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NEW RELATIONSHIPS INVOLVING THE MEAN
CURVATURE OF SLANT SUBMANIFOLDS IN
S-SPACE-FORMS

Luis M. FERNANDEZ AND MARIA BELEN HANsS-UBER

ABSTRACT. Relationships between the Ricci curvature and the squared
mean curvature and between the shape operator associated with the mean
curvature vector and the sectional curvature function for slant submani-
folds of an S-space-form are proved, particularizing them to invariant and
anti-invariant submanifolds tangent to the structure vector fields.

1. Introduction

In words of B.-Y. Chen, to “find simple relationships between the main
extrinsic invariant and the main intrinsic invariants of a submanifold” is one of
the basic problems in the theory of submanifolds [7]. In this way, he established
a relationship between sectional curvature function and the shape operator for
submanifolds in real space-forms [7] and another relationship between the Ricci
curvature and the squared mean curvature [8]. Corresponding relationships
have been proved in [14] for slant submanifolds of Sasakian space-forms.

Slant immersions in complex geometry were defined by B.-Y. Chen as a nat-
ural generalization of both holomorphic and totally real immersions [9]. Re-
cently, A. Lotta has introduced the notion of slant immersion of a Riemannian
manifold into an almost contact metric manifold [12] and slant submanifolds
of Sasakian manifolds have been studied in [2]. For a general view about slant
submanifolds, the survey written by A. Carriazo [3] can be consulted. On the
other hand, for manifolds with an f-structure, D. E. Blair has introduced S-
manifolds as the analogue of the Kaehler structure in the almost complex case
and of Sasakian structure in the almost contact case [1] and we have defined
and begun with the study of slant submanifolds in such S-manifolds [4, 5, 6].

The purpose of this paper is to obtain similar relationships to Chen’s ones
mentioned above, generalizing and improving in some sense the ones proved
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in [14], for slant submanifolds in S-space-forms. To this end, after reviewing,
for later use, necessary details about S-manifolds and slant submanifolds in
Section 2, we devote Section 3 to get an inequality between Ricci curvature
and squared mean curvature vector and discuss the equality case. Finally, in
Section 4 we establish an inequality between the shape operator associated
with the mean curvature vector and the sectional curvature function for slant
submanifolds of S-space forms. In both cases, we particularize these inequalities
for invariant and anti-invariant submanifolds tangent to the structure vector
fields.

2. Preliminaries

Let (M g) be a Riemannian manifold and denote by & (M ) the Lie algebra
of vector fields in M. Then M is said to be a metric f-manifold if there exist a
(1,1) tensor field f, s global unit vector fields &;, . . ., £ (called structure vector
fields) and s 1-forms 71,...,ms on M such that

fPX=-X+ Z"?a Yo,  9(X,Ea) = na(X),
a=1
f&a :0, ’l’]aOfZO
and

9(f X, fY) =9(X,Y) - Zna e (Y),

for any X, Y €¢ X (M Jand a =1,...,s. Let F denote the fundamental 2-form
in M given by F(X,)Y)=g(X,fY), for any X,Y € X(M ) The tensor field f
is said to be normal if [f, f]+ 2>, £€a ® dne = 0, where [f, f] is the Nijenhuis
torsion of f. Thus M is called an S-manifold if the structure is normal and
F =dn,, forany a =1,.

Given an S-manifold M a plane section 7 in T}, M is called an f-section if it is
spanned by X and fX, where X is a unit tangent vector field orthogonal to the
distribution M spanned by the structure vector fields. The sectional curvature
K(n) of an f-section 7 is called f-sectional curvature. An S-manifolds is said
to be an S-space-form if it has constant f-sectional curvature ¢ and then, it is
denoted by M{c). As examples of S-space-forms, we can mention R?™+$(—3s)
with its standard S-structure given in [10] and H2™*$(4 — 3s), where

H2m+s _ {(xh” »,Z's) = 52m+l X oo X S2m+1/7T(CL‘1) P 7r(.’l!s)},

being 7 : §2™+! — PC™ the Hopf fibration (see [1] for more details). More
interesting examples of S-space-forms can be found in [10].

Now, let M be a submanifold isometrically immersed in an S-manifold M.
Let X (M) be the Lie algebra of vector fields in M and T+ M the set of all vector
fields normal to M. We denote by ¢ the second fundamental form of M and
by Ay the shape operator associated with any V € T+ M. They are related by
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the equation g(0(X,Y),V) = g(Ay X,Y), for any X,Y € X(M) and any V €
T+ M. The mean curvature vector H is defined by H = (1/dim(M ))trace(o).
The submanifold is said to be minimal if H vanishes identically and it is said
to be totally geodesic if o(X,Y) = 0, for any X,Y € X(M). Moreover, the
relative null space of M is defined by:

N={XeX(M): o(X,Y)=0, forall Y € X(M)}.

For any X € X(M), we put fX =TX 4+ NX, where TX (resp. NX) is the
tangential (resp. normal) component of fX. The submanifold M is said to be
invariant if N is identically zero, that is, if fX € X(M), for any X € X (M)
and it is said to be anti-invariant if T is identically zero, that is, if fX € T+ M,
for any X € X(M).

From now on, we suppose that the structure vector fields are tangent to M
and we denote by n + s (resp. 2m + s) the dimension of M (resp. M). Hence,
if we denote by £ the orthogonal distribution to M in X (M), we can write the
orthogonal direct decomposition X (M) =L @ M.

It is well-known that

(2.1) o(X,€,) = —NX,

for any X € X(M) and any o = 1,...,s. In particular, 0(£a,&3) = 0, for any
a,B=1,...,s.
Now, given a local orthonormal basis

{61, v o5 €CnyCrtl, - ..,ezm,gl, . 753}
of X(M), such that {e;,...,en} is a local orthonormal basis of £, we can write
the mean curvature vector H and the squared norms of T and o by:
1 n
2.2 H= iy €
(2:2) n+s;U(e“ez)’
(2'3) “T||2 = Z 92(eivTej)?
1,5=1
k23 n 8
24) ol =" llo(ese)*+2 D" Noles e +2D 3 llo(es, &)l
i=1 1<i<j<n i=1 a=1

The curvature tensor field R of a submanifold M of an S-space-form M (¢)
satisfies

R(X,Y,Z,W) = g(o(X,W),0(Y,2)) - g(0(X, Z),0(Y,W))

+ Y (9 X, fWna(YIns(Z) — 9(£X, FZ)1a(Y ns(W)
a,B

+9(fY, fZ)na(X)ng(W) = g(£Y, fW)na(X)ns(2))
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c+3s
+

(9(f X, fW)g(fY, £Z) — g(f X, FZ)g(fY, fW))

€S (F(X,W)F(Y,Z) ~ F(X,Z)F(Y,W) — 2F(X,Y)F(2,W)),

(25) +

—~—

for any X,Y,Z,W € X (M) (see, for references, [1, 11]).
The scalar curvature 7 of M is defined by

n 8
(2.6) = %ZK(ei/\ej)-i—ZZK(ei/\fa),
i#j i=1 a=1
where K(X AY) denotes the sectional curvature of M associated with the plane
section spanned by X, Y € X(M).
From (2.1)-(2.6), we obtain the following relationship between the scalar
curvature and the mean curvature of M [4]:

+ 2ns + THTH?.

If for each nonzero vector X € T,M — M,, we consider the angle §(X)
between f X and T, M, then the submanifold is said to be 6-slant [6] if such angle
is a constant, which is independent on the choice of p € M and X € T,M —M,,.
The angle 6 of a slant immersion is called the slant angle of the immersion.
Invariant and anti-invariant submanifolds tangent to the structure vector fields
are slant submanifolds with slant angle § = 0 and # = 7/2, respectively. A
slant immersion which is neither invariant nor anti-invariant is called a proper
slant immersion. Different examples of slant submanifolds of S-manifolds are
given in [6].

Finally, in {6], we have also proved that a 6-slant submanifold M of a metric
f-manifold M satisfies

9(TX,TY) = cos? O(f X, fY),

for any X,Y € X(M). Moreover, it is easy to show that, using a local or-
thonormal basis {eq,...,ents} of X(M),

2.7y 21 = (n+s)?|H|* = ||lo]]® + n(n — 1)

c+3s 3(c—3s)
4

n+s E]
(2.8) > g%(ei, feg) = cos (1 — Y ma(ed)),
7j=1 a=1
foranyi=1,...,s.

3. The Ricci curvature for slant immersions

Let M be an {n + s)-dimensional isometrically immersed submanifold in a
(2m+s)-dimensional S-space-form M (¢), tangent to the structure vector fields.
In this section, we want to study the Ricci curvature of unit vector fields in M,
normal to the structure vector fields, when M is a slant submanifold and to
relate them with the mean curvature vector. For this reason, we shall assume
that n > 2, because it is known that there are not proper slant submanifolds of
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dimension 1 + s ([5]). Throughout the section, we consider local orthonormal
basis of X(M(c)),

(3.1) {e1,- ,enslnit, oy €2m, €2me1 = &1, ooy €2mts = &5ty

such that {e1,...,en} is a local orthonormal basis of £. First, we have the
following general result:

Theorem 3.1. Let M be an (n + s)-dimensional submanifold M (c), tangent
to the structure vector fields. Then,

(3.2) 4Ric(U) < (n+ s)?||H||? + (n — 1)(c + 3s) + ||TU|*(3¢c + s),

for any unit vector field U € L.

o~

Proof. We choose a local orthonormal basis of X(M(c)) as in (3.1) and such
that ey = U. Then:

lol? = S+ PIHP+2 Y folen el +230 Y lolen &)

1<i<j<n i=1 a=1

(33 gD lolenedl= Y glolened,oles.en).

1<i<j<n

Thus, from (2.7) and (3.3), we have:

0+ PIHIP = 7= 2ol = 1(e+35) — SIT|(e— 5) — ns

+ Y lotenedl?+ ). llo(es, &)1

1<i<j<n i=1 a=1
1 & 1
(3.4) + > lloes, el - 3 Y glolei e, olej €5)).
i=1 1<i<j<n

On the other hand, since from (2.6),

7 = Ric(U) + E K(ei/\ej)+zn:ZS:K(eiA£a)

2<i<i<n =2 a=1

and, by using (2.5), we get

Z K(eiNej) = %n(n —1)(c+3s) + 3 (”T—“ - HTUHQ) (c—s)

4\ 2
2<i<j<n
+ Y (glo(ei ei),0(e;,e5)) — llo(ei e)]?)
2<icj<n

and
n &

DD Elein&)=m-1)s—3"3 floles &l

=2 a=1 1=2 a=1
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then, substituting into (3.4) and taking into account (2.1), we obtain:

RicU) = Z(n+sPIHIP+ 3(n—1)c+35) + ITU[(3c + 5)
5 X glotenedolese) +5 (o0, V) olei, )

(55 =S llo@,el* - 7 Y- lotes el

Now, if we put of; = g(o(ei,e;),¢,), for any 4,5 = 1,...,nand r = n +
1,...,2m, (3.5) becomes
: 1 2 9, 1 1 2
Ric(U) = Z(n + )| HII® + Z(n —1)(c+3s)+ Z”TUH (3c+s)
2m 1 n 2 n
(3.6) - Z 1 (U{I _ZU;) +Z(UL')2 ;
r=n+1 i=2 i=2
which completes the proof. O
Observe that, if we also put 0l 2mta) = g9(o(U,&a),er) = —g(NU,e,), for
anya=1,...;sandr=n+1,...,2m, we have
1 1 1
Ric(U) = Z(n +8)?||H|I? + Zn(c—k 3s) + Z(?»HTUH2 —1)(c—s)
2m 1 n 2 n s
(37) - Z Z (UII - ZU;> + (U{i)z + Z(UI(2m+a))2
r=n+1 =2 =2 a=1
and, consequently:
(3.8) 4Ric(U) < (n + 8)?||H||? + n(c+ 3s) + 3| TU||2 - 1)(c — s).

When s = 1, this upper bound is the one obtained in [14] for submanifolds
of Sasakian space-forms tangent to the structure vector field. However, it is
easy to show that it is worse (in the sense of higher) than the one of (3.2).
Moreover, both upper bounds are equal if and only if |[NU|? = 0, that is, if
and only if, from (2.1), 6(U,£,) = 0, for any o = 1,...,s. If it is the case, their
common value is (n + s)?[|H |2 + n(c + 3s) + 2(c — s). Then, we can prove the
following theorem.

Theorem 3.2. Let M be an {n+s)-dimensional minimal submanifold of M(c),
tangent to the structure vector fields. Then, a unit vector field U in L satisfies
the equality case of (3.8) if and only if U lies in the relative null space of M.
Moreover, in this case:

4Ric(U) = n(c+ 3s) + 2(c — s).
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Proof. TfU € L is a unit vector field satisfying the equality case of (3.8), then it
also satisfies the equality case of (3.2) and so, 0(U,&,) =0, foranya =1,...,s.
Furthermore, choosing a local orthonormal basis of A (]\7 (¢)) as in (3.1) such
that e; = U, from (3.7) we get 07, =0, forany i =2,...,n,7=n+1,...,2m

and
n
r . T
011 = E ;o-izﬁ
i=2

for any r=n+1,...,2m. But, since H =0,

n
T _ T
o = E :Uiia
=2

for any r =n +1,...,2m, that is, 6], = 0. Thus, U € N.

Conversely, if U € N, choosing a local orthonormal basis of X (1\7 (c)) as
in (3.1) with e; = U, we have that ¢}, = 0 and Ol (omie = 0 for any i =
1,....n,a=1,...,8, 7 =n+1,...,2m. Again, since H = 0, we obtain that
o5+ +o0oh, =0, forany r =n+1,...,2m. Then, from (3.7) we get the
equality case of (3.8). Finally, from (2.1) we complete the proof. a

Now, observe that if the equality case of (3.8) holds for all unit vector fields
U € L, the equality case of (3.2) is true for these vector fields too. Thus, from
(2.1), NU = 0 for any U € £ and M is an invariant submanifold. Then, it
is easy to show that it is minimal. Consequently, making use of Theorem 3.2,
U e N, forany U € £ and M is totally geodesic. The converse result is a
straightforward computation. So, we have proved the following corollary of
Theorem 3.2.

Corollary 3.1. Let M be an (n+s)-dimensional minimal submanifold of M (c),
tangent to the structure vector fields. Then, the equality case of (3.8) holds for
all unit vector field in L if and only if M is a totally geodesic submanifold.

Next, we are going to study the equality case of (3.2). To this end, we recall
that an (n+s)-dimensional submanifold of an S-manifold, tangent to the struc-
ture vector fields, is said to be a totally f-geodesic submanifold (resp., totally
f-umbilical) if the distribution £ is totally geodesic (resp., totally umbilical),
that is, if 0(X,Y) = 0 (resp., 0(X,Y) = g(X,Y)V, being V = 22 H), for any
X,Y € L [13]. Then, we can prove the following theorem.

Theorem 3.3. Let M be an (n+s)-dimensional (n > 2) submanifold of M (c),
tangent to the structure vector fields. Then, the equality case of (3.2) holds
for all unit vector field in L if and only if either M is a totally f-geodesic
submanifold or n = 2 and M is a totally f-umbilical submanifold.

Proof. If the equality case of (3.2) is true for any unit vector field U € L, then,
by choosing local orthonormal basis of X'(M(c)) as in (3.1) and since e; can be
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chosen to be any arbitrary unit vector fields in £, from (3.6) we get
20, =01+ +o,,, t=1,...,n,

oi; =0, 15 ],
for any r = n+1,...,2m. Thus, we have two cases, namely either n = 2 or
n > 2. In the first case, 0], = 03, for any r and M is a totally f-umbilical
submanifold, while in the second case o}; = 0,7 =1,...,n and M is a totally f-
geodesic submanifold. The converse part is a straightforward computation. O

The above results correspond to that one proved by B.-Y. Chen in [8] for
submanifolds in real space-forms. Moreover, they imply the following theorem
for a slant submanifold isometrically immersed in an S-space-form.

Theorem 3.4. Let M be an (n + s)-dimensional (n > 2) §-slant submanifold
of an S-space-form M(c). Then:

(i) For each unit vector field U € L, we have:
(3.9 4Ric(U) < (n + s)?||H|?> + (n — 1)(c + 3s) + cos? 8(3c + s).

(ii) The equality case of (3.9) holds for all unit vector field in L if and only
if either M is a totally f-geodesic submanifold or n = 2 and M is a
totally f-umbilical submanifold.

Proof. For any unit vector field U € £, by using a local orthonormal basis of
X(M(c)) as in (3.1), such that e; = U, we get from (2.8) that

|TU)? = cos® @
and so, from (3.2) we have (3.9). The rest of the proof is similar to that of
Theorem 3.3. 0

In particular, if M is an invariant submanifold (then, it is a minimal manifold
too), we have:
Theorem 3.5. Let M be an (n+s)-dimensional (n > 2) invariant submanifold
of an S-space-form M (c) tangent to the structure vector fields. Then:
(1) For each unit vector field U € L, we have:
(3.10) 4Ric(U) < n(c+3s) + 2(c — s).

(i1) The equality case of (3.10) holds for all unit vector field in L if and
only if either M is a totally f-geodesic submanifold orn =2 and M is
a totally f-umbilical submanifold.

Finally, if M is an anti-invariant submanifold, we obtain:

Theorem 3.6. Let M be an (n + s)-dimensional (n > 2) anti-invariant sub-
manifold of an S-space-form M (c) tangent to the structure vector fields. Then:
(i) For each unit vector field U € L, we have:

(3.11) 4Ric(U) < (n+ 8)?|H||? + (n — 1)(c + 35).
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(ii) The equality case of (3.11) holds for all unit vector field in L if and
only if either M is a totally f-geodesic submanifold orn =2 and M 1is
a totally f-umbilical submanifold.

These results improve those ones proved in [14] for slant submanifolds of a
Sasakian space-form (case s = 1).

4. The shape operator in slant submanifolds

Let M be an (n+s)-dimensional 6-slant submanifold of a (2m+s)-dimension-
al S-space-form M(c). Let p € M and a number
c+3s  3(c—3)
4 + 4
such that the sectional curvature of M, K > b at p. Throughout this section,
we consider an orthonormal basis of the tangent space TP(M )

b> cos? 6

{er,. . en €nt1s s Ents; Entstl,- - €2mats)
with {e1, ..., en4s} being an orthonormal basis of T,(M), e,4s+1 parallel to the
mean curvature vector at p and ej, - ,en4s diagonalizing the shape operator
Anist1- As above, we put o7, = g(o(e;, €5),€,), for any 4,5 =1,...,n+ s and
r=n+s+1,...,2m+ s. Then, we have
ag 0 - 0
0 az e 0
(4.1) Anporr =1 . . : ’
0 0 - Gnys
n+s+1

where a; = o;; ,i=1,...,mn+ s Moreover,if r =n+s+2,...,2m+ s,
Ay =(0];),4,5=1,...,n+s and so,

n+s
(4.2) traceA, = Z o =0,
=1
since
n+s
Z o =g((n+s)H,e.) =0,
i=1
forany r =n-+s+2,...,2m+ s because H is parallel to e, ys41.
Now, for i # j, 4,5 =1,...,n+ s, we define
Ui = Q0 = UZ-““G;?LSH = Uj;

and from (2.5), (2.8) and by using (4.1), we obtain, for X = Z =¢;, Y =W =
€5

2m+s
3 3(c—
(4.3) w; > b — ct—l °_ (c4 ) cos® § — Z (005 — (05;)7) .
r=n+s+2




656 LUIS M. FERNANDEZ AND MARfA BELEN HANS-UBER

Taking into account these formulas, we can prove the following technical
lemma for u;;, 4,5 =1,...,n+s, i # j.

Lemma 4.1. (¢) For any fizedi € {1,...,n+ s}:
Zu” n-l—s—l)( C_lk?)s—3(6—8)(:0520>>().

4 4
i#j
(48) ui; # 0.
(111) For distinct 4,5,k € {1,...,n + s}
aiz _ Uijuik'
Uik

(iv) Fora fizxedk, 1 <k < [n+s]:

k n+s _
Z Z u; > k(n—k+s) <b—c—235—3(c4 S)COSQB).

i=1 j=k+1
(’U) Uij > 0.

Proof. First, from (4.2) and (4.3), a straightforward computation gives (7).
Now, if u;; = 0, then a; = 0 or a; = 0. If a; = 0, we have uy = 0, for any
ke{l,...,n+s}, k#4. Thus,

Zuij = O,

J#
which contradicts to (¢). Now, (ii7) is direct from the definition of w;;, uy and
uji. Again, a straightforward computation using (4.2) and (4.3) gives (iv).
Finally, if we suppose that uj(n4s) < 0, from (éii) we get uisuymysy < 0, for
1 < i < n+s. Without loss of generality, we may assume
U12; - - - Ulks u(k+1)(n+s)7 e 7u(n+s—1)(n+s) > 07

UL (k1) -« > Ui(nts—1)s U2(nts)) s Uk(nts) < 0,
for some k such that:

[Z—F;—_l+1]§k§n+s——l.

Ifk =n+s—1, then uymys) + Usnys) +* + Unps—1)(nts) < 0, which
contradicts (z). Consequently, k < n+ s — 1. From (i), we obtain

U; U
aEH_S _ i(n+s) Ut(n+s) >0,
Uit
where 2<i <k, k+1<t<n+s—1and so, u;; <0. This implies that
n+s k nts—1 n+s
Z PIRZEDIDD utt+Zuz<n+s> + > we <o,
i=1 t=k+1 i=2 t=k+1 t=k+1

which contradicts (iv) and completes the proof. O
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In the following theorem, we establish a relationship between the shape
operator associated with the mean curvature vector and the sectional curvature
for slant submanifolds in an S-space-form.

Theorem 4.1. Let M be an (n + s)-dimensional §-slant submanifold isomet-

rically immersed in a (2m + s)-dimensional S-pace-form M(c). If at a point

p € M there exits a number

c+3s  3(c—s)
4 + 4

such that the sectional curvature of M, K > b at p, then the shape operator
associated with the mean curvature vector satisfies

n+s—1 b_c+3s_3(c—s)
n+s 4 4

b> cos®

Ay >

cos? 6’) Ings,

at p, where I, is the identity map.

Proof. Let p € M and a number

c+3s  3(c—s)
4 + 4

such that the sectional curvature K > b at p. We choose a orthonormal basis

of Tp(M) as in the beginning of the section. Then, from the above lemma, we

observe that ai,...,an+s have the same sign. We assume that a; > 0, for any
je{l,...,n+ s} Thus:

b> cos® 6

Z’ui]’ = ai(al +---+ an+s) - a?
J#i

(4.4) > (n+s—1)<b——C+38—3(c_s)cos20>.

4 4
From (4.1) and (4.4), we get, foranyi=1,...,n+s:

ai(n+s)|H| > (n+s—1) (b_c+3s _3e=s) cos29> + a?

4 4
>n+s—-1){b— ct+3s_3le—s) cos? 8 ).
4 4
This completes the proof. O

For the particular cases of invariant and anti-invariant submanifolds (cases
6 = 0 and 8 = 7/2, respectively), we have the following two theorems.

Theorem 4.2. Let M be an (n + s)-dimensional invariant submanifold iso-
metrically immersed in a (2m + s)-dimensional S-space-form M (c) tangent to
the structure vector fields. If at a point p € M there exists a number b > ¢
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such that the sectional curvature of M, K > b at p, then the shape operator
associated with the mean curvature vector satisfies at p:
n+s—1
Ag > ———(b—c)lnys.
H n+s ( ) n+s
Theorem 4.3. Let M be an (n + s)-dimensional anti-invariant submanifold
wsometrically immersed in a (2m + s)-dimensional S-space-form M(c) tangent
to the structure vector fields. If at a point p € M there exists a number
c+3s
4

such that the sectional curvature of M, K > b at p, then the shape operator
associated with the mean curvature vector satisfies at p:

-1
AH>n+s (b_c+3s>1n+s.

b>

n+s 4

These results should be compared with those ones proved in [14] for Sasakian
space-forms (case s = 1).

References

[1] D. E. Blair, Geometry of manifolds with structural group U(n) x O(s), J. Differential
Geometry 4 (1970), 155-167.

[2] J. L. Cabrerizo, A. Carriazo, L. M. Fernandez, and M. Fernandez, Slant submanifolds
in Sasakian manifolds, Glasg. Math. J. 42 (2000), no. 1, 125-138.

[3] A. Carriazo, New developments in slant submanifolds theory, Applicable Mathematics
in the Golden Age (Edited by J. C. Misra), 339-356, Narosa Publishing House (New
Delhi, 2002).

[4] A. Carriazo, L. M. Fernindez, and M. B. Hans-Uber, B. Y. Chen’s inequality for S-
space-forms: applications to slant immersions, Indian J. Pure Appl. Math. 34 (2003),
no. 9, 1287-1298.

(5] , Minimal slant submanifolds of the smallest dimension in S-manifolds, Rev.
Mat. Iberoamericana 21 (2005), no. 1, 47-66.
{6l , Some slant submanifolds of S-manifolds, Acta Math. Hungar. 107 (2005), no.

4, 267-285.
[7] B.-Y. Chen, Mean curvature and shape operator of isometric immersions in real-space-
forms, Glasgow Math. J. 38 (1996), no. 1, 87-97.

8] , Relations between Ricci curvature and shape operator for submanifolds with
arbitrary codimensions, Glasg. Math. J. 41 (1999), no. 1, 33-41.
9] , Slant immersions, Bull. Austral. Math. Soc. 41 (1990), no. 1, 135-147.

[10] 1. Hasegawa, Y. Okuyama, and T. Abe, On p-th Sasakian manifolds, J. Hokkaido Univ.
Ed. Sect. I A 37 (1986), no. 1, 1-16.

[11] M. Kobayashi and S. Tsuchiya, Invariant submanifolds of an f-manifold with comple-
mented frames, Kodai Math. Sem. Rep. 24 (1972), 430-450.

[12] A. Lotta, Slant submanifolds in contact geometry, Bull. Math. Soc. Sci. Math. Roumanie
(N.S.) 39 (1996), 183-198.

[13] L. Ornea, Generic CR-submanifolds in S-manifolds, Stud. Cerc. Mat. 36 (1984), no. 5,
435-443.

[14] M. M. Tripathi, J.-S. Kim, and S.-B. Kim, Mean curvature and shape operator of slant
immersions in a Sasakian space form, Balkan J. Geom. Appl. 7 (2002), no. 1, 101-111.



NEW RELATIONSHIPS INVOLVING THE MEAN CURVATURE

Luis M. FERNANDEZ

DEPARTMENT OF GEOMETRY AND TOPOLOGY
FACULTY OF MATHEMATICS

UNIVERSITY OF SEVILLA

APARTADO DE CORREOS 1160
41080-SEVILLA, SPAIN

E-mail address: lmfer@us.es

MARiA BELEN HANs-UBER

DEPARTMENT OF GEOMETRY AND TOPOLOGY
FACULTY OF MATHEMATICS

UNIVERSITY OF SEVILLA

APARTADO DE CORREOS 1160
41080-SEVILLA, SpaIN

E-mail address: 1mferQus.es

659






