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Abstract

The notion of ideals in subtraction algebras and characterizations of ideals introduced by Y.B.Jun et al. {?]. Using this
idea, we consider the fuzzification of an ideal of a subtraction algebra. In this paper, we define the concept of a fuzzy
ideal of a subtraction algebra and study characterizations of a fuzzy ideal. We give some conditions to show that a fuzzy
set in a subtraction algebra is a fuzzy ideal of a subtraction algebra. We investigate the generalization of some properties

of a fuzzy ideal of a subtraction algebra.
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1. Introduction

B. M. Schein [?] considered systems of the form
(®;0,\), where ® is a set of functions closed under the
composition “o” of functions (and hence (®; o) is a func-
tion semigroup) and the set theoretic subtraction “\” (and
hence (®; ) is a subtraction algebra in the sense of {?]). He
proved that every subtraction semigroup is isomorphic to a
difference semigroup of invertible functions. B. Zelinka [?]
discussed a problem proposed by B. M. Schein concerning
the structure of multiplication in a subtraction semigroup.
He solved the problem for subtraction algebras of a special
type, called the atomic subtraction algebras. Y. B. Jun et
al. [?] introduced the notion of ideals in subtraction alge-
bras and discussed characterization of ideals. In [?], Y. B.
Jun and H. S. Kim established the ideal generated by a set,
and discussed related results. In this paper, we consider
the fuzzification of an ideal, and define a fuzzy ideal of a
subtraction algebra. We give characterizations of a fuzzy
ideal.

2. Preliminaries

By a subtraction algebra we mean an algebra (X; —)
with a single binary operation “—"" that satisfies the follow-
ing identities: for any z,y,2z € X,

S1) 2 — (y —z) = x;
S z—(z-y) =y—(y—=z);

S3) (z—y)—z=(@—2)—y.
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(al0) x,y < z implies x —

The last identity permits us to omit parentheses in expres-
sions of the form (x — y) — z. The subtraction determines
an order relation on X: ¢ < b < a —b = 0, where
0 = a — a is an element that does not depend on the choice
of a € X. The ordered set (X; <) is a semi-Boolean alge-
bra in the sense of [?], that is, it is a meet semilattice with
zero 0 in which every interval [0, a] is a Boolean algebra
with respect to the induced order. Here a A b = a — (a — b);
the complement of an element b € [0,a] is ¢ — b; and if
b,c € [0,al, then

bve = (WAdY =a—((a—Db)A(a~c))

= a—((a=b)—((a—b)—(a—c)))

Tn a subtraction algebra, the following are true (see [?]):
@) (z-y)-y=z-y.
(@2) z—0==xand0 —z = 0.
@3) (x—y)—z=0.
(@) z—(z—y) <.
@) @-y) -y-—z)=z-y.
@) z—(z—~(z—y))=z—y.
@) (z-y —(z-y)<z—=z
(a8) z < yif and only if z = y — w for some w € X.

(a9) x <yimpliessz —z<y—zandz—y < z —z for
all z € X.

=z Az —y).
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(all) (xAy) —(zA2) <z A(y—2).

Definition 2.1. ([?]) A nonempty subset A of a subtraction
algebra X is called an ideal of X, denoted by A < X, if it
satisfies:

(bl) a—z e Aforalla € Aandz € X.

(b2) for all a,b € A, whenever a V b exists in X then
aVbe A

Propeosition 2.2. ([?]) A nonempty subset A of a subtrac-
tion algebra X is an ideal of X if and only if it satisfies:

(b3) 0 € A,
bd) Vee X)(VyeA)(e—ye A= zeA).

Lemma 2.3. An ideal A of a subtraction algebra X has
the following property:

VzeX)Vye A)(z <y = z € A).

3. Fuzzy ideals

In what follows let 2{ be a subtraction algebra unless
otherwise specified. Usir g Proposition ??, we give the no-
tion of fuzzy ideal as follows.

Definition 3.1. A fuzzy set & in X is called a fuzzy ideal
of X if it satisfies:

(c]) (Vz € X) («(0) 2> o (x)),
(€2) (Vz,y € X) (#(2) > min{e/ (x — y), &/ (y)})-

Example 3.2. Conside: a subtraction algebra X =
{0, a. b, c, d} with the following Cayley table:

—10 a b ¢ d
0(0 0 0O 0 O
ala 0 a 0 a
b|b b 0 0 b
cle b a 0 ¢
dld d d d 0

(1) Let o7 be a fuzzy set in X defined by

A(z) = {m if z € {0,a,d},

7. otherwise

3.1

forall z € X, where m,n € [0, 1] with m > n. Then & is
a fuzzy ideal of X.

(2) Let % be a fuzzy set in X defined by 0 < Z(d) <
Bb) = B(c) < B(a) < B(0) < 1. Then B is a fuzzy
ideal of X.

Proposition 3.3. Every fuzzy ideal o7 in X satisfies:

(Vr,y c X)(z <y = (z) > o (y)). (3.2)
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Proof. If x <y, thenz —y = 0, and so

o(x) > min{d(z—y), o (y)}
= min{/(0), #(y)}
= d(y).
This completes the proof. O

Proposition 3.4. Every fuzzy ideal of of X satisfies the
following inequality:

(Vz,y, 2 € X)(& (w—2) = min{e/ ((z—y) —2), & (y) })-

3

(3.3)
Proof. Using (c2) and (S3), we have
e—2) > min{e/((z - 2) — y), ()}
= min{#((z —y) — 2), 7 (y)}
forall z,y,z € X. O

We give conditions for a fuzzy set to be a fuzzy ideal.

Theorem 3.5. If a fuzzy set of in X satisfies conditions
(cl) and (??), then o7 is a fuzzy ideal of X.

Proof. Taking z = 0 in (2?) and using (a2), we obtain

g(x) = A(z—0)
> min{((z—y) - 0), & (y)}
= min{e/(z —y), & (y)}
forall z,y € X. Hence < is a fuzzy ideal of X. O

Corollary 3.6. Ler of be a fuzzy set in X. Then & is a
Juzzy ideal of X if and only if it satisfies conditions (c1)
and (7).

The following is a characterization of a fuzzy ideal of
X.

Theorem 3.7. Let &/ be a fuzzy set in X. Then & is a fuzzy
ideal of X if and only if it satisfies the following conditions:
(Va,y € X)((z—y) = (z)), (4

(Va,a,b € X)(o (z—((z—a)—b)) > min{(a), & (b)}).
3.5

Proof. Assume that & is a fuzzy ideal of X. Using (a3),
(c1) and (c2), we get

d(@—y) > min{((z-y) - z),d(2)}
= min{e(0), #(2)} = #(z)

forall z,y € X. Since
@F-((z—a)=b)—a=(@-a)—((z—a)=b) <,

it follows from (2?) that &7 ((x— ((z—a)—b))—a) > </ (b)
so from (c2) that



o (z = ((x —a) — b))
= min{e ((z — ((x —a) — b)) —a), (a)}
> min{%(a), <7 (b)}.

Conversely let & be a fuzzy set in X satisfying con-
ditions (??) and (??). Taking y = =z in (??). Then
A (0) = o (x—x) > & (x) forall z € X. Using (2?), we
obtain

o(x)y = «(z-0)
= da—-(z-y-(z-y)
= da—-(z-(x-y)-y)
>z min{(z —y), #(y)}
for all z,y € X. Hence &7 is a fuzzy ideal of X. g

Proposition 3.8. Every fuzzy ideal of of X satisfies the
following assertion:

(Vz,y € X)(FzVy = &/ (xVy) > min{e/(z), 7 (y)}).
(3.6)

Proof. Suppose there exists z V y for z,y € X. Let w be
an upper bound of z and y. Then zVy = w—((w—y)—x)
is the least upper bound for = and y (see [?]), and so
A (3Vy) = o (w—((w—y) —=)) = min{/(z), & (y)}
by (??). This completes the proof. o

Let .o/ be afuzzy setin X. Forany w € X, we consider
the set

1 (w) ={z e X|(z) > (w)}

Obviously, w € 7o/ (w). If &/ is a fuzzy ideal of X, then
0 € 197 (w) by (cl). The following is our question: For a
fuzzy set & in X satisfying (cl), is 147 (w) an ideal of X?
But the following example provides a negative answer, that
is, there exists an element w € X such that T.¢ (w) is not
an ideal of X.

Example 3.9. Consider a subtraction algebra X =
{0, a, b, ¢} with the following Cayley table:

o o9 o |
O o OO
> o OO R
Q@ O a oo
OO O OoOn

Let o/ be a fuzzy setin X defined by &/ (0) = 0.8, &/ (a) =
0.5, &7(b) = 0.7, and & (¢) = 0.3. Note that & is not a
fuzzy ideal of X since &/(c) < min{&(c — b), & (b)}.
Then T &/(a) = {0,a,b} is not an ideal of X since
c—b=ua€l(a)and b €1 (a), but ¢ ¢147(a). Note
that 7.27 (b) = {0, b} is an ideal of X.

We give conditions for the set .27 (w) to be an ideal.

Fuzzy ideals of subtraction algebras

Theorem 3.10. Let w € X. If o is a fuzzy ideal of X,
then 197 (w) is an ideal of X.

Proof. Recall that 0 € 7«7 (w). Let 2,y € X be such that
x—y €l (w)and y € T/ (w). Then & (w) < o (x —y)
and o7 (w) < #/(y). Since & is a fuzzy ideal of X, it
follows from (c2) that

() 2 min{/ (2 —y), 7 (y)} > & (w)
sothat z € 1.¢7 (w). Therefore 147 (w) is an ideal of X. [

Theorem 3.11. Ler of be a fuzzy set in X and w € X.
Then

1. If 17 (w) is an ideal of X, then o satisfies the fol-
lowing implication
forallz,y,z € X,

(o (z) < min{e (y—2)/ (2)} = o/ (z) < & (y)).
3.7

2. If o satisfies (cl) and (??), then 1o (w) is an ideal
of X.

Proof. (1) Assume that 7.2/ (w) is an ideal of X for each
w € X. Letz,y, z € X be such that & (z) < min{e/(y—
z), & (z)}. Theny—z € 19/ (x) and z € 197 (). It follows
from (b4) that y € 197 (x), that is, &/ (z) < &7 (y).

(2) Suppose that of satisfies (c1) and (??). For each
w € X, letz,y € X be such that z — y €T« (w) and
y € 14/ (w). Then & (z—y) > &/ (w) and &/ (y) > o (w),
which imply that o7 (w) < min{e/(2z —y), &/ (y)}. Using
(??), we have & (w) < &/ (x) and so = € 1%/ (w). Since &/
satisfies (cl), it follows that 0 € Te/ (w). Therefore T.o7 (w)
is an ideal of X. )

For any o € [0,1], we know U(&/;a) =
X|o (z) = a}(?]).

{z €
Theorem 3.12. Let o7 be a fuzzy set in X. Then &7 is a
Suzzy ideal of X if and only if it satisfies:

(Vo € [0,1]) (U(;a) 0 = U(o;a) << X).

Proof. 1t follows from the Transfer Principle (see [?, The-
orem 2.1]). O

The ideals U(&/; ), « € [0,1], in Theorem ?? are
called level ideals of <7 .

Theorem 3.13. Any ideal of X can be realized as a level
ideal of some fuzzy ideal of X.
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Proof. Let A be an ideal of X and let <7 be a fuzzy set in
X defined by

if A,
F(z) =% NTEA (3.8)
0  otherwise
where ¢ is a fixed number in (0, 1). Then
X ifpg=0,
J(e;8)=c¢A if0<f<aq, (3.9

p  ifa<p<l,

and so U(%”;8) < X whenever U(«/;5) # 0 for all
B € [0,1]. It follows from Theorem ?? that & is a fuzzy
ideal of X and clearly U(«7; ) = A. O

Proposition 3.14. Let @ be a fuzzy set in X. Then &7 is a
fuzzy ideal of X if and only if it satisfies:

(Vz,y,z € X) (z—y < » = &/(x) > min{ (y), o (2)}).

(3.10)

Proof. Assume that <7 is a fuzzy ideal of X and let
z,y,2 € X be such that z — y < z. Then & (2) <
&/ (x — y) by Proposition 22. It follows from (c2) that
o (z) > min{ e/ (z — v}, &/ (y)} > min{e (y), #(2)}.
Conversely, suppose that @7 satisfies (??). Since 0 —y <y
forally € X, we have

#(0) = min{e/ (y), &/ (y)}

by (??). Thus (cl) is valid. Since z — (z — y) < y for
all z,y € X by (ad), it follows from (??) that &/ (z) >
min{#/(z — y), o/ (y)}. Hence & is a fuzzy ideal of
X. ]

As a genzralization of Proposition ??, we have the fol-
lowing results.

Theorem 3.15. If a fuzzv set 7 in X is a fuzzy ideal of X,
then

ﬁx-wi:() = o/ (z) > min{(w;) |1=1,2,--- ,n}

=1

3.11)
forall z,wy. we, - ,w, € X, where
Hm— wi = (- ((x—wy) —ws) — ) — wn.
i=1

Proof. The proof is by induction on n. Let &/ be a fuzzy
ideal of X. Propositions ?? and ?? show that the condi-
tion (??) is valid for n = 1, 2. Assume that &7 satisfies the
condition (??) for n = k, that is,

k
Hw—wi:O = &(z) > min{e(w;) |1 =1,2, -+, k}

=1
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for all z, wy, we, - ,wg € X.
Let x,wy, wa, -+ , wk, wrr1 € X be such that Hf:ll T —
w; = 0. Then

A (z—wy) > min{(w;) | j=2,3,-- ,k+1}.
Since & is a fuzzy ideal of X, it follows from (c2) that
&(z) > min{ (z — wy), & (w1)}
> min{&# (w1), min{e/(w;) | j =2,3,--- ,k+1}}
=min{e (w;) |1 =1,2,--- ,k+1}.
This completes the proof. O

Now we consider the converse of Theorem ??.

Theorem 3.16. Ler &/ be a fuzzy set in X satisfving the
condition (??). Then &/ is a fuzzy ideal of X.

Proof. Note that (--- ((0—z) —2) —--+) —z =0 forall

n times
x € X. Tt follows from (2?) that &/ (0) > &/(z) for all

z € X. Letx,y,z € X besuch that x — y < z. Then

0=(-y)—2=(((x=y) -2 =0~ ) -0,
~————
n — 2 times

and so «(z) > min{&(y), (), F(0)} =
min{# (y), &/ (z)}. Hence, by Proposition ??, we con-
clude that .o¢ is a fuzzy ideal of X. O
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