-
bolic system with Dirichlet boundary condition when the nonlinearity
(u—v)[(§ —n+2)" — 2] crosses the eigenvalues of the wave operator.

2. Trivial solution problem

Let L be the wave operator in R?, i.e., Lu = uy — ty,. The eigenvalue
problem

Lu=MAu in (—E, E) x R,
22
(2.1) _
u(igvt) =0, u(x,zH— ﬂ—) = u(x,t) = u(—:z:,t),

has infinitely many eigenvalues A\, = (2n+1)?—4m? (m,n =0,1,2,...)
and corresponding normalized eigenfunctions ¢, Ymn(m,n > 0) given
by
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2
don = \/—— cos(2n+ 1)z for n >0,

m
2

Gmn = —cos2mt-cos(2n+ 1)z for m >0, n >0,
7r
2

Yy = —sin2mt-cos(2n+ 1)z for m >0, n>0.
m

Let n be fixed and define

A =inf { A A > 0} =4dn + 1,

A, =sup,,{ A\t A < 0} = —4n — 3.
Then we obtain that lim A} = 400, lim ), = —oo. Thus it is easy to
check that the only ei%zflovalues in thg—i;;rval (-15, 9) are given by

Az = =11 <Xy = —T7T<Ajg=—-3<App=1< A1 =5.
Let Q be the square (—m/2,7/2) x (—7/2,7/2) and H, the Hilbert space
defined by
Hy={u€ L*(Q):u is even in x}.

The set of functions {¢yn, ¥ms} is an orthonormal basis in Hy. Let
us denote an element u in Hy, as

and we define a subspace H of Hy as
H={ucHy:> [Aunl(hly, +k2,) < 00}

Then this is a complete normed space with a norm

i = 1> Al (B2, + 52,1,

Since |Apn| > 1 for all m,n, we have that

(i) ||u|/z > ||u|, where ||u|| denotes the L? norm of u,
(ii)[|u|| = 0 if and only if ||u|l gz = 0.
Define Lgu = Lu + fu. Then we have the following lemma.

LEMMA 2.1. Let B € R, § # —Aupn (m,n > 0). Then we have:

Lgl is a bounded linear operator from H, into H.
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Proof. Suppose that 3 # —\,,,. Since lim A} = 400, lim A, =

n—oo n——oo
—o00, we know that the number of elements in the set { A\, @ [Amn| < |6}
is finite, where \,,,, is an eigenvalue of L. Let

Then ) )
Lil - —hmn mn —kmn mn)-
3= 25 gl )

Hence we have the inequality

| Aman|
L5 ullr = ZIA +5\2 o T o) SCY (B, + K

for some C' > 0, which means that
1L ulla < Cullull,Cy = VC.
So Lgl is a bounded linear operator from Hy to H. n

THEOREM 2.1. Let —3 < b < 1. Then equation
Lu=b[(u+2)* — 2]
has only the trivial solution in H,.

Proof. Since \jg = —3 and \gg = 1, let 8 = —%(/\00—1—)\10) = —%(—3—%
1) = 1. The equation is equivalent to

(2.2) u=(L+p)b+8)(u+2)" —Bu+2)" —(b+9)],

where we use the equality u = u™ —u™.
By lemma 2.1 (L + 3)~! is a compact linear map from Hy into H,.
Therefore its L? norm % We note that

10+ B)[(ur +2)" = (u2 +2)"] = Bl(ur +2)7 = (u2 +2)7]]

< max{[b+ 3|, |5]}|ur — us|
1

< §(>\00—)\10)HU1—U2||

= 2llur — uy|

where we used the inequality |s{ — s3 |+ |s7 — s5| < |s1 + sa.

So the right hand side of (2.2) defines a Lipschitz mapping of H
into Hy with Lipschitz constant v < 1. Therefore, by the contraction
mapping principle, there exists a unique solution v € Hy. Since u = 0
is a solution of equation (2.2), u = 0 is the unique solution. O]
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3. Critical point theory and nontrivial solutions

In this section we investigate the existence of multiple solutions of
(1.2) when —7 < b < —3. Then we define a functional on H by

1 b

J(u) = /[5(_\%12 +Jurl?) = 2w+ 2)* P + buldadt
Q

So J is well-defined in H and the solutions of (1.2) coincide with the

critical points of J(u). Now we investigate the property of functional J.

LeEMMA 3.1. (cf.[4]) J(u) is continuous and Frechet differentiable at
each u € H with

DJ(u)v = /(Lu —b(u +2)* + b)vdzdt, v € H.
Q

We shall use a variational reduction method to apply the mountain
pass theorem.

Let V' = closure of span{¢ig, 110} be the two-dimensional subspace
of H. Both of them have the same eigenvalue \;g. Then ||v||z = V/3|[v||
for v € V. Let W be the orthogonal complement of V' in H. Let
P : H — V denote that of H onto V and I — P : H — W denote that
of H onto W. Then every element u € H is expressed by

U=+ w,
where v = Pu, w = (I — P)u.

LEMMA 3.2. Let —7 < b < —3 and let v € V' be given. Then we have:
there exists a unique solution z € W of equation

(3.1) Lz+ (I —P)[-blv+z+2)"+b=0inW.
Let z = 0(v), then 6 satisfies a uniform Lipschitz continuous on V' with
respect to the L? norm(also the norm || - || z).

Proof. Choose 8 =3 and let g(§) = (b+ 3)(§+2)* — 5(§+2)". Then
equation (3.1) can be written as
(3.2) 2= (L4877 =Pglv+2)—(b+p)
Since (L + 8)~'(I — P) is a self-adjoint, compact, linear map from
— P)H into itself, the eigenvalues of (L + 3)~'(I — P) in W are

I
A+ )71, where Ay > 1 or Ay, < =7, Therefore ||(L + )" (1 — P)llis
. Since

9(&1) = 9(&) < max{[b+ 5], [5[}Hér — of < 4] = &,

~~

L
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the right-hand side of equation (3.2) defines a Lipschitz mapping if (I —
P)H, into itself for fixed v € V. By the contraction mapping principle
there exists a unique z € (I — P)H, (also z € (I — P)H) for fixed v € V.
Since (L + 3)~! is bounded from H to W there exsits a unique solution
z € W of (3.1) for given v € V.

Let

max{|b+ 3], ||}
1 .
Then 0 <y < 1. If 2 = 0(vy) and 25 = O(ve) for any vy, v € V, then

21 =zl < (L+B)"H T = P)|| [[(g(vr + 21) — g(v2 + 22)) |
1
S Zl -4’7”(?)1+21+2— (U2+22+2)H
< A(llor = vl + |21 = 22f]).
Hence ~
lor = z2fl = g llvn = vel.
Since [|(L + 8)~'(I = P)|lm < Zlull,
21 = 2ol = (L4 B)""(I = P)(g(vr + 21) = g(va + 22)) |
< elllz =zl + o = val)
— (|21 — 2 v — v
= XA 1— 22 1— U2
4 1
< —(— v - .
< Tzl - vl
Therefore 6 is continuous on V' with norm || - || and || - || z. O

LEMMA 3.3. If J : V — R is defined by J(w) = J(v +6(v)), then J
is a continuous Frechet derivative DJ with respect to V and

DJ(v)s = DJ(v +6(v))(s) for all s € V.

If vy is a critical point of J, then vy 4 0(vo) is a solution of (1.2) and
conversely every solution of (1.2) is of this form.

Proof. Let v € V and set z = 6(v). If w € W, then from (3.1)
/ —0(v)sw; + 0(v)w, — b(v + O(v) + 2)Tw + bwdtdr = 0.
Q

Since fQ vywy = 0 and fQ vpw, = 0,

DJ(v+0(v))(w) =0 forall weW.
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Let Wy, W5 be the two subspaces of H as defining following;:

Wy = closure of span{¢mn, Ymn|Amn < =7},
Wy = closure of span{®,n, Ymn|Amn > 1}

Given v € V and consider the function h : Wi x Wy — defined by
h(wy, we) = J(v + wy + wy).

The function h has continuous partial Fréchet derivatives D1h and Dyh
with respect to its first and second variables given by

Dih(wy, we)(y1) = DJ (v + wy + we)(yy) for y; € Wy,

Dgh(wl, U)Q)(yg) = DJ(U + wy + w2>(y2) for Yo € WQ.

Therefore let O(v) = 61(v) + O2(v) with 6;(v) € Wi and 6y(v) € Wh.
Then by Lemma 3.2

Dih(01(v), 02(v))(y1) = 0, for yr € W3
Dyh(01(v),02(v))(y2) =0, for yo € Wa.
If ws, ys € W5 and wy € W1, then

[Dh(w1, w2) — Dh(ws, y2)](w2 — y2)
= (DJ(v+w;+ws) — DJ(v+ wy + y2))(we — yo)

B /:%w@—wnﬁ+me—mﬁw—w@+uu+ww+m+
Q

(3.3)

—(v 4wy + Y2 + 2)T(wy — yo)dtda.

Since (st —t%))(s —t) > 0 for any s,t € R and —7 < b < —3, it is easy
to know that

/ —b[(v+wy +ws +2)T — (v+wy + Y2+ 2) 7] (wa — yo)dadt > 0.
Q
And
[l = )+ (s = )2l = s — sl
Q
it follows that

(Dh(wy,ws) — Dh(wy, y2))(ws — yo) > |lwa — va|F-

Therefore, h is strictly convex with respect to the second variable. Simi-
larly, using the fact that —b(s™ —t7)(s—t) < —b(s—t)? for any s, t € Rif
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wy and y; are in Wy and wy € W, then

(D1h(wq, we) — Dih(yr, w2))(wr — y1)
—[lwy — w7 + bllwr — ya|?

b
< (1= Dl -l

IN

where —7 < b < —3. Therefore, h is strictly concave with respect to the
first variable. From equation (3.3) it follows that

J(v+601(v) + 05(v)) < J(v+61(v) +y2) for any ys € W,

J(v+61(v) + 05(v)) > J(v+y1 + 02(v)) for any y; € Wy,

with equality if and only if y; = 0;(v), yo = 02(v).
Since h is strictly concave (convex) with respect to its first (second)
variable, Theorem 2.3 of [1] implies that J is C' with respect to v and

(3.4) DJ(v)(s) = DJ(v+0(v))(s), any scV.

Suppose that there exists vy € V such that D.J(vy) = 0. From (3.4) it
follows that D.J(vg 4 60(vg))(v) = 0 for all v € V. Then by Lemma 3.2 it
follows that DJ(vg+6(vg))v = 0 for any v € H. Therefore, u = vy+60(vy)
is a solution of (1.2).

Conversely if u is a solution of (1.2) and vy = Pu, then D.J(ve)v = 0
for any v € H. O

LEMMA 3.4. Let —7 < b < —3. Then there exists a small open
neighborhood B of 0 in V' such that v = 0 is a strict local minimum of

J.

Proof. Since —7 < b < —3, problem (1.2) has a trivial solution ug = 0
by theorem 2.1. Then we have 0 = uy = v + 6(v). Since the subspace
W is orthogonal complement of subspace V', we get v = 0 and #(v) = 0.
Furthermore 6(0) is the unique solution of equation (3.1) in W for v = 0.
Thus the trivial solution ug is of the form uy = 0+60(0) and I+6, where I
is an identity map on V, is continuous, it follows that there exists a small
open neighborhood B of 0 in V' such that if v € B then v+60(v)+2 > 0.
By Lemma 3.2, #(0) = 0 is the solution of (3.2) for any v € B Therefore,
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if v € B, then for z = 6(v) we have z = 0. Thus
J() = J(w+ 2)
=[Gl [0+ 2 - Gl(w 2+ 27
+b(v + 2)|dtdx

= [ GEl0P + ) - 30+ 2 + boldtda

02 2
1 b, b
_ /Q[§<_|vt|2 o) — 20® - J)dtds,

If v € V, then Lv = —3v.Therefore in B,
Jw) = J(v)=J(0)
1 b
- /[-(—W T loal?) — 2o?ldtdn
q 2 2
1

= —(=3-0) / vidtds > 0,
2 0

where J(0) = [, —tdtdrand —7 < b < —3. It follows that v = 0 is a
strict local point of minimum of .J. O

PROPOSITION 1. If =7 < b < 1, then the equation Lu — but = 0
admits only the trivial solution v =0 in Hy.

Proof. Hy = span{cosx cos2mt,m > 0} is invariant under L and
under the map u — but. So the spectrum o; of L retracted to H;
contains A\jg = —3in (—7,1). the spectrum oy of L retracted to Hy = Hi-
contains A\jp = —3 in (—7,1). From the symmetry theorem in [5] , any
solution y(t)cosz of this equation satisfies y' +y—byt = 0.This nontrivial

T
——— = 7. This shows
vV—=b+1 7

that there is no nontrivial solution of Lv — bv™ = 0. O

periodic solution is periodic with periodic 7+

LEMMA 3.5. Let —7 < b < —3. Then function J, defined on V,
satisfies the Palais-Smale condition.

Proof. Let {v,} C V be a Palais-Smale sequence that is J(vy) is
bounded and DJ(v,) — 0 in V. since V' is two-dimensional it is enough
to prove that {v,} is bounded in V.
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Let u, be the solution of (1.2) with u,, = v, + 6(v,) where v, € V.
S0
Lu, —b(u, +2)" +b=DJ(u,) in H.
By contradiction we suppose that ||v,| — +o0, also |Ju,| — +o00. Di-

viding by ||u,|| and taking w,, = Ty we get
1 b DJ
(3.5) Lw,, — b(w, + )T+ = (DJ(un)) — 0.
lunll” flual| ]
Since [Jw,|| = 1 we get : w,, — wy weakly in Hy. By L' is a compact

operator, passing to a subsequence we get : w, — wy strongly in H.
Taking the limit of both sides of (3.5), it follows
Lwy — bwd =0,

with |lwo|| # 0. This contradicts to the fact that for —7 < b < —3 the
following equation

Lu—but =0 in H,
has only the trivial solution by Proposition 1. Hence{v, } is bounded in
V. ]

We now define the functional on H
1 b
7@ = [ [ 5 (-luf + Juaf?) — S Pt
o 2 2
The critical points of J*(u) coincide with solutions of the equation

Lu—but =0 in H,

The above equation has only the trivial solution and hence J*(u) has
only one critical point u = 0.

Given v € V, let 0*(v) = 6(v) € W be the unique solution of the
equation

Lz+ (I —P)[-bv+z+2)"+b =0 in W,

where —7 < b < —3. Let us define the reduced functional J*(v) on V
by J(v+6*(v)). We note that we can obtain the same results as Lemma
3.1 and Lemma 3.2 when we replace 6(v) and .J(v) by 6*(v) and J*(v).
We also note that, for —7 < b < —3, J*(v) has only one critical point
v=0.

LEMMA 3.6. Let —7 < b < —3. Then we have: J*(u) < 0 for all
v eV withv # 0.

The proof of this lemma can be found in [4].
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LEMMA 3.7. Let —7 < b < —3. Then we have

lim J(v) — —o0

[[v]l =00
for all v € V' (certainly for also the norm || - || g ).

Proof. Suppose that it is not true that

lim J(v) — —oo0.

[vll—o0
Then there exists a sequence (v,,) in V' and a constant C' such that

lim v, || — oo
— 0

Ton) = [ (GEAn+ 80) - (o +8(0n)) = Fl(wn +6(un) + )P

+b(v,, + 0(vy,))dtdx > C.
For given v, € V' let w,, = #(v,) be the unique solution of the equation
(3.6) Lw+ (I — P)[=b(v, +w+2)" +b] =0 in W.

Let z, = v, +wy, v = U—n, wy = U Then zr = vy +w,. By
[on [on

dividing ||v,|| we have

wt=L'(I - P) b(M)JF_L in W
[[on [on ]

By lemma 3.2 w,, = 6(v,) is Lipschitz continuous on V. So sequence
{w” +U"} is bounded in H. Since lim — 0, lim — 0, it

[[onl N n—o0 |[on|| n=oo [|va||
2 b

follows that b (%) ~ T is bounded in H. Since L~ is
Un Un

a compact operator there is a subsequence of w; converge to some w*

in W denote by itself. Since V is two-dimensional space, assume that
sequence (v)) converges to v* € V with |[v*|] = 1. Therefore, we can get
that sequence (z) converges to an element z* in H.

On the other hand, since J(v,) > C, dividing this inequality by ||v,||?,
we get

1 b 2
3.7 /—Lz;-z;—— Zy +
U i L Y

Z*
ndtdr > .
lon ] lon ]

)2 +b
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By lemma 3.2 it follows that for any y € W

(3.9) /Q = (2)e + (20)ats — b(zn + 27y + byldtda = 0.
If we set y = w,, in (3.8) and divide by ||v,[|?, then we obtain

b
(3.9) /[—!(wi)tP + |(wp)z]?* = b(z) Twy, + o wy,]dtdz = 0.
Q n

Let y € W be arbitrary. Dividing (3.8) by ||v,|| and letting n — oo,
we obtain

(3.10) / = (=" )at + (=)o — b(=") "yldtdz = 0.

Then (3.10) can be written in the form DJ*(v* + w*)(y) = 0 for all
y € W. Hence by w* = 0(v*). Letting n — oo in (3.9), We obtain

lim | (=|(w))el* + [(wy)o|*)dtdz

n—oo Q
b
= lim [ b(z}) w — wdtdzr
n—o0 Jo [[onl

= /b(z*)+w*dtdz
_ /Q (w0 + ()u(w) ) dtde
- / (1@ )ef? + ()2t

where we have used (3.10). Hence

tim [ ()l + (20 Pldtdz = / 1 + |2 Ptz
Q Q

n—oo

Letting n — oo in (3.7), we obtain
. 1 ) b
(") = /9[5(—!(2 )il 4+ (29 ?) + Sz )* ) dtdx > 0.

Since [[v*|| = 1, this contradicts to the fact that J*(v) < 0 for all v # 0.
This proves that lim J(v) — —o0. O

[[vll—o0

Now we state the main result in this paper:
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THEOREM 3.1. Let —7 < b < —3. Then the equation
Ut — Ugy = b[(u + 2)+ - 2] n (_g’ g) X R,
u(E5.8) = 0 ule,t+m) = u(r,d).

has at least three solutions, two of which are nontrivial solutions.

Proof. We know that u = 0 is the trivial solution of problem (1.2).
Then v = 0 is a critical point of functional J. Next we want to find
others critical points of J which are corresponding to the solutions of
problem (1.2).

By Lemma 3.4, there exists a small open neighborhood B of 0 in
V such that v = 0 is a strict local point of minimum of .J. Since

| Hlim J(v) — —oo from lemma 3.7 and V is a two-dimensional space,
V||H—

there exists a critical point vy € V' of J such that
J(vo) = J(v).
(v0) = max J(v)

Let By, be an open neighborhood of v in V' such that BNB,, = &. Since
lim J(v) — —oo, we can choose v, € V\(BU B,,) such that J(v;) <

vl —o0

J(0). Since J satisfies the Palais-Smale condition, by the Mountain Pass
Theorem, there is a critical value

— inf ]
c }Yrelrsng(v)

where I' = {~ € C([0,1], E)|y(0) = 0,7(1) = vo}.

If J(vy) # ¢, then there exists a critical point v of J at level ¢ such
that v # vy, 0 ( since ¢ # J(vg) and ¢ > J(0) ). Therefore, in case
J(vo) # ¢, equation (1.2) has also at least 3 critical points 0, vy, v.

If J(vo) = ¢, then define

' = inf sup J
c 712F/sgp (v)

where I' ={yel':yN B,, = @}. Hence

— . =4 < . =4 < 4 — .
c ;relﬁ sgp J(v) < 7125 5171p J(v) < max J(v)=c

That is ¢ = ¢. By contradiction assume K, = {v € V]J(v) =¢,DJ(v) =
0} = {vo}. Use the functional J for the deformation theorem (theorem
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4.1) and taking € < 3(c— J(0)). We choose v € I" such that sup., J<ec
From the deformation theorem (theorem 4.1) n(1,-) oy € I" and
c=infsupJ(v) < sup J(v) <c—e
Vel o 1(L,)oy
which is a contradiction. Therefore, there exists a critical point v of J
at level ¢ such that v # v, 0, which means that the equation (1.2) has

at least three critical points. Since ||v|| g, ||vo||m # 0, these two critical
points coincide with two nontrivial period solutions of problem (1.2). O

4. Multiple nontrivial solutions for the system

In this section we investigate the existence of multiple nontrivial solu-
tions (&, n) for a perturbation b[({ —n+2)* —2] of the hyperbolic system
with Dirichlet boundary condition

Le=pl€—n+2)* =2 in (=5,5) xR,

Ly=v[€—n+2)* =2 in (-5,5) xR,
(4.1) -

(S, ) =0, &z t+m)=E(n,t) =E(-x,t),

2

D(ES ) =0, (et +m) = nlz,t) =n(—a,t),

where ut = max{u, 0}, p1, v are nonzero constants. Here we assume that
—T<pu—v<-—3.

THEOREM 4.1. Let u,v be nonzero constants. Assume that —7 <
pu — v < —3. Then hyperbolic system (4.1) has at least three solutions
(&,m), two of which are nontrivial solutions.

Proof. From problem (4.1) we get that L{ = £Ln. By Theorem 2.1,
the problem

Lu=0 1in (—E, z) x R,
(4. T
u(j:§,t) =0, wu(z,t+7n)=u(zt)=u(-z1t),

has only the trivial solution. So the solution (£,n) of problem (4.1)
satisfies £ = £7. On the other hand, from problem (4.1) we get the
equation
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LE—m)=(-nE—n+2" =2 in (—,5) xR,

(43)  €EZH =0, o t+m) = Ea,t) = §(—a,)
NS =0, nla,t+m) =l t) = n(-z.1)
Let w = & —n. Then the above equation is equivalent to
Lw=(p-v)lw+2)" =2 in (-5,5) xR

(4.4) -
w(ii’t) =0, w(z,t+m)=w(rt)=w(—z1t).

When —7 < p — v < —3, the above equation has at least three
solutions , two of which are nontrivial solutions, say w;, ws. Hence we
get the solutions (£, 7) of problem (4.1) from the following systems:

E—n=0 in (—g,g)xR,
52 E I (_Z’E) XR7

(4.5) v P
f(j:E?t):Oa f(m,t+7r):§(x,t):§(—x,t),
n(E5.0 =0, nla.t+m)=nr,0) = n(-.1),
E—n=w; in (—g,g)xR,
é.: E I (_Z7E) X]R7

(4.6) #n P
f(j:E?t):Oa f(fb,t—l—ﬂ')zg(fb,t) —§(—l’,t)7
nE5.0) =0, nle,t+7) =nlz,t) = n(-x,0)
E—n=wy in (—g,g)xR,
§: - (_z7z) XR7

(4.7) e 22
f(:t—,t):(), §(x,t+7r):§(x,t):§(—x,t),
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From (4.5) we get the trivial solution (£,n) = (0,0). From (4.6), (4.7)
we get the nontrivial solutions (£, 7).

Therefore system(4.1) has at least three solutions (&, ), two of which
are nontrivial solutions. O

By using the similar method as in the proof of Theorem 4.1, we have
the following corollary.

COROLLARY 1. Let ju, v be nonzero constants and 1 —£ # 0. Assume
that —7 < p+ v < —3. Then the hyperbolic system

L= pl(+n+2)" =2 in (-5,5) xR

Ly=v[E+n+2)* -2 in (—g, g) xR,
(4.8) _

f(i§7t):07 §(x,t+7r):§(x,t):§(—x,t),

ﬁ(igﬂf) =0, 77($’t+7T> :77<x’t) :77(—1':75),

has at least three solutions (£,7), two of which are nontrivial solutions.
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