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LINEAR OPERATORS PRESERVING MAXIMAL
COLUMN RANKS OF NONNEGATIVE REAL
MATRICES

KYUNG-TAE KANG, DUK-SUN KIM, SANG-GU LEE*,
AND HAN-GUK SEOL

ABSTRACT. For an m by n nonnegative real matrix A, the maximal
column rank of A is the maximal number of the columns of A which
are linearly independent. In this paper, we analyze relationships be-
tween ranks and maximal column ranks of matrices over nonnegative
reals. We also characterize the linear operators which preserve the
maximal column rank of matrices over nonnegative reals.

1. Introduction

Much attention has been paid to the study of linear operators preserv-
ing the rank or maximal column rank of matrices over several semirings([1]-
[13]). Nonnegative matrices also have been the interesting subject of
research by many authors([3]-[5], [9]-[11]). In 1985, Beasley et al. [3]
obtained a characterization of the linear operators preserving the rank
of matrices over R, the set of all nonnegative elements in the reals R.

In 1994, Hwang et al. [6] defined a maximal column rank of a ma-
trix over a semiring and compared it with rank. And they characterized
linear operators that preserve maximal column ranks of matrices over
Boolean algebra. But the analysis of maximal column ranks over R
remains open until now. As a partial result, in 1998, Song [10] char-
acterized the linear operators that preserve maximal column ranks of
matrices over Z,, the set of all nonnegative integers.
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In this paper, we study the maximal column rank of matrices over R, .
Consequently, we analyze the relationship between ranks and maximal
column ranks of matrices over nonnegative reals. We also characterize
the linear operators preserving the maximal column rank of matrices
over R,..

2. Comparison of rank and maximal column rank of matrices
over the nonnegative reals

For nonnegative reals R, we denote M,, (R ) as the set of m x n
matrices with entries in R,. Addition, scalar multiplication, and the
product of matrices are defined as if R, were a field. Let A be a nonzero
element in M,, ,(R;). Then the rank [3] or factor rank, r(A), of A is
defined as the least integer k such that there exist m X k and k x n
matrices B and C' with A = BC. The real rank of A will be denoted by
p(A) [3]. The rank of a zero matrix is zero. Also we can easily obtain
that

0 < p(A) < 1(4) < min(m, n),
r(AB) < min(r(A),r(B))
for all matrices A € M, ,(Ry) and B € M,, ,(R,).

Let S be a nonempty subset of (R)"” = M,, 1 (R). Then S is linearly
dependent if there exists & € S such that @ is a linear combination
of elements in S\{xz}. Otherwise S is linearly independent. Thus an
independent set cannot contain a zero vector.

The mazimal column rank, mc(A), of A € M,,,,(R;) is the maxi-
mal number of the columns of A which are linearly independent. The
maximal column rank of a zero matrix is zero. It follows that

0<r(A) <mc(A) <n (2.3)

for all matrices A € M, »(R4).
The maximal column rank of a matrix may actually exceed its rank.
For an example, we consider a matrix

a b 0 0
A=10 ¢ d 0 S M374<R+), (24)
00 e f

where a,b,c,d, e and f are nonzero elements in R,. Then example 2.5
(below) implies that r(A) = 3, but mc(A) = 4.



LINEAR OPERATORS PRESERVING MAXIMAL COLUMN RANKS 103

LEMMA 2.1. Let A be a matrix in M, ,(R;) with min(m,n) > 1.
Then we have that r(A) = 1 if and only if mc(A) = 1.

Proof. 1f r(A) = 1, then A can be factored as
A=blcica -+ cy] =[a1b, b, -+ c,b],

where b is an m x 1 matrix and [¢; ¢2 --- ¢,] is a 1 X n matrix. Since
r(A) =1, b is not a zero vector. Then it is obvious that any two columns
of A are linearly dependent. So we have mc(A) = 1. The converse is
obvious from (2.3). O

Let B(R4, m, n) be the largest integer k such that for all A € M, ,,(Ry),
r(A) = mc(A) if r(A) < k and there is at least one m x n matrix A with
r(A) = k. The matrix A in (2.4) shows that 3(R;,3,4) < 3. In general,
0 < B(R4,m,n) < n. We also obtain that

r({’g SDZT(A) and mcqé SD:mc(A) (2.5)

for all matrices A € M, »(R4).

LEMMA 2.2. If A is a matrix in M, ,(R}) such that mc(A) > r(A),
then we have that S(Ry, m,n) < r(A) for allm > p andn > q.

Proof. Since mc(A) > r(A) for some A € M, ,(R, ), we have B(R;,p,q) <
r(A) from the definition of 5. Let B = A & 0,;,_pn—q be the matrix in
M (R4 ), where m > p and n > ¢. Then (2.5) implies that

r(B) =1r(A) < mc(A) = me(B).
So, we have S(R,,m,n) < r(A) for all m > p and n > q. ]

LEMMA 2.3. For any matrix A in My (R, ) withn > 2, we have that
r(A) = 2 if and only if mc(A) = 2.

Proof. Suppose that r(A) = 2. If n = 2, then (2.3) implies that
mec(A) = 2. So we can assume that n > 3. Let

() (5) ma ()

be any three columns of A. We claim those three columns are linearly
dependent. This implies mc(A) < 3, and hence mec(A) = 2 by lemma
2.1. Let X ={a;,b;]i=1,2,3}.
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First, assume that X has at least two zero elements. Then we can
easily show those three columns are linearly dependent.

Next, assume that X has only one zero element. Without loss of
generality, we may take a; = 0 or by = 0. If a; = 0, let min{Z—j, Z—g = ‘;—;’
Then we have

azbz — azby [ ay i a (az \ _ [ as
a2b1 bl a9 b2 - b3 .
If by = 0, let max{§2, §2} = §2. Then we now have

asby — asbs [ a, i by (ay \ _ [ as
a162 bl b2 b2 bS .
So those three columns are linearly dependent.

Finally, assume that X has no zero element. If $ = 72 for some i # j,
i j

then it is obvious that the three vectors are linearly dependent. Thus,

without loss of generality, we may assume that 7+ < 2 < 2. Then we
1 2 3

obtain that

a2b3 — a3b2 a n a1b2 — (Igbl as - as
a1b3 - a3b1 bl a1b3 - a3bl b3 N b2 '

Hence those three columns are linearly dependent.
The converse follows from (2.3) and lemma 2.1. O

THEOREM 2.4. Let A be a matrix in M, ,(Ry) with min(m,n) > 2.
Then we have that r(A) = 2 if and only if mc(A) = 2.

Proof. Let r(A) = 2. Then A can be factored as A = BC for some
m x 2 matrix B = [« y] and 2 X n matrix C' with r(B) = r(C) = 2. If
n = 2, then (2.3) implies that mc(A) = 2. So we can assume that n > 3.

Then any column of A has the form ax + by with a column < Z of

C. Let a1 + b1y, asx + bey and aszx + bsy be arbitrary chosen three
columns of A. Then

a Qs as
(i) () e ()
are columns of C' and hence they are linearly dependent by lemma 2.3.
Without loss of generality, we may write e e 16 2
bs by by

for some a, 3 € R,. Then we obtain that
a3 + byy = a(mx + bry) + B(ae® + bry).
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Therefore any three columns of A are linearly dependent, and hence
mec(A) < 2. By lemma 2.1, we have mc(A) = 2. The converse is obvious
from (2.3) and lemma 2.1. O

ExXAMPLE 2.5. Consider a matrix

a b 0 0
A= 0 ¢c d O € M374<R+),
00 e f

where a,b,c,d,e and f are positive reals. Since all columns of A are
linearly independent over R, , we have mc(A) = 4. Also 2 < r(A) <
3 = min(3,4) by lemma 2.1 and (2.1). It follows from theorem 2.4 that
r(A) # 2. Therefore r(A) = 3.

THEOREM 2.6. For the nonnegative reals R, we have the value of 3
as follows:
1 if min(m,n) =1,
B(Ry,m,n)=< 3 if m>3, and n = 3;
2 otherwise.

Proof. If min(m,n) = 1, then we have g(Ry, m,n) = 1 from lemma
2.1. Consider the matrix A € Mj34(R.) in example 2.5. Then r(A) =3
and mc(A) = 4. Thus we have S(R,,m,n) < 2 for all m > 3 and n > 4
by lemma 2.2. Suppose m > 2 and n > 2. Then we have S(R;,m,n) > 2
for all m > 2 and n > 2 by theorem 2.4. Finally, consider the case with
m > 3 and n = 3. Then we have (R, m,n) = 3 by lemma 2.1 and
theorem 2.4. Therefore we have values of 3 as required. O]

3. Maximal column rank preservers of matrices over R,

In this section we have characterizations of the linear operators that
preserve the maximal column rank of matrices over R, .

For a linear operator 7' on M,, (R, ), it is said to preserve the max-
imal column rank if mc(T'(X)) = me(X) for all X € M, ,(R;). It pre-
serves mazimal column rank r if me(T(X)) = r whenever me(X) = r.
For the terms rank preserver and rank r preserver on M,, ,(R;), they
can be defined similarly (see [3]).

Let S be any set. Then an n x n square matrix A over S is called S-
invertible if there exists a matrix B € M,, ,,(S) such that AB = BA = 1.
It is well known [3] that a square matrix A over R, is R -invertible if
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and only if some permutation of its rows makes it a diagonal matrix
all of whose diagonal entries are nonzero in R,. Also, we say that A
is S-singular if there exist some nonzero vectors € € M ,(S) and y €
M,,1(S) such that €A = 0 and Ay = 0. Otherwise A is S-nonsingular.
If S is a field, nonsingularity and invertibility are equivalent.

LEMMA 3.1. Let X be any matrix in M,,, ,(Ry). Suppose that @ is
a R-invertible matrix in M,, ,,(R,), and P a Ry -invertible matrix in
M, (Ry). Then we have that

me(QX) = me(X) = me(XP).

Proof. First, we show that me(X) = me(QX). Suppose that me(X) =
rand mc(QX) = s. Since me(X) = r, there exist r linearly independent
columns x;(1), - - - , Ti(r) in X which are maximal. Then Qz;),- -+ , @z
are linearly independent columns in QX because ) is a R-invertible
matrix. Thus we have s > r. Also, since me(QX) = s, there exist
s linearly independent columns y;(), - , ¥, In QX which are maxi-
mal. Then Q_lyi(l), e ,Q‘lyi(s) are linearly independent columns in
X(=Q'QX). Hence r > s. Therefore we have mc(X) = mc(QX).

Next, we show that mc(X) = me(X P). Since P is R, -invertible, each
column of P has only one nonzero entry. Let p; be the nonzero entry of
the ith column of P. Then we have

XP =[xy xp]P = [p1%i1) -+ PuBi(m) ],

where {i(1),---,i(n)} is a permutation of {1,--- ,n}. If ., xp, - , 2,
are linearly independent columns of X, then p,&i), PvTi), - * » PeTi(c)
are linearly independent columns of X P, and conversely. Hence we have
me(X) = me(XP). O

For a given matrix P in M,, ,(R,), we define a linear operator 7" on
Mn(Ry) by T(X) = XP. If P is R -invertible, lemma 3.1 implies
that T" preserves the maximal column rank. But the following example
shows that if P is R-invertible, 7" may not preserve the maximal column
rank.

EXAMPLE 3.2. Let

1 100
0100

A= 0010 € M474(R+) and P=A® In—4,n—4;
0 001
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where n > 4. Then we can easily show that P is R-invertible in
M, (R4), but not R -invertible. Let 7" be a linear operator defined
by T(X) = XP on M, »,(Ry) with min(m,n) > 4. Consider the follow-
ing matrices

1010
1 0 01
Y = 0110 EM4,4(R+) and X:Y@Om,4jn74.
01 01
Since all columns of Y are linearly independent, we have me(Y') = 4,
and hence mc(X) =4 by (2.5). But
1 010 1100 1 110
1 001 01 00 1101
YaA= 01 10 0010 |0110
0101 0 001 0101

has mc(Y A) < 4 because the second column is the sum of the last two
columns of Y A. Notice that X P = Y A®0,,_4n—4, and hence me(X P) =
mec(Y A) < 4 by (2.5). Therefore T' does not preserve maximal column
rank 4 on M,, ,(R,).

We say that a linear operator 7" on M., ,,(Ry) is a (U, V)-operator if
there exist R -invertible matrices U and V' in M,,, ,, (R4 ) and M,, ,,(R4),
respectively such that either T(A) = UAV or m = n, T(A) = UA'V for
all A in M, »(R;). Lemma 3.1 shows that if T is a (U, V)-operator on
M (R4), then T preserves all maximal column ranks.

Beasley et al. [3] obtained the following two theorems:

THEOREM 3.3. Let T' be a linear operator on M, ,(R,) with min(m, n) >
2. Then the following are equivalent :

(a) T preserves ranks 1 and 2;
(b) T is injective, and there exist two matrices U and V over R, such
that either

(1) T(X) =UXV for all X in M, ,(Ry), or

(2) T(X)=UX'"V for all X in M,, ,(R,), possibly m # n.

[Here, T need not to be a (U, V')-operator because U or V need not
be invertible.]

THEOREM 3.4. Let T be a linear operator on M., ,,(R.) withmin(m,n) >
4. Then the following are equivalent :
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(a) T preserves ranks 1,2, and 4;
(b) T is a (U, V)-operator on M, ,(Ry);
(c) T preserves all ranks.

The next sequence of lemmas will be used to prove the main theorem.

LEMMA 3.5. Let  be a given matrix in M,, ,,(R;) and T a linear
operator on M, ,(R,) defined by T(X) = QX. If T preserves all
maximal column ranks, then () is R-nonsingular, and conversely.

Proof. We use the law of contraposition. Assume that () is R-singular.
If m = 1, then we have Q = 0. Thus T does not preserve maximal
column rank 1. Let m > 2. Since () is R-singular, Qy= 0 for some
nonzero vector y= [y1, -+ ,Ym|" in M, 1(R). We choose a positive real
a=max{|y| |i=1,---,m} such that z = j+y € M,,1(Ry), where j
is the vector in M, 1 (R, ) with all entries a. Then Qz = Q(j+y) = QjJ.
Consider the vector e;= [1,0,---,0]" € M,,1(R;). Then ze! and jet
are distinct elements of M,, ,(R.) such that

T(ze}) = Qze} = Qjel =T(jey).
This shows that 7" is not injective. By theorem 3.3, T" does not preserve

rank (and hence maximal column rank by theorem 2.6) 1 or 2. The
converse follows from lemma 3.1. OJ

LEMMA 3.6. For a matrix A in M,, ,(R,), define a linear operator
T on M,,,,(Ry) by T(X) = XA. If A is R-singular, then T' does not
preserve maximal column rank 1 or 2.

Proof. If n = 1, then A = 0, and the result is obvious. Let n > 2.
Since A is R-singular, there exists a nonzero vector &= [zy,--- ,x,] in
M »,(R) such that £A = 0. Choose a positive real § = max{| z;| |i =
L,---,n} such that w =l + x € M;,(Ry), where [ is the vector in
M, (R;) with all entries 8. Then wA = (I 4+ o)A = lA. Consider the
vector e;= [1,0,---,0]" € M, 1(Ry). Then e;w and el are distinct
elements of M., ,,(R) such that

T(eyw) = e;qwA = e;lA =T (eql).

This shows that T is not injective and the result follows from theorems
3.3 and 2.6. ]

For any two matrices A = [a;;] and B = [b;;] in M,,,(R;), we say
A dominates B (written B < A or A > B) if a;; = 0 implies b;; = 0.
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Let A be a fixed matrix in M, ,(R;). Then lemma 3.6 shows that if
T(X) = XA preserves the maximal column rank on M,, ,(R, ), then A
dominates a permutation matrix P.

LEMMA 3.7. For any positive reals oy, s, - ,ay,, there is a set of
linearly independent vectors {1, T2, - , %} in R’ such that

L1 + Qg = 3Ly + -+ + ApTy,.

Proof. Choose 1 = a;*[1,1,0,---,0)}, €3 = a5 '[0,0,1,--- , 1]}, &3 =
a3'[1,0,1,0,---,0], &4 = a;'[0,1,0,1,0,---,0]*, and for i > 5 x; =
a; '0,---,0,1,0,---,0]*. Then these are vectors satisfying the required
property. ]

Let A = [a;;] and B = [b;;] be matrices in M,, ,(R;) with A > B.
Then we say A strictly dominates B (written A > B) if for some (i, j)-
entry, a;; # 0, but b;; = 0.

LEMMA 3.8. Let n > 4. If A is a R-nonsingular matrix in M,, ,,(Ry)
with A > P for some permutation matrix P, then T'(X) = X A does not
preserve maximal column rank n on M,, ,(R}).

Proof. Let A = [a;;] € M, »(R;) be a R-nonsingular matrix which
strictly dominates a permutation matrix P. Since A > P, one of the
columns of A has more than one positive entry. Without loss of general-
ity we may assume that the first column has at least two nonzero entries.

We like to show that there is a linearly independent set {x1, 2, - , .}
in R’} such that for some nonnegative reals 3, - -, B,,
Y1 = oy2 + B3ys + - + BuYn, (3.1)

where T(X) =XA=[y1 y2 -+ Yn|, X =[x1 T2 -+ Typ] € Mp,(R})
and y; = a1;&1 + g2 + -+ + apixy for all i =1,2,---  n. Now, (3.1)
is equivalent to

)\13’}1 + )\2332 + -+ /\niBn = 07 (32)
where for alli =1,2,--- . n

Ai = a — B — aizffs — - — Ain By (3.3)
Claim: There are nonnegative reals B, 33, - - - , Bn such that exactly two

of A\ are positive and the other n — 2 are negative. More precisely, there
exist positive reals By, B3, , B, and a permutation o of {1,2,--- n}

such that
. positive if 1 < 2,
Aoti) 18 { negative if i1 >3 (3.4)



110 K.T KANG, D.S. KIM, S.G. LEE, and H.G. SEOL

Assume the claim holds. Let a; = A, for ¢ < 2, and o = — A, for
i > 3. Then the equation (3.2) becomes,

Q1 To(1) T 2T 5(2) = A3Le(3) T UT(4) T+ ATo(n)- (3.5)

Now, by lemma 3.7, the equation (3.5) has a linearly independent so-
lution vectors {x1,&a2, -+ ®n}. For X =[x ®2 -+ @] € M, ,(R}),
the corresponding y;’s satisfy (3.1). This shows we have found X €
M, (R4 such that me(X) = n but me(XA) <n—1. So we only need
to show the claim.

Proof of the claim. Consider the relations

1222 + aizzz + -+ QpZn, = Q11
Qo229 + Qo323 + -+ Qou2Z, = a9

) (3.6)
ApoZ2 + ap3zz3 + -+ + AppZn = Qpi.

First we consider the case when each of the relations in (3.6) is an equa-
tion in zg, 23, -+ , 2,. (This is the case when coefficients of zo, z3,--- | 2,
in any of the relations do not vanish simultaneously.) Then (3.6) repre-
sents equations of n planes in R™. Since A is R-nonsingular, the planes
are distinct. Moreover, each of them have nonempty intersection with
R™. For any positive vector (by,bs, -+ ,b,) € RT!, let

_ Qg1
&kaQ + Clkgbg + o+ aknbn

Then the positive ray passing through the origin and (b, bs,--- ,b,)
meets the k-th plane in (3.6) at the point P, = (agbe, agbs, - -, ayby).
By our choice of the first column of the matrix A, at least two of ay
are nonzero. Thus any positive ray from the origin meets at least two
of the planes. Now, we choose the vector (be,bs, -+ ,b,) in such a way
that those points P, which are not the origin are all distinct. Let o
be a permutation of {1,2,--- ,n} such that Py, Py), -, Pyn) are
arranged so that their distances from the origin are in descending order.
Then P, ) and F,3) are distinct points in err_l. Let @ be the mid-point
of the line joining P,(9) and P,s). If @ has coordinate (33,35, ,/3,,)
then for these values of (s, 33, , 0x), (3.4) holds and we are done.
Next, consider the case when some of the relations in (3.6) is not an
equation of z;. Then a;p = a;3 =+ = a;, =0 for some i =1,2,--- ,n.
Since A is R-nonsingular, a;; > 0 and, consequently, A; > 0. Moreover,
there can not be two such ¢, because in that case the rows of A would be

Qg for k=1,2,--- ,n.
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linearly dependent. So exactly n—1 relations in (3.6) represent equations
of 29,23, ,2, in R*!. Using the argument of the previous case we
can find a point () with positive coordinates (35, 35, -, 3),) such that
for these values of (s, 3, - , 3,) exactly one value of \j other than \;
is positive and the other n — 2 are negative. This completes the proof of
the claim. O

LEMMA 3.9. Let m > n > 4 and A be a matrix in M,,,,(Ry). If
T(X) = XA preserves maximal column rank 1,2 and n on M,, ,(R}),
then A is R -invertible.

Proof. By lemma 3.6, we have A is R-nonsingular and therefore A >
P for some permutation matrix P. Suppose that A > P. Then, by
lemma 3.8, there is a matrix X in M, ,(R;) such that me(X) = n
and mc(XA) < n—1. If O is the zero matrix in M,,_,, »,(R), then
Y = { g } € M,,»(R;). By the property (2.5), we have that me(Y') =
n and mc(Y A) = mc ({ XOA

maximal column rank n, a contradiction. This implies A is R -invertible.
O

< mn —1. Thus T does not preserve

Let T be a linear operator on M, ,(R,) defined by T'(X) = X, a
transpose of X € M,,,(Ry). Then T preserves all ranks since it is a
(U, V)-operator. But the following example shows that the transposition
operator does not preserve all maximal column ranks.

ExaAaMPLE 3.10. Let

a 0 0 0

b ¢ 0 0

B = 0 d e O

00 fO0
be a matrix in My 4(R), where a,b,c,d,e and f are all positive reals.
Then we have mc(B) = 3 since the first three columns are linearly

independent. But the maximal column rank of

a b 0 0

¢+ |0 ¢ d O

B = 0 0 e f

0000
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is 4 by (2.5) and example 2.5. Thus the transposition operator does not
preserve maximal column rank 3 on My 4(R ).

LEMMA 3.11. If T is a transposition operator on M,, ,,(Ry) with n >
4, then T does not preserve maximal column rank r for r > 3, but
preserves all ranks.

Proof. Let B be the matrix in example 3.10. Consider C' = B&®0,,_4 €
M n(Ry). Then me(C) = 3 by (2.5), but T(C) = C" has maximal
column rank 4 by (2.5). Let

D=B&I,®0,_1_4 € Mn7n(R+),

where I is the identity matrix of order k. Then mc(D) = 3 + k but
T(D) = D! has maximal column rank 4 + k. Therefore T' does not
preserve maximal column rank r for » > 3, but it is obvious that T

preserves all ranks since the transposition operator is a (U, V')-operator.
m

LEMMA 3.12. Suppose T is a linear operator on M, ,(R), and m >
n > 4. If T preserves maximal column ranks 1,2 and n, then there exist
Q € MynRy) and P € M, ,(Ry) such that T(X) = QXP for all
X € M,»(Ry), where @) is R-invertible and P is R, -invertible.

Proof. Since T preserves maximal column ranks 1 and 2, it preserves
ranks 1 and 2 by theorem 2.6. Thus 7 is injective and has the form (1)
T(X)=QXPor (2) T(X) = QX"'P given in theorem 3.3. Suppose (1)
holds. First, we show that () is R-invertible, equivalently, R-nonsingular.
If @ is R-singular, then, as in the proof of lemma 3.5, we can choose
X1, Xy € Mp,(Ry) such that X; # X, and QX; = QX,. We then
have T'(X;) = T(X3), contradicting the fact that T is injective. Thus, @
is R-nonsingular. Next, we show that P is R, -invertible. It follows from
lemma 3.6 that P is R-nonsingular. If P is not R -invertible, then, by
lemma 3.9, there exists Y € M,, ,,(Ry) of maximal column rank 1,2 or n
such that mc(Y') # me(Y P). We then have, mc(T(Y)) = mc(QY P) =
me(Y P) # me(Y), a contradiction. Thus P must be R, -invertible.

Now, suppose (2) holds. Then @ and P are all m x n matrices, and
T*(X) = WXZ, where W = QP! and Z = Q'P. Since T preserves
maximal column ranks 1,2, and n, so does T?2. By (1), W is R-invertible
in M, »(R;) and Z is R, -invertible in M,, ,(R;). If m > n, then by
the properties (2.1) and (2.2), we obtain that

p(W) = p(QP") < min(p(Q), p(P")) < p(Q) < min(m,n) =n < m,
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a contradiction. Thus we have m = n, and so () and P are R -invertible
matrices. But T'(X) = QX'P does not preserve maximal column rank
n by lemma 3.11. O]

THEOREM 3.13. Suppose T' is a linear operator on M, ,(R}) with
m > n > 4. Then the following are equivalent :

(1) T preserves maximal column ranks 1,2, and n;
(2) There exist Q € M, (R;) and P € M, ,(R,) such that T'(X) =
QXP for all X €
Mn(Ry), where @) is R-invertible and P is R -invertible;
(3) T preserves all maximal column ranks.

Proof. The proof follows lemma 3.12. n

If n < 3, then the linear operators that preserve maximal column
rank on M,,,(R;) are the same as the rank preservers, which were
characterized in [3].

Thus we have characterizations of the linear operators that preserve
the maximal column rank of matrices over nonnegative reals.
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