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ON SPACES IN WHICH COMPACT-LIKE SETS ARE
CLOSED, AND RELATED SPACES

Woo CHORL HONG

ABSTRACT. In this paper, we study on C-closed spaces, SC-closed spaces
and related spaces. We show that a sequentially compact SC-closed space
is sequential and as corollaries obtain that a sequentially compact space
with unique sequential limits is sequential if and only if it is C-closed
[7, 1.19 Proposition] and every sequentially compact SC-closed space is
C-closed.

We also show that a countably compact WAP and C-closed space is
sequential and obtain that a countably compact {or compact or sequen-
tially compact) WAP-space with unique sequential limits is sequential if
and only if it is C-closed as a corollary.

Finally we prove that a weakly discretely generated AP-space is C-
closed. We then obtain that every countably compact (or compact or
sequentially compact) weakly discretely generated AP-space is Fréchet-
Urysohn with unique sequential limits, for weakly discretely generated
AP-spaces, unique sequential limits = KC = C-closed = SC-closed, and
every continuous surjective function from a countably compact (or com-
pact or sequentially compact) space onto a weakly discretely generated
AP-space is closed as corollaries.

1. Imtroduction

All spaces considered here are always assumed to be infinite and T3. Our
terminology is standard and follows [1} and [4].

A topological space X is KC [11] (C-closed [7], SC-closed ) if every compact
(resp. countably compact, sequentially compact) subset of X is closed. A space
X has unique sequential limits [5] if every sequence of points of X may converge
to at most one limit.

It is well-known that every space with unique sequential limits is 77 and KC
is a separation property and it lies between Hausdorff and unique sequential
limits. However, the properties C-closed and SC-closed are quite different from
KC.
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A topological space X is Fréchet-Urysohn [1, 6] (also called Fréchet 5, 8])
if for each subset A of X and each z € A there exists a sequence of points
of A which converges to z. A space X is sequential [5] if for each non-closed
subset A of X there exists a sequence of points of A which converges to some
€ A—A. A space X is AP (standing for Approximation by Points) [2] (also
called Whyburn [8]) if for each non-closed subset A of X and each z € A there
exists a subset B of A such that B — B = {z}; equivalently, B = B U {z}. A
space X is WAP (standing for Weak Approximation by Points) [2] (also called
weakly Whyburn [8]) if for each non-closed subset A of X there exist z € A— A
and a subset B of A such that B = B U {z}. A space X is weakly discretely
generated [3] if for each non-closed subset A of X there exist z € A — A and
a subset D of A such that D is discrete and &z € D. A space X has countable
tightness [3] if for each subset A of X and each z € A there exists a countable
subset C of A such that z € C.

By definitions, one easily know that for spaces with unique sequential limits,
the following diagram exhibits the general relationships among the properties

mentioned above which are generalizations of first countability. (see [1, 2, 3, 5,
6,7, 8, 10])

Frechet — Urysohn —— sequential ———— countable tightness

l e

AP ————— > WAP weakly discretely generaled

Notice that a Fréchet-Urysohn Tj-space need not be AP and a sequential
T} -space also need not be WAP as well as weakly discretely generated. Let R be
the set of real numbers with the finite complement topology. Then the space
R is T1, sequential and Fréchet-Urysohn, but it is neither unique sequential
limits, WAP, AP, nor weakly discretely generated.

In this paper, we study on C-closed spaces, SC-closed spaces and related
spaces. We show that every sequentially compact SC-closed space is sequen-
tial and as corollaries obtain that a sequentially compact space with unique
sequential limits is sequential if and only if it is C-closed [7, 1.19 Proposition]
and every sequentially compact SC-closed space is C-closed.

We also show that every countably compact WAP and C-closed space is
sequential and obtain that a countably compact (or compact or sequentially
compact) WAP-space with unique sequential limits is sequential if and only if
it is C-closed as a corollary.

Finally we prove that every weakly discretely generated AP-space is C-
closed. Note that sequentiality and being weakly discretely generated AP
are independent even if Hausdorff. We then obtain that every weakly dis-
cretely generated AP-space is KC as well as SC-closed, every countably compact
(or compact or sequentially compact) weakly discretely generated AP-space is
Fréchet-Urysohn with unique sequential limits, for weakly discretely generated
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AP-spaces, unique sequential limits = KC = C-closed = SC-closed, and ev-
ery continuous surjective function from a countably compact (or compact or
sequentially compact) space onto a weakly discretely generated AP-space is
closed as corollaries.

2. Results

We begin by showing some basic properties of C-closed spaces and SC-closed
spaces.

Proposition 2.1. Every C-closed space as well as every SC-closed space has
unique sequential limits.

Proof. Since a sequentially compact space is countably compact, every C-closed
space is SC-closed. Hence it is enough to show that every SC-closed space has
unique sequential limits. Suppose on the contrary that there exists a convergent
sequence (xz,) of points of an SC-closed space X which converges to distinct
two points z and y in X. Then clearly {z, : n € N} U {z}, where N denotes
the set of natural numbers and {z, : n € N} is the range of the sequence
(zn), is a non-closed subset of X. By SC-closedness of X, {zn : n € N} U {z}
is not sequentially compact and hence there exists a sequence (y,) of points
of {z, : n € N} U {z} which does not have any convergent subsequence in
{zn : n € N} U {z}. Clearly, {y, : n € N} is infinite. Thus there exists
a subsequence (Ys(n)) of (yn), where ¢ is an increasing function from N into
N itself, such that (yg(,)) is also a subsequence of (). It follows that the
subsequence (y4(n)) converges to z, which is a contradiction. O

Proposition 2.2. Let X be a sequential space. Then the following statements
are equivalent:

(1) X has unique sequential limits.

(2) X is KC.

(3) X s C-closed.

(4) X is SC-closed.

Proof. In [5, 5.4 and 5.5 Propositions], S. P. Franklin showed that every se-

quential space with unique sequential limits is C-closed and (1) = (3) = (4).
Clearly, (3) = (2) = (1). Thus it holds. O

Obviously, every Hausdorff space is KC. However, a countably compact (se-
_ quentially compact) Hausdorff space need not be C-closed (resp. SC-closed) in
general as shown by the following remarkable example.

Example 2.3. The space of ordinals X = [0,w;], where w; is the first un-
countable ordinal, is a Hausdorff compact and sequentially compact (and hence
countably compact) space [9, p.70, 43(14)]. Clearly, the subspace [0,w;) of X
is countably compact as well as sequentially compact and it is not closed in
X. Thus X is neither C-closed nor SC-closed. Moreover, the space X does not
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have countable tightness and hence not sequential. For, w; € [0,w1), but there
does not exist a countable subset A of [0,w;) such that w; € A.

We show that SC-closedness is a sufficient condition for a sequentially com-
pact space to be sequential.

Theorem 2.4. Every sequentially compact SC-closed space is sequential.

Proof. Let A be a non-closed subset of a sequentially compact SC-closed space
X. Then by SC-closedness of X, A is not sequentially compact and hence
there exists a sequence (z,) of points of A such that it does not have any
convergent subsequence in A. Since X is sequentially compact and since every
closed subspace of a sequentially compact space is sequentially compact, there
exists a convergent subsequence (Zg(n)) of (z5) which converges to some z € A.
By the fact that (z,) is a sequence of points of A and it does not have any
convergent subsequence in A, it follows that € A — A. Hence we have that
there exist z € A — A and a sequence (24(»)) of points of A such that (z4(x))
converges to . Therefore, X is sequential. a

From Theorem 2.4 and Propositions 2.1 and 2.2, we obtain immediately the
following corollaries and hence we omit the proofs.

Corollary 2.5. A sequentially compact space with unique sequential limits is
sequential if and only if it is SC-closed.

Corollary 2.6. ([7, 1.19 Proposition|} A sequentially compact space with uni-
que sequential limits is sequential if and only if it is C-closed.

Corollary 2.7. Every sequentially compact SC-closed space is C-closed.

We also show that C-closedness is a sufficient condition for a countably
compact WAP-space to be sequential.

Theorem 2.8. Every countably compact WAP and C-closed space is sequential.

Proof. Let A be a non-closed subset of a countably compact WAP and C-closed
space X. Then since X is WAP, there exist £ € A — A and a subset B of A
such that B = BU {z}. Clearly, B — {«} : = B is not closed. By C-closedness
of X, B is not countably compact and hence there exists a sequence (z,) of
points of B such that it does not have any accumulation point in B. Since X
is countably compact, B is countably compact and so the sequence (x,,) has an
accumulation point in B. Tt follows that the point x is a unique accumulation
point of (z,,) in B and hence in X. We now claim that (z,) converges to z.
Suppose on the contrary that it is not. Then there exists an open neighborhood
U of z in X such that (z,) is not eventually in U. Hence we can construct a
subsequence (Zg(n)) of (@) such that x4,y ¢ U for all n € N. Clearly, « is
not an accumulation point of (Zg(n)). Since (z4mr)) is a subsequence of (zn)
and z is a unique accumulation point of (x,) in B, it follows that (Tp(n)) does
not have any accumulation point in B. This is a contradiction to the fact that
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(Ty(ny) is a sequence of points of a countably compact subspace B. Thus we
have that there exist € A — A and a sequence (z,) of points of A such that
(zn) converges to z. Therefore, X is sequential. O

From Theorem 2.8 and Proposition 2.2, we have directly the following corol-
lary and hence we omit the proof.

Corollary 2.9. A countably compact (or compact or sequentially compact)
WAP-space with unique sequential limits is sequential of and only if it is C-
closed.

Remark 2.10. In [10, 2.2 Theorem], V. V. Tkachuk and I. V. Yaschenko proved
that every countably compact Hausdorff AP-space is Fréchet-Urysohn. How-
ever, it is well-known that a countably compact (or compact or sequentially
compact) WAP-space need not be sequential even if Hausdorfl.

The space of ordinals X = [0,w;], in Example 2.3, is scattered (i.e., any
subspace of X has an isolated point.) {9, 43(13)] and in [10, 2.7 Theorem], it is
proved that every scattered space is WAP. Hence we know that the space X is
WAP and thus it is a Hausdorff compact and sequentially compact WAP-space.
But, in Example 2.3, X is not sequential.

Finally we give a sufficient property, which is independent to sequentiality
and is a generalization of Fréchet-Urysohn property, for a space to be C-closed.

Theorem 2.11. Every weakly discretely generated AP-space is C-closed.

Proof. Suppose that there exists a non-closed countably compact subset A of
a weakly discretely generated AP-space X. Then since X is weakly discretely
generated and A is not closed, there exist x € A — A and a subset D of A
such that D is discrete and z € D. Clearly, D is not closed. And since X
is AP, there exists a subset E of D such that E = E U {z}. By countable
compactness of A, every sequence of points of A has an accumulation point in
A. Let (x,,) be a sequence of distinct points of E. Then the sequence (z,) has
some accumulation point y € A and clearly y € E. Since E is discrete, it is
obvious that each point of E cannot be an accumulation point of (x,); that
is, y ¢ E. Since E = E U {z}, we have that z = y. Thus z € A. Thisis a
contradiction. ]

Note that a sequential space with unique sequential limits is weakly dis-
cretely generated WAP with countable tightness. From the following examples,
however, we see that a sequential space need not be AP and a weakly discretely
generated AP-space need not be sequential in general, even if Hausdorff.

Example 2.12. Let X be the set containing of pairwise distinct objects of the
following three types: points Zy,, where m,n € N, points y,, where n € N and
a point 2. We set Vi (Yn) = {yn} U {Zmn : m 2 k} and let v denote the set
of subsets W of X such that 2 € W and there exists a positive integer p such
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that V1 (y,) — W is finite and y,, € W for all n 2 p. The collection

{{zmn} : m,n € N} Uy U {Vi(yn) : k,n € N}
is a base for a topology on X. Then the space X with the topology generated
by the base is Hausdorff sequential [1, p.13, Example 13]. But, it is not AP.
For, we have easily that z € {z,, : m,n € N} and for each subset A of {z, :
m,n € N} with 2z € 4, {y, : n € N} N4 is infinite. Hence there does not exist
a subset A of {Z,n : m,n € N} such that A = AU {z}.

Example 2.13. Let X = {(0,0)} U (N x N). We define a topology 7 on X by
for each (m,n) € X — {(0,0)}, {(m,n)} € 7 and (0,0) € U € 7 if and only
if for all but a finite number of integers m, the sets {n € N : (m,n) ¢ U}
are each finite. Thus each point (m,n) € X — {(0,0)} is isolated and each
open neighborhood of (0,0) contains all but a finite number of points in each
of all but a finite number of columns (see Arens-Fort space in [9]). Then it is
clear that the space X is Hausdorff weakly discretely generated with countable
tightness and there is a unique non-isolated point (0,0) in X. Note that any
space with a unique non-isolated point is AP [10, 2.1 Proposition (10)]. Thus
X is AP. But, it is not sequential. For, (0,0) € N x N, but there does not exist
any convergent sequence of points of N x N [9, 26(3)].

By Proposition 2.1, Theorems 2.8 and 2.11, we have immediately the follow-
ing corollaries and hence we omit the proofs.

Corollary 2.14. Every weakly discretely generated AP-space is KC as well as
SC-closed.

Note that a sequential AP-space is Fréchet-Urysohn.

Corollary 2.15. Every countably compact(or compact or sequentially compact)
weakly discretely generated AP-space is Fréchet- Urysohn with unique sequential
limits.
Corollary 2.16. Let X be a weakly discretely generated AP-space. Then the
following statements are equivalent:

(1) X has unique sequential limits.

(2) X is KC.

(3) X is C-closed.

(4) X is SC-closed.

Note that a first countable space with unique sequential limits is Hausdorff.

Corollary 2.17. Let X be a first countable space. Then the following state-
ments are equivalent:
(1) X has unigque sequential limats.
(2) X is Hausdorff.
(3) X is KC.
(4) X s C-closed.
(5) X is SC-closed.
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Corollary 2.18. Ewvery continuous surjective function f : X — Y from a
countably compact (or compact or sequentially compact) space X onto a weakly
discretely generated AP-space Y is closed. Moreover, if f is bijective then it is
a homeomorphism.

Remark 2.19. (1) In [11, Theorem 2], A. Wilansky showed that for first count-
able spaces, Hausdorff = KC = unique sequential limits. It is a part of Corollary
2.17.

(2) By Corollary 2.15, the range space Y in Corollary 2.18 is a countably
compact Fréchet-Urysohn space with unique sequential limits. But, it need
not be Hausdorff in general. In [5, 6.2 Example], it is showed that there is
a compact Fréchet-Urysohn space with unique sequential limits which is not
Hausdorf.

(3) Recall that a function is perfect [4] if it is continuous closed surjective
and the inverse image of every singleton is compact. In Corollary 2.18, if X is
compact then f is perfect.
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