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RELATION BETWEEN FRACTAL MEASURES AND
CANTOR MEASURES

IN-S00 BAEK

ABSTRACT. We investigate the relation between Hausdorff(packing) mea-~
sure and lower(packing) Cantor measure on a deranged Cantor set. If the
infimum of some distortion of contraction ratios is positive, then Haus-
dorff(packing) measure and lower(packing) Cantor measure of a deranged
Cantor set are equivalent except for some singular behavior for packing
measure case. It is a generalization of already known result on the per-
turbed Cantor set.

1. Introduction

We define a deranged Cantor set ([3]). Let Iy =[0,1]. We can obtain the left
subinterval I, ; and the right subinterval I, 7 of I deleting middle open subin-
terval of I, inductively for each 7 € {1,2}", where n = 0,1,2,.... Consider
En, =U;eqn,2y»I+. Then {E,} is a decreasing sequence of closed sets. For each
n,weput | I |/ |Ir |=crpand | Irz | /| Iy |= crpo for all T € {1,2}",where
| I | denotes the diameter of I. We call F = (", E, a deranged Cantor
set. We note that if ¢;1 = apt1 and ¢ 2 = by for all 7 € {1,2}" for each
n then F = (", E, is called a perturbed Cantor set ([1]). We recall the
s-dimensional Hausdorff measure of F' :

H*(F) = lim H3 (F),

where H§(F) = inf{}_ 2, | Un |*: {Un}3, is a é-cover of F'}, and the Haus-
dorff dimension of F :

dimg (F) = sup{s > 0: H*(F) = co}(=inf{s > 0 : H*(F) = 0})(see[5]).

Also we recall the s-dimensional packing measure of F*:

p°(F) =inf{} P*(F.): |J Fn =F},
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where P(E) = lims_o P§(E) and P§(E) = sup{d .oy | Un |°: {Un} is a
d-packing of E }, and the packing dimension of F:

dim, (F) = sup{s > 0: p°(F) = oco}(= inf{s > 0 : p°(F) = 0})([5]).

We introduce functions A°(F) = liminfnco 21 03n | Lo |* @nd ¢°(F) =
limsup, o Y seq1,2pn | Lo |° for s € (0,1) and a deranged Cantor set F.
Clearly h*(F) and ¢°(F) are decreasing functions for s.

For some calculation, we also define

h*(F,) =liminf > |L |°

n—o0

oceTx{1,2}n
and
¢(Fy)=limsup >  |L |
TR serx{12n
for s € (0,1) and each 7 € {1,2}™, where m = 0,1,2,.... From now on we

define F; = FNI,. So F = FNIy Further h° and ¢° are called lower and
upper Cantor measure on F respectively.

Using h® and ¢°, we ([4]) defined the lower Cantor dimension and the upper
Cantor dimension of a deranged Cantor set F' by dimg(F) = sup{s > 0 :
h*(F) = oo} and dimz(F) = sup{s > 0 : ¢°(F) = oo}. Then dim¢(F) =
inf{s > 0 : h*(F) = 0} and dimg(F) = inf{s > 0 : ¢°(F) = 0} since h°(F)
and ¢°(F) are decreasing functions for s. We note dim¢ and dimg are just
functions whose domains are the class of the deranged Cantor sets. We note
that if ¢, are given, then a deranged Cantor set is determined.

Lemma. The condition

Iav I‘r
inf inf | ool ]

>0
keNU{0} r,oe{1,2}% ve{1,2}7neN |Lry||1s]

is equivalent to the condition that for all T,0 € {1,2}*where k is any non-
negative integer,
CrliCrila,la " " Crilyla, ol > B

Co,l1Coly,lz * " " Coylu,l2, lm

for all m where B > 0.

Proof. Consider

_ el
CriCrlyla " Crla o, nlm = |I |
-
and
_ ool
Co,liCaly iz " Colala,..plm = |1— | .
[ea

It follows from the definition of infimum and the above consideration. O
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Proposition 1. The contraction distortion condition

inf  inf || >0
kEN r0e{1,2}+ | 15|

implies the condition that for all 7,0 € {1,2}*where k is any non-negative
integer,

CriCrlalz " Crly,la,.lm > B

Col1Coli,l2 """ Carli\lz,lm
for all m where B > 0.

Proof. From the above Lemma we only need to show that

inf  inf | L| >0
kEN roe (1,2} I

implies the condition that

Iy || Ir
. ool II-

> 0.
keNU{0} 7 ae{l 2}¢ ve{l, 1z}n,neN | Ll s

Assume

inf  inf || > 0.
kEN 7,0c{1,2}* ||

By the definition of the infimum, there is a real positive number A such that
inf, se(1,2)% 1 > A for all k € N. Clearly

HoollIr| o 42
> A
[
for all 7,0 € {1,2}*k € NU {0} and v € {1,2}",n € N. O

In this paper, we call F a quasi-perturbed Cantor set if F is a deranged
Cantor set satisfying the contraction distortion condition

ov I
- oI |

inf > 0.
keNU{0} 7 a'E{l 2}¢ vefl, 2}n,neN [Iﬂ,||I |

We note that a perturbed Cantor set and a cookie-cutter repeller ([4], [6])
are special examples of quasi-perturbed Cantor sets. This is why we call the
above set as a quasi-perturbed Cantor set. Precisely we state it as follows.

Remark. In the perturbed Cantor set, we ([4]) note that

CrjaCrlile " " Crilila,.lm 1

cD’,llcO’,ll,ZQ o Co,ll,lg,...,lm

for all 7,0 € {1,2}*where k is any non-negative integer. But we note that there
are many perturbed Cantor sets satisfying
|Z-|

inf inf — =0.
kEN 7,0€{1,2}* | 1]
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Remark. ([4]). If f is a positively oriented cookie-cutter map in the sense that
f’ > 1, then the repeller F of f is a quasi-perturbed Cantor set (in this paper,
we assume that the cookie-cutter map f is of differentiability of class C?).

We are now ready to study the ratio geometry of a quasi-perturbed Cantor
set.

2. Main results

In this section, F means a deranged Cantor set determined by {c,} with
7 € {1,2}™ where n = 1,2,.... Hereafter we only consider a deranged Cantor
set whose contraction ratios ¢, 1, ¢, 2 and gap ratios d,(=1— (¢c;1 + ¢, 2)) are
uniformly bounded away from 0(cf. [2]).

Proposition 2. Let F be a quasi-perturbed Cantor set and t € (0,1). If
¢ (F;) < oo for some 7 € {1,2}", where n = 0,1,2,..., then ¢*(F,) < o0
for all 0 € {1,2}". Similarly if ¢*(F;) = oo for some 7 € {1,2}", where
n=0,1,2,..., then ¢*(F,) = oo for all o € {1,2}".

Proof. Fix n € N and 7 € {1,2}" and suppose that ¢*(¥;) < co. Since

; | 1o0||17]
inf nf in
keNU{0} 7 aE{l 2}k we{1,2}7nenN |Iryl]ls]

>0,
we have a positive number B such that %‘:—;’JI% < Bfor all 0 € {1,2}".
Then by definition
q'(F,) = limsup Z | Io It

n—oo

veEox{1,2}"
So we have
Lot L[t I,
¢*(F,) < limsup Z BtI o] Bt| i ¢"(Fr) < oo.
n—oo |-t 1
vEox{1,2}"
Similarly it holds for the second argument since we have a positive number B’
such that {% > B’ for all o € {1,2}". O

Proposition 3. Let F be a quasi-perturbed Cantor set and t € (0,1). If
ht(F,) < oo for some 7 € {1,2}", where n = 0,1,2,..., then h*(F;) < o
for all ¢ € {1,2}". Similarly if h*(F;) = oo for some T € {1,2}", where
n=0,1,2,..., then h*(F;) = oo for all o € {1,2}™.

Proof. Fix n € N and 7 € {1,2}" and suppose that h*(F,) < co. Since

ot I

inf in >0,
keNU{0} r0e({1,2}F vel12}mmeN [Trol|To]

we have a positive number B such that J|1L:H1_ < Bforall ¢ € {1,2}".
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Then by definition
W(F,) =liminf > | Ly |

n—00

vEox{1,2}"
So we have
t |va|t|la|t II I
h(F)<h"n"l*1£fve:;{12}nB T II |th( ) < oo.
Similarly it holds for the second argument since we have a positive number B’
such that JI%[ > B’ for all o € {1,2}™ O

Proposition 4. Let F be a quasi-perturbed Cantor set and t € (0,1). If the
t-dimensional packing pre-measure P*(F.) < oo for some 7 € {1,2}", where
n=0,1,2,..., then ¢*(F,) < oo for all 0 € {1,2}".

Proof. Fix n € N and 7 € {1,2}" and suppose that P*(F;) < oo. By the
definition of ¢-dimensional pre-packing measure, we have ¢*(F;) < co. By the
above Proposition we have ¢*(F,) < oo for all o € {1,2}". O

Proposition 5. Let F be a quasi-perturbed Cantor set and t € (0,1). If
¢"(F) = oo, then ¢*(F,) = oo for all o € {1,2}™.

Proof. Assume that ¢*(F;) < oo for some 7 € {1,2}". By the above Proposi-
tion we have ¢'(F,) < oo for all o € {1,2}", which gives

¢(F) < D d{(F,) <o

oce{1,2}"
O

Proposition 6. Let F be a quasi-perturbed Cantor set and t € (0,1). If
qt(F) = oo, then p'(F) = oo

Proof. Assume that ¢*(F) = oo for some ¢t € (0,1). By the above Proposition
q'(F,) = oo for all 0 € {1,2}" for each n € N. Hence P*(F,) > ¢*(F,) = o0
for all o € {1,2}".

Suppose that Ufil F; = F. Then by the Baire category theorem we have
F; whose closure has a non-empty interior in F' for some ¢ € N. Hence there
is 7 € {1,2}" such that F, C F;. Since P}(F;) = P{(F;) > PYF,) = oo,
Pt (F) = oo. O

Proposition 7. Let F be a quasi-perturbed Cantor set and t € (0,1). If
q*(F) < o0, then p'(F) < oo. Further if ¢¢(F) =0, then p*(F) = 0.

Proof. Tt follows from the same arguments of the proofs in the above Proposi-
tion and the theorem 2 in [4]. a

Proposition 8. Let F be a quasi-perturbed Cantor set and t € (0,1). If
h*(F) = oo, then H!(F) = 0.



246 IN-SOO BAEK

Proof. If h*(F) = liminf,, Yocpion | o |'= oo, for any large a > 0 we see
that 37, c (1 030 | I |*> a for all but finitely many n. It follows from the end
part of the proof of the theorem 1 in [4]. O

Remark. In a deranged Cantor set, by the definition, if h*(F) < oo, then
HY(F) < oo since HY(F) < h*(F). Further if h*(F) > 0, then H!(F) > 0 from
the theorem 1 in [4].

Corollary 9. Let F' be a quasi-perturbed Cantor set. Then Hausdorff measure

Ht and lower Cantor measure h? are equivalent and the packing measure p*
and the upper Cantor measure q¢ are equivalent except that if p*(F) = 0 then
¢

q'(F)=0.

Proof. Tt follows from the above Propositions 6,7,8 and Remark. 0

Remark. We remark that Meinershagen ([7}) showed the relation between Haus-
dorff and packing measures and Cantor measures on the perturbed Cantor set
with similar results. We extend her results on the perturbed Cantor set to
those on the quasi-perturbed Cantor set which is a generalized form of a per-
turbed Cantor set. Similarly with her results we also cannot guarantee that if
p'(F) = 0 then ¢*(F) = 0.
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