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ON NONSINGULAR EMBRY QUARTIC MOMENT
PROBLEM

CHUNJI L1 AND XIAOYUN SUN

ABSTRACT. Given a collection of complex numbers v = {v;;} (0 <1+
j £ 2n, |t —j| < n) with v90 > 0 and v;; = #%;;, we consider the
moment problem for ~ in the case of n = 2, which is referred to Embry
quartic moment problem. In this note we give a partial solution for the
nonsingular case of Embry quartic moment problem.

1. Introduction and preliminaries

For n € N, let m = m(n) := ([2] + 1)([22] +1). For A € My,,(C) (the
algebra of m x m complex matrices), we denote the successive rows and columns
according to the following ordering:

(1.1) 1, 7 .,72% 272, 7% 27% 2% 273, 72%7°%,....
i N N A N At A
(1) (1) (2) (2) (3)
For a collection of complex numbers
(1.2) vy={w}t 0<i+j<2n, [i—j] <n) with 0 > 0 and ;5 = ¥4,
we define the moment matrix E(n) = E(n)(y) in M, (C) as follows:

E(n)(k0)(i.5) 7= Vitisi+-
For example, if n = 2, i.e.,

Y 7Yoo, Y01, Y10, Y02, Y11, Y20, Y12, Y21, Y13, V22, V31,

then we obtain the moment matrix
1 Z Z? ZZ
Yoo  Yoi Yo2 Vit
E(Q) = Yo Y11 Y12 721

Y20 Y21 Y22 Y31
Y11 Y12 Y13 Y22
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Embry truncated complex moment problem entails finding a positive Borel mea-
sure i supported in the complex plane C such that

o= [#2duz) O <iti <2 li-j <)

(1 is called a representing measure for v as in (1.2). Recall that Embry quadratic
moment problem for n = 1 was solved in [6], but Embry quartic moment
problem for n = 2 did not solved completely yet. Recently the first author of
this paper solved the singular case in [5], whose case means that det £(2) = 0.
In fact, two methods can be used to solve the nonsingular case of such problem:
one is characterizing the double flat extension E(4) of E(2) according to [4] and
the other is that, first, extending E(2) to M(2) as

/ Yoo “Yor 7Yie 7Yo2 Y11 720 \
Yo Y11 Y20 Y12 Y21 Y30
M(2) = Yo1r %Yoz Y11 Yo3 Y12 Y21
Y20 Y21 Y30 Y22 Y31 Y40
Y11 Y12 Y2r Y13 Y22 731
\ Yo2 Yoz Y12 Yo4 Y13 722 )

and next, considering the extension problem of singular moment matrix M (2)
as in [3] and [8]. In this paper, by using the latter method, we solve the
nonsingular Embry quartic moment problem under useful special cases.

The calculations in this article were obtained throughout computer experi-
ments using the software tool Mathematica [9).

2. E(2) has positive flat extension M (2)

Proposition 2.1. Assume that E(2) is positive and nonsingular. If

Yoo Vo1 Y10 Yoo Yol Y10 Y11

(21) Y0 Y11 Y20 >0 and Y10 Y11 Y20 Y21 > 0’
o1 o2 i1 Yo1 Yoz Y11 Y12
Y1t Y12 Y21 Y22

then E(2) has a positive flat extension

( Yoo “Yoi1 Y10 Yo2 Y1t \
Y10 Y11 Y20 Y12 Y21
E(2,1):=1] 7vYo1 Y2 711 Y3 712 |
Y20 Y21 Y30 Y22 Y31

\ Y11 Y12 Y21 13 Y22 }

for some yp3 € C.
Proof. Let
(2.2)  detE(2,1) = Alryos|® + 2Re(Cyo3) + B = 0.
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Then a straightforward calculation shows that

Yoo Yo1 Yo2 711 Yoo Yor Y10 Y11
|C|2 _ AB — Y10 Y11 Y12 Y21 | | Yo Y11 Y20 Y21 | 0.
Y20 Y21 Y22 Y31 Yo1  Yo2 Y11 Y12
Y11 Y12 Y13 Y22 Yi1 o Yi2 Y21 22

So the equation (2.2) has a solution o3 (see [5, Lemma 2.13|). By (2.1), E(2,1)
is positive and rank E(2,1) = rank E(2) = 4. Therefore, F(2) has a positive
flat extension F(2,1). O

Remark. The conditions (2.1) of Proposition 2.1 are essential. In fact, let

E(2) =

[N] Pl NeT T
D200 |00 | o
N~ S -
H DO [0 [ o]

Then E(2) is positive and nonsingular. But since

[l %] T ST
b= = D=
I
|
I

N0

the former condition of (2.1) is not satisfied. Let

1 0 1 3

0o 1 0 0

E(2 — 2 i
Tl
2 0 2 2

Then E(2) is positive and nonsingular. But since

O == O
N O O
| A
(WY

OO = O

=0 O =

the latter condition of (2.1) is not satisfied.

Proposition 2.2. Assume that E(2) is positive and nonsingular. If (2.1) is
satisfied, and there exists vo3 € C such that

Yoo Y10 Yo2 i1
(2.3) 701 Y11 03 M2 | S 0
Y20 Y30 Y22 Y31
Y11 Y21 Y13 Y22
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then E(2) has a positive flat extension

/ Yoo 7Yo1 o2 Yi1 Y20 \
Y10 Y11 Y12 Y21 Y30
E(272) == Y20 Y21 Y22 Y31 Y40
Y11 Y12 Y13 Y22 Y31
\ Yo2 Yoz Yo4 Y13 Y22 /

for some yoq € C.

Proof. In fact, if

(2.4) det £(2,2) = A|yoa|* + 2Re(Cyoa) + B =0,
then a straightforward calculation shows that

Yoo Y10 Yoz Y11 Yoo Yo1 7YYoz Y11
|C|2 _AB = | Yo 711 73 iz | | Yo M1 M2 2L S
Y20 Y30 Y22 Y31 Y20 Y21 Y22 Y81
Y1t Y21 Y13 Y22 Y11 Y12 Y13 Y22

Thus equation (2.4) has a solution g4 (see [5, Lemma 2.13]). Since (2.3) is
satisfied, we know that F(2,2) is positive, and rank E(2,2) = rank E(2) = 4.
Therefore, F(2) has a positive flat extension E(2,2). O

By Proposition 2.1 and Proposition 2.2, we have the following theorem.

Theorem 2.3. Assume that E(2) is positive and nonsingular. If (2.1) is sat-
isfied and (2.3) is also satisfied for some o3 € C, then E(2) can be positively
flat extended to M (2).

3. Main results

Proposition 3.1. Let vV := {1,0,0,0,4,0,0,0,0,b,0} with a,b € R and let
the corresponding moment matriz be

o RO

(3.1) E(2) =

=R e Bl an i
O T OO
o O R

0

Ifa > 0 and b > a?, then E(2) as in (3.1) is positive and invertible, and it
has a positive double flat extension E(4). Therefore, ¥V admits a 4-atomic
representing measure.

Proof. See the proof of [7, Corollary 5.2]. O

The following result is an improvement of Proposition 3.1.
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Proposition 3.2. Let v? := {1,0,0,0,a,0,0,0,7v13,b,7v31} with a,b € R,
v31 = Y13 and let the corresponding moment matrixz be

1 0 0 a
0 a O 0
a 0 Y13 b

where v13 # 0. Ifa > 0,b > a2, and |y13|° < b (b— a?), then E(2) as in (3.2) is
positive and invertible, and it has a positive flat extension M (3). Furthermore,
7(2) admits a 4-atomic representing measure.

Proof. The conditions of Theorem 2.3 are a > 0, b > a? and
a (62 - aQb — 1’713|2)

b — a?

First, we can extend F(2) to M(2) as following

|’Y03|2 <

( 1 0 0 0 a 0 \
0 a 0 0 0 30
0 O a Yoz O 0
3.3 M(2) = :
(3:3) (2) 0 O v b 31 740
a 0 0 ~v3 b a1
\ 0 %3 0 ~ua ms b )
a —a’b— 1 2 .
where |yos3l? = (b b*bazh o) (< ab) and ~yps = 323%. Since
1 0 O 0
0 a O 0 1 2
0 0 a o3 —-ﬂ0wm'—“)>m
0 0 730 b

we know that {1 2.7, 7 2} is independent in Cps(o). If we let

Z7Z =Al1+BZ+CZ+DZ?,

then .
A=a, B=0, C = ’}’312’}’03 D=— ’2)’31 ,
[Yos|” — ab Y08|” — ab
where D # 0. By [3, Theorem 1.3], we know that M (2) has a flat extension

M (3) if and only if there exists 23 € C such that

Y23 = A7y21 + B2z + Cys1 + Dyes.
For M(2) as in (3.3), this means

7??1 Y23
(3.4) Y23 = Y03 5 — 4731 5 ~
|Y03|” — ab 03] — ab

Claim. There exists y23 € C satisfying (3.4).
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Indeed, if we let vo3 = = + yi, ~yi3 = s+ i, o3 = u+ vi, then (3.4) is
equivalent to

(as — ab+ z® + y?) u + atv — 2sty — s’z + 2z = 0,

(3-5) —atu + (ab + as — % — y*)v + 2stx — s%y + t?y = 0.
Since
as — ab+ z? + y? at
—at ab+ as — x% — y?
— (a s2+ 2+ (ab—z* — yz)) (a\/ 52 4+ 12 — (ab— z* — yz))
and | |

VTP = (ab—a? - y?) = 2L (a2 g,

b—a
if |13 # b — a?, then the equation (3.4) admits a unique solution.
For the case |y13] = b— a?, |y03]° = a*, and also (3.5) is equivalent to

u(as—ab+a®) +atv = (s°—t%)z+ 2sty,
—atu+v (ab+as—a’) = (s*—t*)y— 2stz.
Let £ = av/acosf,y = a/asinf, s = (b — a,z) cosa,t = (b — a,z) sin . Then
s° —t2) x + 2sty at 5 o\ 3 3
gsz—tz Y 2ste b+ as— a® = 2a°v/a (b — a®)" cos 9——2-a oS @

Thus, if cosa = 0, i.e., Reyis = 0, then the equation (3.5) admits infinitely
many solutions. If cos o # 0, then we consider cos (9 — —g-a) =0.506- %a =
or # — Sa = 3F. Therefore, in each case, E(2) admits a flat extension M (3

Thus we have our conclusion. []

]

Example 3.3. Let

1 0 0 1
0 1 0 O
=100 2 -
10 & 2
Then E(2) has positive flat extension
(10 0 0 1 0
0 1 0 0 0 Iy
M —| 0 0 1 = g g
— 2—+/31 1 1
0 0 YE 2 -4 -
10 0 L2 %
243 1 3 9 )
\ 0 % 0 —1 3

By straightforward calculation, we obtain the following representing measure

H - pO(SZO '+‘ p1(521 "I_ 9252:2 + p3523’
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where the atoms and the densities are zg =~ —0.8039+0.8466971, 27 =~ —0.59528—
1.499381%, zo =~ 0.175888 — (0.226741, z3 ~ 1.46731 + 0.5014312; pg ~ 0.25919,
p1 ~ 0.113986, p2 =~ 0.49831, p3 ~ 0.128514.

Proposition 3.4. Let 3 = {1,v01,710,0,0,0,0,0,0,b,0} with a,b € R,
Y10 = o1 and the corresponding moment matrix be

1 v1 0 @
_ Yo a 0 0
a 0 0 b

where Y01 # 0. If a > 0,b > a?, and |'y01|2 < ﬂb—;;ﬁ, then E(2) as in (3.6) is

positive and invertible, and it has a positive flat extension M(3). Furthermore,
'}/(3) admits a 4-atomic representing measure.

Proof. The conditions of Theorem 2.3 are

b (a3 —ab+b 170112)

b — a?

1’)’01|2 <

a(b— a?) a 2
— <
2b (< 2) and roa|” <

We extend E(2) as in (3.6) to the following

(1 90 0 0 @ 0 )
Yo a 0 0 0 730
Yyv1r 0 a 73 0 O
3.7 M(2) = ,
(8.7) (2) 0 0 v & 0 70
a 0 0 0 b O
\ O Y3 0 4 0O b )
where
| |2 ab (a3 —ab+ 2b i’}/01|2) —b (@3 —ab+b |’701|2)
Yo3|” = <
03 a3—ab—i—b|'ym|2 b— a?
and
Yo1|” b2
Yo4| = .
= (a3 —ab+b I’)/01|2)
Since
I 71 Mo ,
Y10 a 0 = a2 — 2a |”)/01| > 0,
Y1 0 a
1 Y1 70 O -
A.—| 10 O 0 0 |_ Y01|” ba >0
’)’81 8 a ’}’83 a3 — ab+ blyor|* ’
Y30
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we know that {1, 7,7, Z?} is independent in Cpy(z). If we let

(3.8) ZZ =A1+BZ+CZ+ DZ?,
then
2 2
A a’ (ab — |’Yo3l ) B a7v1o (!'Yosl — ab) O __azb'ym D= a2’7’o1’730
- A 7 A AT A

Since |vo1]° < ﬂb;b—&), v30 # 0, so D # 0. By [3, Theorem 1.3, we know that
M (2) has a flat extension M (3) if and only if there exists 23 € C such that

Y23 = Ayo1 + B2z + Cysy + Dyas.
For M(2) as in (3.7), this means

(3.9) A~a9z = abyio (|’Yo3|2 — ab) + a*~01730723-

Claim. There exists y23 € C satisfying (3.9).
Indeed, if we let yo3 = x + yi, 701 = s+ ti, ~23 = u+ vi, then (3.9) is
equivalent to

0= —abs(z° +9*) + a®b’s
+ u (a,zb — 2ab (82 + tz) —a? (sz + ty) + (32 + % a) (332 + y2))
+ va® (tx — sy),

0 = abt (332 + yz) — a’b%t + ua® (sy — tx) |
+v((a—s*—t%) (z° +¢°) — a®b+ 2ab (s* + t?) — a® (sz + ty)) .

Let
e1n1 = a’b—2ab(s*+1t%) —a®(sz+ty) + (s* +1* —a) (z* +¥°),
e12 = a°(tz —sy),
es1 = a°(sy—tzx),
€29 = (a,— s2 -—t2) (m2+y2) — a*b+ 2ab (52 +t2) — a2 (sz +ty),
elg = abs (3:2 + y2) — a’b?s,
eo9 = —abt (CL‘2 + yz) + a’b?t.
Since the determinant of coefficient matrix is
€11 €12
€21 €22

(a2 (b—a?)® + 26 (52 + £2)* + ab (24 — 3b) (s* + t2)) (s* +t%) a®b
(a® — ab + bs? + bt2)*
(a2 (b= a2)” + 262 pyor|* + b (202 = 3b) [y Jyon 0%

9 2
(CL3 ——ab-l—bhml )

b
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if
2
CL2 (b — az) + 262 |’)/01|4 + ab (2&2 — 3b) |’)/01|2 # 0,
then the equation (3.9) admits a unique solution. For the case
(3.10) a2 (b - a®)” + 26 |you |* + ab (24 - 3b) |ya|* = O,

we claim that

(3.11) |’Y01|2 = 4%) (31) — 2a% — \/b2 + 4a2b — 4(1,4) .

In fact, the solutions of (3.10) are

1 /3 1
012 = 22 (5a62 —a’b— 5\/a2b4 + 4ab3 — 4a662) , or

L (3 12 g3pe L /oopa o 4aips — ag6h2
%z(fm a®b+ 5 v/a?bt + datb® — daSp? ) .

Note that they are all positive. But

L (32 8 1 /5 473 61,2 a(b — a®)
72 (Qa,b a’b 2\/ab + 4a*b® — 4a°b < 5
1 (3 2 s 1 /53 ap3 61,2 a(b — a?)
553 (Qab ab+2\/ab + 4a%b® — 4a%b > ST

which proves our claim. Hence

2ab (\/b2 — 404 + 4a2b — b)

(3.12) L T VTR e
and

€11 €10 ba® (z* — ab + y*)

ea1 €2 | (a3 — ab+ bs2 4+ bt2)
where

Q = a’bt (32 + t2) + 2stx (a (a2 — b) +0b (82 + t2))
+y (b (24 ) +a(b—a?) ( ~ ).

Since ba® (2° — ab+ y?) (a® — ab + bs® + bt?) # 0, we consider the case of

(3.13) Q=0.
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We now claim that there exists g3 satisfying (3.12) and (3.13). In fact,

a2bt > ab(a® — ab+2b (s +t?))
a3 — ab + bs? + bt? a3 — ab + b (s? +t?)

a’b ? 9 .9 ab(a3—ab+2b(82+t2))
= (a3—ab+b(82+t2)> (s"+17) - a3 — ab+ b (s? +t2)

(az (b— a2)2 +26% |yo1|* + ab (20 — 3b) |701|2) ab

(a3 —ab+b lfym]z)z
= 0

because of (3.10). So M (2) admits a flat extension M (3). Thus we have our
conclusion. U

Example 3.5. Let

L g 02
E@)=| vo 2 00
0 0 5 0
2 0 0 5

Then FE(2) has positive flat extension

(1 Fooyw 02 0

—= 2 0 0 0 =2

- 0 2 =X 0 9

M(2) = V1o 20— 4 V3 14 4
0 0o 5 0 1+%

2 0 0 0 5 0

2441 41

\ 0 = o 1-%0 5 |

By straightforward calculation, we obtain the following representing measure

= P05z0 + 1915::1 + p2522 + )035237

where the atoms and the densities are zg ~ —1.13072+0.84609:, z; ~—0.31061—
1.79556%, z9 ~ 0.71198 + 0.73166%, z3 ~ 1.9995 + 0.22833%; py ~ 0.334864,
p1 = 0.18872, ps ~ 0.396101, p3 = 0.0803147.

Proposition 3.6. Let 7(4) = {1,0,0,¢,a,t,0,0, f,b, f} with a,b,t, f € R and
the corresponding moment matriz be

1
(3.14) E@) =]

o O Q O
Sy, O O o
S O
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where t, f are nonzero real numbers. If a > 0,b > t2, and (b — az) (b — t2) >

(f —at)?, then E(2) is positive and invertible. Furthermore, v admits a
4-atomzic representing measure in the following two cases:

(i) f #at, f # b+ at — a? and a® > t%;
(ii) f = at and a? > t>.

Proof. Let v93 = 2,723 = ¥, Yo4 = 2. The conditions of Theorem 2.3 are

0 < b—a® 0<a®*—t* and

a((b—a2) (b - ) = (f - at)’)

- b— a?

CL‘2

We extend E(2) as in (3.14) to the following

(1 0 0 t a t \
0 a t 0 0 =z
0 ¢t a = 0 O
M(2) = t 0 =z b f =z
a 0 0 f b f
\t x 0 z f b)
It follows from
1 0 0 t a
0 a t 0 0
0 t a 0 |=0
t 0 = b f
a 0 0 f b
that
2 42 2 C2Y (A2
2 (a t)((b a)(b t) (f at))
a(b—a?)
a((b—aQ)(b—tQ)—(f—at)z)
<
b— a?
Since
1 0 0 ¢ ,
0 a t 0 (a® — %) (f — at) 0
0 t a x| b — a2 — 7’
t 0 = b

we may consider the following two cases.
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Case 1. If f # at and a® > t2, then {1,7,Z,Z?} is independent in Cp(2).
By direct calculation, we have

abt? — ft3 — a3b + a?ft + a’x?

A4 = bt2 — a?b — t* + ax? + a?t?
B - (at — f)tx
bt?2 — a?b — t* + ax? + a?t?’
o - (at — f) ax
bt? — a2b — t* + ax? 4 a?t?’
b (at — f) (a? — t?)

bt2 — a2b — t4 + az? + a?t?
Observe that
0=y~ (Bb+ Cf+ Dy)

(b—ag)x(af—bt)+y(f——b—-—at+a2) (a2—t2)
(a? —1%) (f — at) |

which implies that

(i) if f = b+at —a? and af — bt = 0, then any y is the solution of the above
equality. But under this condition, f = b+ %i —a?, and so f = b, which gives
a contradiction because of the positivity of E(2); and if f = b+ at — a? and
af — bt # 0, then z = 0 and any y is the solution of the above equality. But

(g2 42 a2 (b= t2Y—( F—at)?
under this condition z? = (a2 2)((® a(g_(iz; J=(f=at’) = 0, we obtain t* = a?.

Hence this is a contradiction since a? > t2. So, M(2) has no flat extension
M(3).

(ii) if f # b+ at — a®, then M (2) has a unique flat extension M (3).

Case 2. If f = at and a® > t2?, then E(2) has a positive flat extension

(1 0 0 t a t )
0O a t 0 0 =z
O ¢t a = 0 0
M(2) = t 0 x b at z |’
a 0 0 at b at
\ t z 0 2z at b

where

3 < =
a a

xz\/(b—tQ)(az—tQ) t (at — b+ t2)

Since 1,7,7?, and ZZ are linearly independent, we have

Z = pol +pmZ+pZ°+p3ZZ,
Z? = ql+qaZ+q@Z?+q22.
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By a straightforward calculation, we have

Vi - 12) (a2 - 2)

b—t2

P2 = #0, p3a=q3 =0,
and so v(*) admits a 4-atomic representing measure for F(2).

Example 3.7. Let

—_

E(2) =

O O N O
DT O O
o O N

2

349

that is, f = —g—, a =2,b=>5,t = 1. Then the condition (i) of Proposition 3.6 is

satisfied. In this case, E(2) has a positive flat extension

/1 0 0 12 1 \

0 2 1 0 0 WO

3V/10

M= | 0 1 2 20 0 0
4 2 58

2 0 0 2 5 2

5

\1 0 ¢ & 3 5 )

By a straightforward calculation, we obtain the following representing measure

M — PO(SzO + pldzl + p2622 + p3523’

where the atoms and the densities are zg ~ —1.18585—1.04582¢, z1 ~ —1.18585+
1.04582z, 29 = 0, z3 = 1.58114; py =~ 0.228571, p1 =~ 0.228571, p ~ 0.2,

3 ~ 0.342857.

Example 3.8. Let

E(2) =

N = O
O N O
o OV O
|\ R i

0 D

that is, f = 2,a = 2,b = 5,¢t = 1. Then the condition (ii) of Proposition 3.6 is

satisfied. In this case, F(2) has a positive flat extension

(10 0 1 2 1
0 2 1 0 0 6
0 1 2 6 0 0
M(2) = 1 0 +v6 5 2 -1
2 0 0 2 5 2
\1 V6 0 -12 5 )
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By a straightforward calculation, we obtain

= V6 1, V6,
7 = —— - -7
AT EA
. 3. V6 1
7 = 214+ z--72
2 + 2 2Z

The four atoms are the roots of 3z% + 2v/62° — 6162 — 9 = 0, that is, zg =
—0.67188,21 =1.4884, 29 = —1.2247~1.22471, 23 =—1.2247+1.224 71, and
the densities are pg &~ 0.16667, p1 =~ 0.16667, po ~ 0.27033, p3 =~ 0.39633. So we
obtain a representing measure as following

= pobs, + P10z, + p20,, + P39.,.
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