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ARZERAL 088 ¢ BHEe HAUA
- Optimal Design of ¢ Control Chart using
Variable Sampling Interval -

ul IZ g %
Park Joo Young

Abstract

Even though the ad hoc Shewhart methods remain controversial due to various
mathematical flaws, there is little disagreement among researchers and practitioners
when a set of process data has a skewness distribution.

In the context and language of process control, the error related to the process
data shows that time to signal increases when a control parameter shifts to a
skewness direction. In real-world industrial settings, however, quality practitioners
often need to consider a skewness distribution. To address this situation, we
developed an enhanced design method to utilize advantages of the traditional
attribute control chart and to overcome its associated shortcomings.

The proposed design method minimizes bias, ie., an average time to signal for
the shift of process from the target value (ATS) curve, as well as it applies a
variable sampling interval (VSI) method to an attribute control chart for detecting
a process shift efficiently. The results of the factorial experiment obtained by
various parameter circumstances show that the VSI c¢ control chart using nearly
unbiased ATS design provides the smallest decreasing rate in ATS among other
charts for all experimental cases.

Keywords : control parameter, skewness distribution, VSI, ATS
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FAA RV T FIEA YoM ¥EE AAE A AxFTHE A
&xoz RUHIL, 49 F4H AF FAE Adsted FE3HA AU

I F #EEx 19243 Shewhartol] oA &4d ol F FAH B HE F
A% =7EH Y F3 don, HALT, AT, EEASFA], A5A, 232
TR Hrt TFH 2L AxYH FHE okdx HEo] Hu Uk

olglg FAA IABVYUZELS FEEAAY FHA weM AFA Bxe A
A #YE2 A 27, HEAHI AFA #A2= 19248 W. A, Shewhart7h X &
2708 X BAEEA AL AAAFAM 9 A= ok 2 olF 196549
Page7} 470 CUSUM(cumulative sum chart) #2]x=¢ 19590 Roberts7t A7 &
EWMA (exponentially weighted moving average) #E8 = E°] AFA] FIAELAE &
g3t7] A% gEHQ] BPxeln.
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variable sample interval : VSI) 7]¥& H&3le Ho] ALY P& /fHd &3
Holgte Aol B2 59 Ao A daAd Urh

wetd B AFEe ojJNHE #AAsed 2ot 733 VSI 71HE ¢ #HE A
Hho] #83l=d 2 FHE FI YUY #EE EFE 2R3 9% AANHeRE
FAAY dAGYES Addct £33, 2 79 FAPLE ¢ BHAEEHA FFH AL
e Az e o) dded tigd AZE FE TS A MR BEEE LA
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3} 1, Prabhu, Montgomery$}t Runger[14] tdd A& 73474 A& 371& 71X
' X 395 =3

E AFE ¢ #IYSE AAs=Y UM Acosta-Mejia(1999)¢] H]HE ARL A A
of MFS ol&dx o, Brh wE TP BAE st VSI 71¥HE ¢ #
Yo MEY YHoE ALE3HA drh

(Ul

"

22 c #AYxe AU HES ARL A A

4 549 Z7ksh 24% RUHASI A% R A B FYEE A Lo
(run length : RL) 2EE 7122 249t @ Aol o] dQe] wBelmd] A2
SAS7IAA ] e 1§ £2A A HolArh BY HAEY ool Holn
@ 4ol BHARAT AR Shewhart $39 BelEe o o] RIE ARLEE n
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u} g ) 8o},
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<229 1> ARL curves for c chart with 3-sigma and
nearly unbiased ARL criterion(A, = 11.56)
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2AL A Fatd BFNA Bol ALHL JA: AFAQ BYEE FHOZ
2H RE A6 datd 188 A AEY AN 4SS Hste FSlBYEES
gt B A7dAE A8Y 37 E= AT Alo)g Agto] mAHe YA @o
W, e AEY BFo] oA BA ASH v JEsHE VSIRIEY AYE =
NEREE -

VSIZE RS 71Ee el A4S Aol BBAM Yol ohd BRAM srtel
e FAol olAdHE ® shsAel k7 W AEY BAL #A s A5
@ we N3E VANA 2AE AFEES 1, wue] 4F Fo| FAA el 9
gw, F40] ¢AAHA JATT & £ Q7] WE] A4S U—%% A & A
& 9Bt S YEE s BYaF TAY X8 FIAR s Rl

VS =E 8 73 Dol d,dp, ..., dy d1<dz<"'<d”)-§— A, 18
I ool e I Bolge h<d<hg DEZxE MHYFoAY, Le Hx I
Zololxm, L £ Ay FALo|E BT} AEY 13 G4t d0Z A @ 2ol
Jee, A "ol (m—70/Vn, mtrlVn)e g2 v 77 1,151 ,0
Qe W AEHE T QolE TaT

mlm

d(x) = dj, XeI; (9)

VSIZIEY ARl /dE <2¥ 2> v & ok <a¥ 2>e4 U L&
g A e Jehdie, WUt WL F2 Za 4d343 sddE Yetd
o 283 die ME Mol I Fe) A& o g AEY BFolx, b HE
Bol I, 7zbel g1 o Agste MEY 2A(d1<dy)o] 81,
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<29 2> Example of VSI control chart
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<2y >aAY 7 L3 73 L A 0% Ze] vehield.

L= (o~ KalVm), =7 (alVm)]

U [ﬂo+')"(0'/‘/;l), Ilo+ 7’(0'/‘/7))
L=(uy—7(o/Vn), py+7(a/Vn) Q0)

o714 0<y {y°l L Reynolds$} Arnold, Reynolds®} Arnolde VSI Shewhart %2
9 VSI CUSUM#HE ZOA @21 F /9 AEH 7H4E A&t Aol HAHYS
RAFQd. 133 182 I FIxgoeR HH HAESR A7 oFE ZAIV
A E g ASY WAL /M & FA HEAAC 3, Wil U AER T

2 7bed & ZA TEAAL v AE HAFAT

3. VSI ¢ #Elx9 24 H|AF ATS 44

£ AT ANSE AFN BHEY 72HA HAAYE BeEe] wAF ARL
HAMEE 7122 @ otk & B FYE P79 s1Fo] HE ARLL VSI
B EE AR AEY 242 AHESE 2] fUBE ATSAEOZ o F
3t Aotk £ A7 WARFE e Bk

L : 83 U: #a3%
WL : 73183t WU : 3373%
dy g A%y 1A dy 1 Q) AEHY 3
B e FHESFE 6 Fa HAEE, FAZEY FHAESFE o A
gk et ow F9 AEY FAS JHAE VSIHHEE OEH 2L AEY T

Tor YvE F

L=[L, wL)J(WU,U] L=[L, Ul
L=60_k0'0 WL=00—/€'0'5
U=06y+ ko, WU = 6,+Fk g,

X & oWa ¥ud 2Pson 49, 4 1 & AAE Eopy PEE BEGE
AR @ Xo BEA A g9 BUHE Fatel, AA BHo) bYHl QA o4
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Aol JdeAE 4A & U Aok FF o] FAFFEH S WY @FE A Sk
olwj AL H|HE ATS A EFgdA BoHd waty Zaste AFS Hole
[(L,WL,WU,U,d,, dy: 0’124 T3t RAolth diE HAHHAE HAdHe=
trial-and-error AoWHOE HAE 3o B AFodAM Agstes HHHA EHL
HEze 97 FZY oA EHE o wEA BT £ A& ¥ oY, FAHY
EAo S #AA & 4 de VSI ¢ BIUZE AAFHZ AAA e Ad A
o BAA FABYANA AFTEH e e HAHIHY Zol, WA A (global) HF
e olyXmt, AdiHez f{x3r] HYstn A ALy HEEE FHA
(local) A& 3ol 71 28& F3 Y. VSI ¢ #HZ9 Y HAAE A4, o3
2ol 71ZEE AT

Ao s HAAHY FAY BAY 2HYS
n i BEAN) dy, HEHE Hao 4FY 07
T HERE FEe ATS,

MN#e dutg oz A dolHy #&d dHolEd s FHEdH. d €
Y AEY BAL AHRstE Ao AEY 1AL duign o] &S Ase A
adA FL8EA ¥t 2L s d, < @Y HEol zEH AAFHAF 3
d, 98 €9 dne 42T 44T HE37) v AT 7 M E Ha A0
Ze Aotk 1 @ FHEY F ' LEFEEAM AAHAIT, =19
1/a* 9t 2& g ouigc 5oz dRFHe ATS & WEA 1R 2
Zotol €t

g gese BHEA FHEE FASI] A% oldHHe ATS & Jte@
gofok atw, FAlo) A& eREE F & 13E /AT glew ¥4 aEE IA
A A BEL g o) A4 T+ Yo

o e R
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o

L

Min dv,= | A¥—\ ]
(L, WL, WU, )
s.t.
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NEY 2ARE dX)E A QDF 2o

d,, HLW<XSUW
d(X)= (11)
d,, if L<X{LWand UW<X< U

971 X ~P(A)elth

2 AFdAY EFFEgSr oule A=7%A AS, ATS & AUgeZ 7Ixe A
ARSFE e Aot 2FAY EATST uedA HE BeEx HHEFHL I
gAE = Jou FRAE FAAA $3A] R A3t A FU Joh gt es
YL FHAMY HA A LEFEY FF ALY (sth)E HFde Hi9
ATSO—% THEE 3te Aotk &, ATS =1 I A% BE9 FY& M3

FaA oA "o 2R, AYH (st2)E AU UEFAIE AVt MY 3
°”'°M 7 B EEAEE JHAA e AARSFE FEe Aol HAFAFH TEBE—‘]
trade-off o] Hx, olme] HARSFE HHHA E+2 HASA dd. 28 AF
2 "Helge E4oz ity ARy A" ATS;& v B2v 25 & @& 7
AA E

2L FAsd g8 AAFHn e AL 4 E dpni, &2 AFZAIE Rolth B 4
7o FALdgezRYH Y 2, £ d=dy, 0 R Sl oA ATS
€ H23A de AE RAFT Ao BEXLE, B A7 AAAHA HH A
o] HoAHE At d| & dpp 22 AT :m—r EldX)IA=)1]1=d9 A
ol M d, d), dyE A (12)% 22 A7 ¢S4,

d PIXel N1+ P XelA]) =dPAXelN]+ dyAXeLIN] (12)

= FA(U)_FA(UW)+FA(LW_1)_FL(L—]-)

PAXeLIN] = P(LWEKX<UWI\) = F\(UW)— Fy(LW-1)

gutE el VSI AFX BAZANME d=1=2 7MHsn, 4,32 T34 8o 1%
AT AR Bz AFA dHolHe EAHLZ sty ARSI 45, #AA
o 9 dygte Ml gojd g M= B4V guh 2EE & A4 2
MEY A dy& vlE AR d gol TAF LR 1o He #IYERSFTE HAIH
"ok o)Al 4o AAES LWL, WU, UL do3 28 A2 AAHA do.
[step 11 L, WL, WU, U 7} 7td 4 & s AR
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L3 U8 ¥9: '8 BE3e A%A des9 AAPEL Agec
0'® WEHE L} Us 98 F& AxE den 2
@ L't oge BEste 2ol obd A% 19 Hgolth

1-PAL°¢<X<ul6=6y)<a"
® U'e 4&& v&3e 49 34 w9 Higolt
PW>ul6=0y) <a*
@ L, = 93s OFste ol old A5 [ 9 Hdgoloh
1-P(U<X<U|6=6y)<a’

rl

olgA AARY TN (<L ,<L<L KU <S<ULSU,.& %530 5 B3
@ Lo gadds Lok L'Ael7t 931 Ud] BAWSE UM U .74 o
o 28 WL WUES L<WLKWU<US9 A7 AE3tez, WL gAa¥ds
gEE LR2YH WU-174" WUE WL +1%8 U7A 24384 @
[step 2] ATSZT A2 SdHL 27 5t E9F59 ATS & Ao #eto v
st 4 (13)3 2o}
_ d,P(WLEX<WU)+d [ PAWMKX<U) + P(L<XCWL))]
- MI-PL=X<DIP(L=X=<D)

_dy[F(WL)— F(WU—D1+d [F(U)— F(WU) + F(WL—1)— F(L—1)]
- [1-F(D)+ F(L-1DIF(D)— F(L-1)]

PLXeI,IN,] = P(LSX{LWIA) + PLUWCX S UIN,)
= F,()—F, (UW)+F,(LW-1)~F, (L—1)

N P Xel ] = (LW<X<UWIA)=F,(UW)—F,(LW-1)
g=1-(PXsI, N1+ PXSI,N])
X~P(\)
ATS (5 L WL, WU, U) = BB 13,

R= d [F(WL)~ F(WU— D]+ d [ (V) — F(WU) + F(WL— 1) = F(L—1)]
Q=[1-F(U)+ F(L— DI F() - F(L-1)]



226 HAFET4 L o] 48 C #Ex9 HFJHA U9

R’ =d,[F"(WL)-F' (WU-D]+d,[F()—F " (W)H+F (WL-1)-F ' (L-1)]
Q =[-F'(D+F (L-DIFO)-FL-D] + [1-FO)+F(L-DIF " ()—-F ' (L-D]

olth. X& Xol¥ BXE wWEEH=z ¥3 2X¥F FXE A% 21, F' (X=E
A (14)¢ 2t

, - A*

agde ATS (A L, WL, WU, )7} 00] 1= A3t €k,

ATS (A L, WL, WU, U) =—3;Qj52~EQ4 —0

R’'Q= RQ’ (15)
[step 3] & (158 B=3= A8 A*gFa T o, 21*9 A& A Fuje] Hog

' #EIHA geth & QA T G489 WA 2R} dE 25

LWL, WU, U °] 349 54¢ o gstd &xdoz g3 UrtaA (15)
2 wEs Ag FaA "o
7 g gAdA U gl g@ (stl), (st2)e] BHEgR &},
A Az Eld(XD|p] vy =dE A4x EAEHH 9 o2 s
d=19 A$e A%eA BHEAY 4+ geonz, 1489 L3 Ud dsd,
WUl Z 283464 tee 4 DE H2z2 e Ry2Fe AdaA
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e AF, AT#HE 7E 23A Fo9 [step 3]& 2 EoIh
AAHA ATS & ZYPHE 7102 da Avh FFEEH A
= AAEA dojd + YvE AL A H I, 274 E(zero state)
ATS#E Agdrh AREH solAe, 4L ofF 2 71 T ¢
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AE Ao AN FAHolFo] WA JIPAZEE A (17)3 ZT}56).
E[S,] = 0.5d,2B+ 0.5d,%(1— B) (17)

oy ez AAEe] ATS & 4 (18)% 2t
d,\PIXel,|,1+d,P[Xel,lA,]

P[Xel,|A;] = (L<X{LWIA) + P(UW<(X<U|A)
o 7] A =F,(U)—-F, (UW)+F ,(LW-1)—-F, (L-1)

PlXel,lA,] = (LW<X<UW|A)=F ,(UW)~F ,(LW-1)
q=1_(P[XEIIM1]+P[Xelzl/11]), X“’P(/l)

o]},

[step 5] 78R BE A" T8 dvyo] HA7 HE EFPge IH dARSR
A4 g,

<21¥ 3> Flow chart for optimal design of attribute control charts

<29 3>¢ #EE MA AAH AAHHAL adtad sgER Y.
<E 1> O3@ HgdEY FARS pol thste] AL HHEF ATS AA6 o
npBeEe] #el#AE Foto] Shewhart B #7 Yehd Rolth VSI npe)
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TaME= di=0.1 d,=1.92 A$ A=Y 13L& ALde A%, LWL, WU, U
2 d9s dugdZ2e o439 7 S YU olu 2RHE o*E 000272
1AL

<¥E 1> Control limits for different #p charts ( z=1000,d,=0.1, d,=1.9)

Criterion for control charts

3 ¢ criterion ARL nearly unbiased criterion
by L \WL|\WU;, Ui L |\WL|WU| U d dv,
0.015 4 13 | 17 | 26 5 13 | 17 | 28 | 0.9733 | 0.0001439
0.016 5 14 | 18 | 27 6 14 | 18 | 29 | 0.9501 | 0.0000261
0.017 5 15 | 19 | 29 6 14 | 19 | 32 | 1.0297 | 0.0001557
0.018 6 16 | 20 | 30 7 17 | 22 | 31 | 09729 | 0.0003640
0.019 7 17 121 | 31 8 16 | 21 | 33 [ 1.0288 | 0.0000327
0.020 7 18 | 22 | 33 8 18 | 23 1 35 | 0.9919 | 0.0001181
0.021 8 18 | 24 | 34 9 19 | 24 | 36 | 0.9746 | 0.0000293
0.022 9 19 | 25 | 35 { 10 [ 19 | 24 | 37 | 0.9728 | 0.0000251
0.023 9 20 | 26 | 37 | 10 [ 22 | 28 | 39 | 0.9791 | 0.0000061

0.024 10 | 21 | 27 |38 | 11 | 22 | 28 | 40 | 1.0267 | 0.0000062
0.025 11 | 22 | 28 | 39 | 12 | 22 | 28 | 41 | 1.0276 | 0.0000042
0.026 11 123 129 | 41 | 13 | 21 | 27 | 43 | 0.9883 | 0.0003185
0.027 12 | 24 | 30 | 42 | 13 | 25 | 31 | 44 | 0.9849 | 0.0000022
0.028 13 | 25 | 31 | 43 | 14 | 25 | 31 | 45 | 09856 | 0.0000112
0.029 14 | 26 | 32 | 44 | 15 | 25 | 31 | 46 | 0.9823 | 0.0000307
0.030 14 | 27 | 33 | 46 | 15 | 28 | 35 | 48 | 1.0306 | 0.0000103
0.031 15 | 28 | 34 [ 47 | 16 | 28 | 34 | 49 | 09599 | 0.0000329
0.032 16 | 29 | 35 | 48 | 17 | 29 | 36 | 50 | 1.0204 | 0.0000511
0.033 17 1 30 | 36 | 49 | 17 | 31 | 39 | 52 | 1.0086 | 0.0000143
0.034 17 | 31 | 37 | 51 | 18 | 31 | 39 | 53 | 1.0096 | 0.0000036
0.035 18 | 32 | 38 | 52 | 19 | 32 | 39 | 54 | 1.0100 | 0.0000211

4. ¥4
41 $9=97}
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<3 2> The two levels of the factors for ¢ charts

factorievel Low High

A 85 165

a* 0.0027 0.01
(d,, dy) (0.5, 1.5) 0.1, 1.9)

Ztzke] Agel Wi, F A, (d), dy), o” & APxF dat] B3t Zo] 4
7F @A A

@ A WMWY AA 71EE o83t VS FSI np =9 AAH HAE 3z,
AtZA Hyeg VSI ¢ #IPES HHLAE @k A4A sl BY=Es 74 4
of gt M2 e EFES /MR Ytk

@ Z gz Wit ol dElel ATSY  ATS, 9 £F& m °lgdx ¥q
m=87 M T& o]4Au] F2(0.2h,,0.47y, 0.6My,0.88, 1.2N,, 1.67,
1.80¢, 2.00p) thate] AT 2t ¢ #=e 284S vlusted &ol37] 9
ste] Add  ATS, & dFALHe ATSoIAMe ®lg DR( p,Ag) 2N A 4
(19)¢h o] vatd =+ itk

AT A
DR ( Pi}\o) = —ilrl(‘s%)l (19)

DR (p;Ay) = [ g:lATs ¢ pi)\O)/ATSO]/m i=1,m
Z Zolzd AgAM  DR( pA)E  ATS( pA)E SAAHAN Axd
ATS, 2 dFozd AXE 4 UAd. Aedoz, ZzZe Bz Yot
DR( p;Ay) & HEZaA 2 o, e e 7HAE BEEr FPT ZBAA $53)
g @ 4 Atk 87kA ASol distd 7 ZEse FAAY APEFE <E 3>
Uehils, 2 #8l=e] DR(A)E 7§ 2AS <E 49 vehidd.
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<¥ 3> Cases study for various ¢ charts
cases parameters of control chart
1 d,=0.1 dy=1.9 A y=8.5 ax=0.0027
2 d1=01 d2=1.9 )\-0=85 (1*=0.0].
3 d,=0.1 d,=1.9 A,=16.5 ax={).0027
4 d;=0.1 d,=1.9 Ay=16.5 a*=(,01
5 d1=0.5 dz=1.5 )\v()=8.5 a*x={(,0027
6 d, =0.5 dy=1.5 Ay=8.5 ax=(.01
7 d] =0.5 d2=1.5 )\0=16.5 (1*=0,0027
8 d1=0.5 d2=1.5 )\-0=16.5 (1*=0_01
<# 4> Decreasing rate for various c¢ charts
_ 8
VSI{(shewhart) FSI(shewhart) VSI{unbiased) FSI(unbiased)
1 31.891 40.734 10.798 13.607
2 51.805 68.151 9.722 12.377
3 12.290 17.381 4.026 5511
4 8.971 13.297 5.136 7.253
5 35.764 40.734 12.013 13.606
6 58.954 68.151 10.861 12.376
7 14.430 17.381 4.642 5.509
8 10.686 13.297 6.013 7.250

89 ¥4, RE HAIZF st B dFoAA At
VSl #8l£9] DR (p;A)7F 713 FA ULt A& ¢ F
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wEbA, £ AFA AAE dExy uAFgd] A=E syl Y3ld ongE
9] 4% a*t Shewhart 3Alav} Al SY3A 000272 Ay ZE FIUE
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A& 85, 1252 WA AA AF3}ATH
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<Y 4> ATS curves for nearly unbiased ¢ chart and
Shewhart ¢ chart(A ;= 8.5)
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<219 5> ATS curves for nearly unbiased ¢ chart and Shewhart ¢
chart(A ;= 12.5)
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