Commun. Korean Math. Soc. 22 (2007), No. 2, pp. 227234

A NOTE ON THE MONOTONE INTERVAL-VALUED SET
FUNCTION DEFINED BY THE INTERVAL-VALUED
CHOQUET INTEGRAL

LEE-CHAE JANG

ABSTRACT. At first, we consider nonnegative monotone interval-valued
set functions and nonnegative measurable interval-valued functions. In
this paper we investigate some properties and structural characteristics of
the monotone interval-valued set function defined by an interval-valued
Choquet integral.

1. Introduction

In a previous work [19] the authors investigated monotone set function de-
fined by Choquet integral ([3, 4, 12, 13, 14]) instead of fuzzy integral ([15,
16, 17, 18]). This construction is a useful method to form sound monotone
set functions, including fuzzy measures, in various application areas, such as
decision making, information theory, expected utility theory, and risk analysis.

Let X be a set and (X, 2) a measurable space. A nonnegative set function u
is called a fuzzy measure if it is monotone and ;(@) = 0. Then we consider the
interval-valued set function v defined by an interval-valued Choquet integral

7(A) = (0) /A fdu, VA€Q

is monotone on Q with 7(f) = [0,0] ([9]), where f is an interval-valued function.

We note that set-valued Choquet integrals was first introduced by Jang and
Kwon ([6]) and restudied by Zhang, Guo and Lia ([21]) and that the theory
about set-valued integrals has drawn much attention due to numerous applica-
tions in mathematics, economics, theory of control and many other fields. In
the papers ([6, 7, 8, 9, 10, 20, 21]), they have been studied some properties
of set-valued Choquets and interval-valued Choquet integrals. In this paper,
we investigate some basic properties and structural characteristics of monotone
interval-valued Choquet integrals.
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2. Preliminaries and definitions

A fuzzy measure 1 is said to be lower semi-continuous if for every increasing
sequence {A,} in ©, we have u(U;A,) = lim, o p(4y). A fuzzy measure
p is said to be upper semi-continuous if for every decreasing sequence {A,}
in  and u(A;) < oo, we have p(NS2,A,) = lim, oo u(An). If u is both
lower semi-continuous and upper semi-continuous, it is said to be continuous.
A fuzzy measure p is said to be finite if u(X) is finite.

Definition 2.1. ([3, 4, 12, 13, 14]) (1) The Choguet integral of a measurable
function f with respect to a fuzzy measure u on A € Q is defined by

©) /A fdu = j " u{elf(@) > o} N A)da

where the integrand on the right-hand side is an ordinary one.
(2) A measurable function f is called c-integrable if the Choquet integral of
f can be defined and its value is finite.

Instead of (C) [ fdu, we will write (C) [ fdu. Throughout this paper, Rt
will denote the interval [0,00). The Choquet integral is a generalization of
the Lebesgue integral, since they coincide when p is a classical (o-additive)
measure.

Definition 2.2. ([4]) A set N € Q is called a null set (with respect to u) if
w(ANN) = pu(A) for all A € 9.

We note that [P(z)u — a.e. on A] means there exists a null set N such P(x)
is true for all z € A — N where P(z) is a proposition concerning the point of

A.

Definition 2.3. ([3, 4, 12, 13, 14]) Let f, g be nonnegative measurable func-
tions. We say that f and g are comonotonic, in symbol f ~ g if

flz) < f(z') = g(x) < g(2) for all z,2’ € X.

Theorem 2.4. ([3,4,12,13,14]) Let f,g,h be nonnegative measurable func-
tions. Then we have

(1) f~1,

(2) frg=g~f,

8) f~a forallac Rt

4) f~gandg~h= f~(g+h).

Theorem 2.5. ([3,4,12,13,14]) Let f,g be nonnegative measurable functions.
Then we have the followings.

(1) If f < g, then (C) [ fdu < (C) [ gdp.

(2) f AC B and A,B €Q, then (C) [, fdu < (C) [ fdp.

(3) If f~g and a,b € R™, then

©) [ (et +t9)du=a(€) [ fau+5C) [ gi
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(@-%UVgX@:aﬂ@vQ@)mw(fAm@0=f@0AM@fmaﬂxeX,
then

©) [ #vainz(€) [ fauv (©) [ giu
and
©) [ £r9n<(©) [ taunc) [ gan
We denote I(R) by
I(R*)={a=[a",a"]ja" <a*,a",a* € R'}.
For any a € R+, we define @ — [a, a]. Obviously, @ € I(R*).

Definition 2.6. If a = [a~,a*],b = [b7,b%] € I(R™), then we define:
(1) aAb=1[a" Ab™,at AbT],

(2) avb

(3) @ <bif and only if a~ < b~ and at < b,
(4) a<bifand onlyifa < band a#b,

(5) @ C bifand only if b~ <a~ <at <b*.

Theorem 2.7. Let a,b,¢ € I(R"). Then we have
(1) idempotent low: anG =a, @
(2) commutative lawr aAb=bA
(3) associative law:

Va
a,

=a, _
avb=bva

2

(5) distributive law:

av(nre =@vb)A@ve).

Clearly, we have the following theorem for multiplication and Hausdorff
metric on I(R™).

Theorem 2.8. (1) If we define @a-b = {z-blx € a,y € b} fora-bec I(RT),
then we have

a-b=[a"-b",a" b7
(2) If dg : I(R*) x I(R*) — [0,00) is a Hausdorff metric, then we have

du(a,b) = max{la™ — b |,|a™ — b*]|}.
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3. Interval-valued Choquet integrals

Let C(R") be the class of closed subsets of R*. We denote a real-valued
function f : X — R*, a closed set-valued function f : X — C(R1)\ {0}.

Definition 3.1. ([1, 2]) A closed set-valued function £ is said to be measurable
if for each open set O C R,

FLO)={z e X|fz)nO £0} € Q.

Definition 3.2. ([8, 19, 21]) Let {A,} C C(R*) be asequence and A € C(R™).
We define
(1) An T (1)A(order) if and only if dy(An, A) — 0 as n — oo and 4, <
A"+1(An Z An+1) for all n = 1, 2, caey
(2) A, 7 (1)A(inclusion) if and only if dg (A, A) — Oand A, C Apy1(A4nD
Apy1) foralln=1,2,....

Definition 3.3. ([6, 7, 8, 9, 10, 11, 21]) (1) Let A € Q. The Choguet integral
of f on A is defined by

©) /A Fdu={(C) /A fdulf € S(F)}

where S(f) is the family of measurable selections of f.

(2) f is said to be c-integrable if (C) [ fdu # 0.

(3) f is said to be Choquet integrably bounded if there is a c-integrable func-
tion g such that

| Fll= sup |r| <g(z), for allz € X.
ref(z)

Instead of (C) [y fdu, we write (C) [ fdu. Obviously, (C) [ fdu may be
empty. We remark that if A, B € C(X) (the class of closed subsets of X), then
A < B means inf A < inf B and sup A < sup B.

Theorem 3.4. If a closed set-valued function f is c-integrable, then

AgBandA,BeC(X):(C)/AfduS(C)/deu

and

ACBandA,BeC(X):(C)/AfduC(C’)/de,u.

4. Main results

In this section, we investigate structural characteristics of monotone interval-
valued set functions defined by the interval-valued Choquet integral. The con-
cept of absolute continuity in classical measure theory has been generalized in
as many so 21 different types for fuzzy measures (or continuous fuzzy measures)
in [18]. In Z. Wang et al. [11] they obtained that these generalizations were
applicable to nonnegative monotone set functions. We consider two of the 21
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generalized types of absolutely continuity, which are labeled in [18] as types I
and IV; they are defined as follows.

Definition 4.1. Let u be a fuzzy measure on 2. We say that a nonnegative
monotone interval-valued set function 7 on 2 is absolutely continuous of type
I with respect to u, denoted by ¥ < p if and only if #(A) = [0,0] whenever
A€ Q and p(A) = 0; we say that 7 on € is absolutely continuous of type VI
with respect to u, denoted by 7 <y p if and only if dg(P(A4,),[0,0]) — 0 as
n — oo whenever {4,} C Q and p(A,) — 0.

Using Theorem 3.4, it is easy to show that the interval-valued set function
V7 on (2 defined by

(@1) 77(A) = () /A Fdu, VAe€Q

is also nonnegative monotone and vanishing at §. Then by Theorem 3.4, we
also obtain that if f is Choquet integrably bounded and a fuzzy measure p is
continuous, there exist two nonnegative monotone interval-valued set functions
vy—,vg+ such that

(4.2) D(A) = [vs-(A),vp (4)], VAeQ
where v;-(A) = (C) [, f~dp and v+ (A) = (C) [, fHdpu.

Theorem 4.2. ([19]) Let A € Q and vy be defined in terms of a fuzzy measure
p and a real -valued function g by ve(A) = [, gdp.

(1) If g is measurable, then vy < p.

(2) If g is Choquet integrable, then vy v 4.

Theorem 4.3. Let an interval-valued set function Ug be defined in terms of p
and f by (4.1). If f is Chogquet integrably bounded and a fuzzy measure p is
continuous, then vy < p.

Proof. We note that f = [f~, f*] and that if f is Choquet integrably bounded,
then clearly f*, f~ are c-integrable. By Theorem 4.2(1)),

vi- < poand vpr < pe
Thus, if A € Q and p(A) = 0, then we have
vi-(A) =0 and vp+(A)=0.

Using the equation (4.2), we have 7(A) = [vs- (A), vs+(A)] = [0,0]. Therefore
we have vy <1 p. O

Theorem 4.4. Let an interval-valued set function Uf be defined in terms of p

and f by (4.1). If f is Choquet integrably bounded and a fuzzy measure y is
continuous, then Vg Lyrv.
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Proof. By the equation (4.2), we have f = [vy-,vp+]. Then by Theorem
4.2(2), we obtain

V- Ly i and Vi+ Ly M.
Thus, if {A,} € Q and u(A4,) — 0 as n — oo, then

vi-(An) — 0 and vp-(4,) — 0 as n — oo
Thus, by Theorem 2.8(2),
du(P§(An), [0,0]) = max{|ve- (An)l, v+ (An)|} — 0

as n — 0o. Therefore we have Vi L1 . O

Now, we show that the lower semi-continuity and the upper semi-continuity
of u are preserved in U when 77 is constructed from a fuzzy measure y and an

interval-valued function f by the interval-valued Choquet integral according to
(4.1).

Definition 4.5. (1) A nonnegative monotonic interval-valued set function v
is said to be lower semi-continuous in the meaning of order if v(A,) 1 {0,0]
(order), whenever {A,} is an increasing sequence in  and u(A4,) — 0 as
n — oo.

(2)A nonnegative monotonic interval-valued set function ¥ is said to be up-
per semi-continuous in the meaning of inclusion if 7(A,) | [0,0] (inclusion),
whenever {A,} is an decreasing sequence in €2, p(A4;) < oo and p(A,) — 0 as
n — co.

(3) A nonnegative monotonic interval-valued set function 7 is said to be
continuous in the meaning of order (in the meaning of inclusion) if it is both
a lower semi-continuous in meaning of order (in meaning of inclusion) and an
upper semi-continuous in meaning of order (in the meaning of inclusion).

Theorem 4.6. ([19]) Let A € Q and v, be defined in terms of a fuzzy measure
p and a real -valued function g by vg(A) = fA gdi.

(1) If u is lower semi-continuous and g is Choguet integrable, then v, is
lower semi-continuous in the meaning of inclusion.

(2) If u is upper semi-continuous and g is Choguet integrable, then v, is
upper semi-continuous in the meaning of inclusion.

Theorem 4.7. (1) Let an interval-valued set function Uy be defined in terms
of  and f by (4.1). If a fuzzy measure u is a lower semicontinuous and f is
Chogquet integrably bounded, then V5 is a lower semi-continuous in the meaning
of inclusion.

(2) Let an interval-valued set function Uf be defined in terms of u and f
by (4.1). If a fuzzy measure u is an upper semicontinuous and f is Choquet
integrably bounded, then Dy is an upper semi-continuous in the meaning of
wnclusion.
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Proof. (1) Suppose that a fuzzy measure p is a lower semi-continuous. Let
{An} be a sequence in Q with A, C A,41 for n = 1,2,... and u(An) — 0 as
n — o0o. Since f is Choquet integrably bounded, there exists a c-integrable
function g such that

f < g for all selections f € S(f).

Thus, by Theorem 4.6(1), v, is a lower semi-continuous, that is, v4(A,) — 0
as n — o0o. Thus

dH(Df_(An)a [Ov 0])

max{supueﬁf(An) infve[o,o] lu — U|a SUPye(0,0] infuepf-(An) lu —vl}
ma'x{supueﬁf-(An) ]Ul, inquEf-(An) ]u,}

Supueflf-(An) |ul

[vg (An)l-

Thus, we have

IN

0< lim dr(77(An), [0,0)) < lim Juy(An)| =0,

that is, 77 is lower semi-continuous in the meaning of inclusion.
(2) The proof is similar to the proof of (1). a

By the same method of the proof of Theorem 4.7, it is to show that under
the same hypothesis of Theorem 4.7 we have Uy is a lower (an upper) semi-
continuous in the meaning of order.
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