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ABSTRACT

The smoothed particle hydrodynamics (SPH) method is applied to construct the dispersion of fluc-
tuations in quasi-hydrostatic configuration of an isothermal self-gravitating slab. The uncertainty of
the implementation is evaluated, and a novel technique (acceleration error) is proposed to weaken this
uncertainty. The two-fluid quasi-hydrostatic diffusion of small fluctuations is used to support the im-
portance of the acceleration error. The results show that the uncertainty converges to a few percent by
increasing of the SPH particle numbers. Considering the acceleration error weakens the uncertainty, and
prohibits the serious dynamical consequences in slow dispersion of fluctuation in the quasi-hydrostatic
evolution of the slab.
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I. INTRODUCTION

The properties of molecular clouds are usually ob-
tained from contour maps which highlight the densest
optically thick structures. Contour maps show that the
molecular clouds are highly fragmented, consisting sev-
eral clumps and cores that make it somewhat arbitrary
for any definition of them (Myers 1999). Studies of the
time variability of absorption lines indicates the pres-
ence of fluctuations on scales of 10−4pc (5-50 AU) and
masses of 10−9M¯ (Boissé et al. 2005). Understanding
of the origin and merging of these small fluctuations is
of fundamental importance for a consistent theory of
star formation and galactic evolution.

In molecular clouds, the velocity dispersion inferred
from molecular line width is often larger than the
gas sound speed inferred from transition temperatures
(Solomon et al. 1987). Because of these turbulent
motions, the global configuration of molecular clouds
must be transient structures, and are probably dis-
persed after not much more than 106yr (see, e.g. Larson
1981, Vázquez-Semadeni et al. 2005). Nejad-Asghar
& Ghanbari (2003, 2006) inferred that under certain
conditions (e.g., expansion or contraction of the back-
ground), ambipolar drift heating in thermal instability
may produce spherical, oblate, or prolate fluctuations.
An important issue facing this senario is the disper-
sion of the newly formed fluctuations. In order to in-
vestigate this phenomena, we use the smoothed parti-
cle hydrodynamics (SPH) technique to implement the
dispersion process in quasi-hydrostatic isothermal self-
gravitating slab.

Many astrophysical dynamical processes have been
studied numerically using SPH (Monaghan 1992). These
include many stellar interaction processes such as rel-
ativistic calculations of compact binary mergers (e.g.,

Rasio et al. 2004), and stellar collisions (e.g., Freitag
& Benz 2005), as well as modeling of accretion flows
(e.g., Murray et al. 2004), supernova explosions (e.g.,
Garcia-Senz & Bravo 2005), shock waves (e.g., Nejad-
Asghar 2006), turbulence (e.g., Monaghan 2002), and
also large-scale cosmological structure formation (e.g.,
Katz et al. 1996; Springel 2005), and galaxy formation
(e.g., Steinmetz 1996; Sijacki & Springel 2006).

The SPH method is basically to simulate the evo-
lution of the field variables such as density, velocity,
energy, etc. The variables are usually in the form of
partial differential equations. The key idea of SPH is to
substitute of integral interpolation with summation in-
terpolation, and to calculate pressure gradient forces by
kernel estimation, directly from the particle positions,
rather than by finite differences on a grid. In this sub-
stitution, a truncation error introduce that normally
depends on the disorder of the particles (Monaghan
1982). This error may be negligible in fast dynamical
processes, however, must be considered in slow disper-
sion in quasi-hydrostatic fluids.

To simulate the diffusion process of fluctuations, we
adapt the expressions for multi-phase flow derived by
Monaghan & Kocharyan (1995). In this paper the
method is applied to the pioneer works of the isother-
mal self-gravitating slab with known solution to inves-
tigate the accuracy and convergence characteristics. In
section 2 we present the basic formalism inherent to the
presence of the fluctuations in a plane-parallel isother-
mal self-gravitating slab. In § 3 the usual SPH equa-
tions for hydrodynamics are stated, the uncertainty is
estimated, and a novel technique (acceleration error) is
introduced. Dispersion of fluctuations is investigated to
support the importance of the acceleration error. Fi-
nally, a summary of the paper and some prospects are
given in section 4.
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Fig. 1.— Schematic diagram of isothermal self-gravitating
slab in x direction.

II. FORMULATION OF THE PROBLEM

In this section, we modify the standard hydrostatic
equilibrium of an isothermal plane-parallel self-gravitating
slab to include the effects of fluctuations. The planar
layer of molecular cloud material is spread in the x di-
rection (Fig. 1). The basic configuration of the mass
conservation and the equation of motion take the form

∂ρ

∂t
+

∂

∂x
(ρv) = 0 (1)

ρ

(
∂v

∂t
+ v

∂v

∂x

)
= −∂p

∂x
+ ρg (2)

where p = a2ρ is the pressure (a is the isothermal sound
speed) and g is the gravitational field that obeys the
poisson’s equation

∂g

∂x
= −4πGρ. (3)

If we denote the Lagrangian derivative by

d

dt
≡ ∂

∂t
+ v

∂

∂x
, (4)

we can rewrite equations (1) and (2) as

dρ

dt
= −ρ

∂v

∂x
, (5)

dv

dt
= g − a2

ρ

∂ρ

∂x
. (6)

Here, we introduce the fluctuations through the
Ansatz

ρ → ρ(1 + η), (7)

where the distribution of η denotes the effect of fluctu-
ations. Note that the fluctuations are assumed to have
zero mean so that the density appearing in the equation
of motion can be thought of as time-averaged quantity
and play the same role in this generalized calculation.
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Fig. 2.— Truncation error of SPH simulation in different
cases of particle numbers.

Following many previous treatments, a further sim-
plification is possible if we introduce the surface density
between mid-plane and x > 0 as

σ ≡
∫ x

0

ρ(x′, t)dx′. (8)

The usual defined surface density from −x to +x has
twice the value of σ. By transformation from (x, t) to
(σ, t),

d

dt
=

(
∂

∂t

)

σ

,
∂

∂x
= ρ

(
∂

∂σ

)

t

,

the field equation (3) can be integrated to give

g = −4πG

∫ x

0

ρ(1 + η)dx′, (9)

while the equation of continuity (5) and the equation
of motion (6) take the form

∂x

∂σ
=

1
ρ(1 + η)

, (10)

∂2x

∂t2
= −4πG

∫ x

0

ρ(1+η)dx′− a2

1 + η

∂

∂σ
[ρ(1+η)]. (11)

A full solution to equations (10) and (11) is beyond
the scope of this paper. We are interested in the hy-
drostatic equilibrium in the whole configuration of the
slab. In this way, the left-hand side of equation (11) is
zero, so that we may rewrite the force balance equation
as

4πG

∫ x

0

ρ(1 + η)dx′ +
a2

1 + η

∂

∂σ
[ρ(1 + η)] = 0. (12)
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Following the work of Shu (1983), we introduce the
non-dimension surface density σ̃, volume density ρ̃, and
coordinate x̃ as

σ̃ ≡ σ

σ∞
, ρ̃ ≡ a2

2πGσ2∞
ρ, x̃ ≡ 2πGσ∞

a2
x, (13)

where integration constant σ∞ is the value of σ at x =
∞ (where ρ is zero). In this way, equations (10) and
(12) become

∂x̃

∂σ̃
=

1
ρ̃(1 + η)

, (14)

2
∫ x̃

0

ρ̃(1 + η)dx̃′ +
1

1 + η

∂

∂σ̃
[ρ̃(1 + η)] = 0. (15)

In order to describe the average behaviour of the
fluid, the method of intermediate time-averaging is
used. In this method, we must average over an in-
termediate time-scale τ0 that obey the ordering

0 < τ0 ¿ τdiff (16)

where τdiff ∼ l/vd is the diffusion time-scale required
to disperse a fluctuation of drift velocity vd, in the slab
of length l (i.e., diffusion crossing time). Let brackets
denote time-averaging so that

< ρ̃(1 + η) >≡ 1
τ0

∫ τ0

0

ρ̃(1 + η)dτ ′ ≈ ρ̃ (17)

where the errors of O[τ0/τdiff ] are ignored.
Because the diffusion time-scale is also much shorter

than the cloud time-scale, the slab is expected to evolve
in a quasi-hydrostatic equilibrium state. The quasi-
equilibrium condition is found by integrating the time-
averaged force equation (15) to obtain

ρ̃ = 1− σ̃2 (18)

where we have assumed that the fluctuations are rela-
tively well behaved so that they obey constraint of the
form 〈

1
1 + η

∂η

∂σ̃

〉
≈ 0. (19)

In order for this constraint to hold, the derivatives of
the fluctuations must average to zero (as expected) and
the derivatives must not be correlated with the fluctua-
tions themselves. In other words, the fluctuations must
be both spatially and temporally symmetric. Fluctua-
tions, as expressed by equation (15), then diffuse in the
quasi-equilibrium state that is given by the solution of
equations (14) and (18), as follows (Spitzer 1942)

ρ̃ =
1

cosh2 x̃
, σ̃ = tanh x̃. (20)

In this case, the gravitational acceleration profile, (9),
is given by

g(x) = −4πGσ∞ tanh
(

2πGσ∞
a2

x

)
. (21)
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Fig. 3.— Acceleration of pressure gradient in the case
of a = 0.2[v] (solid) and a = 0.3[v] (dot). Gravitational
acceleration in the case of a = 0.2[v] (dash) and a = 0.3[v]
(dash-dot).

III. SPH CONSTRUCTION

The chosen physical scales for length and time are
[l] = 1 pc, and [t] = 1 Myr, respectively, so that veloc-
ity unit is approximately [v] = 1km s−1. The gravity
constant is set G = 1‘[m]−1[l]3[t]−2 for which the cal-
culated mass unit is [m] = 4.5 × 1032 kg. We assume
that the slab is spread from x = −0.5[l] to x = +0.5[l]
and the gas is represented by N (= 1000, 3000, 5000)
discrete but smoothed SPH particles (i.e. Lagrangian
sample points). The particles are overlapping, so that
all the physical quantities involved can be treated as
continues functions both in space and time. Over-
lapping is represented by the kernel function, Wαβ ≡
W (|rα − rβ |, hα), where hα is the smoothing length of
particle α (see, e.g., Monaghan 1992).

The basis of SPH is to approximate the integral in-
terpolation

A(r) =
∫

A(r′)W (|r− r′|, h)d3x′, (22)

by a summation interpolation

Aα =
∑

β

mβ

ρβ
W (|rα − rβ |, hα), (23)

where the summation is over the nearest neighbor parti-
cles. In such substitution, a second order truncation er-
ror, O(h2

α), is introduced that normally depends on the
disorder of the particles (Monaghan 1982). We obtain
the smoothing lengths so that the value of the number
of the nearest neighbors, for each particle, are between
Nmin = 4 to Nmax = 6. The truncation errors, O (h2

α),
are shown in Fig. 2. According to this figure, increas-
ing of SPH particles cause to decrease the smoothing
lengths, thus, the truncation errors decrease.
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Fig. 4.— Acceleration error to set the SPH particles in the rest in the case of a = 0.2[v] (solid) and a = 0.3[v] (dot) for
three instances of particle number.

Using the above idea, the density of particle α is
estimated via usual summation over neighboring parti-
cles,

ρα =
∑

β

mαWαβ , (24)

while the equation of motion is given by

dvα

dt
= apre,α + agrav,α + avisc,α (25)

where apre,α is the acceleration of pressure gradient

apre,α = −
∑

β

mβ

(
pα

ρ2
α

+
pβ

ρ2
β

)
∇αWαβ , (26)

and agrav,α is the gravitational acceleration of particle
α, which may be obtained by equation (9), as follows

agrav,α = −4πîGσα

≈ −4πîG
∑

β

ρβ ; (0 < |xβ | < |xα|). (27)

The artificial viscous acceleration, which includes a lin-
ear bulk viscosity component to prevent penetration as
well as a Von Neumann-Richtmeyer type viscosity, is
given by (Monaghan 1992)

avisc,α = −
∑

β

mβΠαβ∇αWαβ , (28)

where

Παβ =

{
α∗āαβµαβ+β∗µ2

αβ

ρ̄αβ
, if vαβ .rαβ < 0,

0, otherwise,
(29)

is the artificial viscosity between particles α and β,
where ρ̄αβ = 1

2 (ρα + ρβ) is an average density, āαβ =
1
2 (aα + aβ) is the average sound speed, α∗ ∼ 1 and

β∗ ∼ 2 are the artificial coefficients, and µαβ is defined
as its usual form

µαβ = −vαβ · rαβ

h̄αβ

1
r2
αβ/h̄2

αβ + 10−3
(30)

where h̄αβ = 1
2 (hα + hβ). In quasi-equilibrium state,

the artificial viscous acceleration is not important.

(a) Uncertainty of SPH

In time-averaged quasi-static equilibrium of the slab,
the acceleration of pressure gradient must be approx-
imately equal to the value of gravitational accelera-
tion (Fig. 3). The small deviation (uncertainty) of the
SPH method is widely acknowledged in the community.
However, in slow dynamic evolution such as dispersion
of fluctuations in the quasi-static configuration of the
molecular clouds, this small deviation may cause to se-
rious dynamical consequences.

To weaken the small deviation, and to set the SPH
particles in quasi-rest state we propose a novel tech-
nique, acceleration error,

aerror,α ≡ −κ(apre,α + agrav,α), (31)

where 0 ≤ κ ≤ 1 is a switch parameter. The accel-
eration error is shown in Fig. 4 in the case of κ = 1.
Since the slab is stable, the uncertainty provides per-
turbation with which the slab will oscillate around the
equilibrium. The oscillation frequency,

νosc ∼ a

λ
, (32)

where λ is the wavelength of induced perturbations, are
shown in Fig. 5 according to different values of κ. It is
obvious that the effect of acceleration error causes to
weaken the oscillation, so that the value of oscillation
frequency is inclined to zero.

The above uncertainty may be not only by the sum-
mation interpolation of pressure gradient, but also by
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Fig. 5.— Oscillation frequency of the stable slab in the
case of a = 0.3[v].

the particle distribution that dose not exactly mimic
the gravitational acceleration profile (21). In this way,
we define relative error of the gravitational accelera-
tion,

eg,α ≡ |agrav,α − g(xα)|
|g(xα)| , (33)

and relative error of the acceleration of pressure gradi-
ent,

ep,α ≡ |apre,α + g(xα)|
|g(xα)| , (34)

that are plotted in Fig. 6 and Fig. 7. Increasing of
the SPH particle number cause to increase the the rel-
ative error of the gravitational acceleration at high |x|,
because the gravitational acceleration is estimated via
summation in equation (27). The error converges ul-
timately to its value at the central region of the slab
(∼ 0.35%). On the other hand, relative error of the
pressure acceleration is due to the summation inter-
polation, which is proportional to the second order
truncation error, and converges to approximately 2.9%.
Thus, increasing and convergence of the error acceler-
ation in Fig. 4 can be explained.

(b) Diffusion of Fluctuations

To investigate importance of the acceleration error
in slow dynamic evolution, we consider the diffusion of
uniform fluctuation

η =
{

A ¿ 1, if 0 ≤ x̃ ≤ A,
0, otherwise, (35)

in the quasi-static isothermal self-gravitating slab. For
this purpose, we use the SPH implementation of the
two-fluid technique as outlined by Monaghan & Kocharyan
(1995). Here, we refer to SPH particles of slab as α and
β, and particles of fluctuations as a and b. Likewise, for

each SPH particle we must create two separate neigh-
bor lists: one for neighbors of the same species and an-
other for those of the different species. Consequently,
each particle must have two different h-values.

The continuity equation for the SPH particles is
given by its usual form (24), while the momentum equa-
tion is changed to include the drag force, which is ex-
perienced by the particles of slab due to collisions with
the particles of fluctuation. The momentum equation
for the particles of slab is

dvα

dt
= apre,α + agrav,α + avisc,α + adrag,α, (36)

and for the particles of fluctuation is

dva

dt
= −adrag,a, (37)

where the drag acceleration is (Monaghan & Kocharyan
1995)

adrag,α = γ
∑

b

mb
vbα.rαb

r2
αb + 10−3h2

αb

rαbWαb, (38)

where rαb is the position vector from b to α (≡ rα−rb)
and γ is the coupling factor of two species

γ ≡ 〈Sv〉
m

(39)

with S being the collision cross-section, m the particle
mass, and v relative velocity of two colliding species.
Using the characteristic collision time-scale τcoll ∼
1/(γηρ), along with the approximation τcoll ∼ τdiff ,
the value of γ can be estimated. The pressure, gravi-
tational potential, and viscous acceleration in the mo-
mentum equation of fluctuation is neglected since the
fluctuation mass density is very less than the slab mass
density (ηρ ¿ ρ). Note that the SPH particles of the
slab undergo a drag force that weaken the hydrostatic
equilibrium. If the drag acceleration is much greater
than the error acceleration, we have a fast dynamical
evolution that the fluctuation disperse rapidly. In this
case, the effect of error acceleration is trampled by drag
force. On the other hand, in slow dynamical evolution
that we have adrag ¿ aerror, the effect of acceleration
error can be predominated.

Here, we experiment the slow dispersion of a flat
fluctuation (35), with A ∼ 0.01. The initial drift ve-
locity, assigned to each particle of fluctuation is vd ∼
0.001a. In this way, the dispersion time-scale is ap-
proximately obtained by τdiff ∼ 10

a [t]. Lack of the
error acceleration in the simulating slab, causes an un-
desired expansion of it. Thus, the whole system of the
fluctuation may be displaced, and a non-realistic veloc-
ity must be imposed to each SPH particles. Fig. 8(a)
plots the velocity dispersion of the fluctuation at τdiff

for the case that the error acceleration is ignored. We
see that the small uncertainty of SPH simulation cause
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to prevent the dispersion of fluctuation even at τdiff .
But, including the acceleration error weaken the un-
certainty, thus, evolution of the slab and dispersion of
the fluctuations may be thoroughly realistic. This case
is shown in Fig. 8(b) at times 0.01τdiff and 0.03τdiff .
According to this figure, the small drag acceleration
contract the slab, and prohibit the undesired displace-
ment of the fluctuation whole place. It is obvious that
handling the error acceleration not only cause a desired
small contraction of the density profile but also gives a
correct simulation for slow dispersion of fluctuation.

IV. SUMMARY AND PROSPECTS

The SPH method was used to construct the disper-
sion of fluctuations in hydrostatic configuration of the
isothermal self-gravitating slab. In the case of time-
averaged quasi-static equilibrium of the slab, the accel-
eration of pressure gradient must be set equal approx-
imately to the value of gravitational acceleration. The
deviation is due to the tolerance of the computational
techniques. The tolerance exists be not only because of
the summation interpolation of pressure gradient, but
also due to the particle distribution that dose not ex-

actly mimic the equilibrium profile. The Figs. 5 and 6
show the estimated uncertainty of SPH particles, and
indicate that results converge to within a few percent
accuracy if the number of particles exceeds a few thou-
sands.

In slow dynamic evolution case, such as dispersion
of fluctuations in the quasi-static configuration of the
molecular clouds, this small uncertainty may cause a
serious dynamical consequence. To weaken this small
deviation and to set the SPH particles in quasi-rest
state, we proposed a novel technique entitled error ac-
celeration. The two-fluid quasi-hydrostatic diffusion of
small fluctuations in a slab was used to support the im-
portance of the acceleration error. The SPH particles
of the slab undergo a drag force that weakens the hy-
drostatic equilibrium. If the drag acceleration is much
greater than the acceleration error, we have a fast dy-
namical evolution that the fluctuation disperse rapidly.
In this case, the effect of acceleration error is trampled
by drag force. On the other hand, in slow dynamical
evolution in which we have adrag ¿ aerror, the effect
of acceleration error predominates.

The results show that the lack of acceleration error
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Fig. 8.— Velocity dispersion of the fluctuation in the quasi-hydrostatic slab (a) without the acceleration error, (b) for the
case that the acceleration error is considered.

in the simulation, causes an undesired expansion of the
slab. This phenomena displaces the whole system of the
fluctuation, and a non-realistic velocity is imposed to
each SPH particle. While, considering the acceleration
error not only causes a desired small contraction of the
density profile but also gives a correct simulation for
slow dispersion of fluctuation. The results of this paper
may be applied to investigate the subsonic drift velocity
and ambipolar diffusion heating rate of a lightly ionized
isothermal self-gravitating slab.
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