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INTUITIONISTIC FUZZY n-NORMED LINEAR SPACE

SRINIVASAN VIJAYABALAJI, NATESAN THILLAIGOVINDAN, AND YOUNG BAE JUN

ABSTRACT. The motivation of this paper is to present a new and interest-
ing notion of intuitionistic fuzzy n-normed linear space. Cauchy sequence
and convergent sequence in intuitionistic fuzzy n-normed linear space are
introduced and we provide some results on it. Furthermore we introduce
generalized cartesian product of the intuitionistic fuzzy n-normed linear
space and establish some of its properties.

1. Introduction

In [10,11], S. Gahler introduced an attractive theory of 2-norm and n-norm
on a linear space. A systematic development of an n-normed linear space has
been extensively made by S. S. Kim and Y. J. Cho [15], R. Malceski [17], A.
Misiak [18] and Hendra Gunawan [13]. In [13], Hendra Gunawan and Mashadi
gave a simple way to derive an (n— 1)-norm from the n-norm and realized that
any n-normed space is an (n — 1)-normed space. A detailed theory of fuzzy
normed linear space can be found in [5,6,7,8,9,14,16,21]. In [19], we have
extended n-normed linear space to fuzzy n-normed linear space. The origin
and development of intuitionistic fuzzy set theory can be found in [1, 2, 3,4, 12].

The purpose of this paper is to introduce the notion of intuitionistic fuzzy
n-normed linear space as a further generalization of fuzzy n-normed linear
space [19]. Cauchy sequence and convergent sequence in intuitionistic fuzzy
n-normed linear space are introduced. The generalized cartesian product of

the intuitionistic fuzzy n-normed linear spaces is introduced and we provide
some results on it.

2. Preliminaries

This section i1s devoted to the collection of basic definitions and results which
will be needed in the sequel.

Definition 2.1 ([10]). Let X be a real linear space of dimension greater than

1 and let ||e, ®|| be a real valued function on X x X satisfying the following
conditions :
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1) |lz,y|| = 0 if any only if z and y are linearly dependent

2) ||z, yll = Iy, =|

3) |laz,y|| = la l|z,y||, where a € R (set of real numbers)

4) |lz,y + 2|| < flz, vl + ||z, 2[].

|le,®|| is called a 2-norm on X and the pair (X,||e,e||) is called a 2-normed
linear space.

P p— p—— p—

Definition 2.2 ([13]). Let n € N(natural numbers) and X be a real linear
space of dimension d > n.(Here we allow d to be infinite). A real valued function

|e,...,olon X x --. x X = X" satisfying the following four properties:
(1) ||z1,z9,...,2,|| = 0if any only if 1, z9,...,z, are linearly dependent
(2) |lx1,22,...,2,]|| is invariant under any permutation
3) ||z1,x2,...,az.]| = |af ||z1, 22, .., 2z4]|, for any a € R( set of real
numbers)
(4) ]:171,332, sy Ln—~1,Y + Z“ < H:El,xg, Ce ,xn_l,yll + ”331,:62, ey Ipn_1, Z”,
is called an n-norm on X and the pair (X, ||e,...,||) is called an n-normed

linear space.

Definition 2.3 ([13]). A sequence {z,} in an n-normed linear space

(X, [[e, ..., o]])
is said to converge to an x € X (in the n-norm) whenever
lim Hxl, L2y ey n_1,Tpn — Z‘H = (.
n—00

Definition 2.4 ([13]). A sequence {z,} in an n-normed linear space

(X, [|oy...,0]])
is called Cauchy sequence if lim ||z1,x2,...,Zp-1,Zn — zk|| = 0.
n,k— oo

Definition 2.5 ([13]). An n-normed linear space is said to be complete if every
Cauchy sequence in it is convergent.

Definition 2.6 ([19]). Let X be a linear space over a field F. A fuzzy subset
N of X™ x R (set of real numbers) is called a fuzzy n-norm on X if and only
if :
(N1) Forallt € R with t <0, N(z1,%2,...,Zn,t) =0.
(N2) For allt € R with t > 0, N(z1,x2,...,zn,t) =1 if and only if x;, x2,
..., n, are linearly dependent.

(N3) N(z1,22,.-.,Zn,t)is invariant under any permutation of 1, z2, . .. ,Tp.
(N4) For all t € R with ¢ > 0,

t

-'—C—|-), if ¢ # 0, c € F(field).

N(.’L‘l,xz,...,Cl'n,t) :N(xl,xg,...,ccn,
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(N5) For all s,t € R,
N(:El,:cg,...,:vn—ka:;,s—kt) > min {N(.’L’l,ﬂ;z,...,xn,S),N(fC]_,.T}Q,...,x;,t)} .

(N6) N(z1,z2,...,Tn,t) is a non-decreasing function of £ € R and

lim N(xzy,z2,...,%n,t) = 1.

t—oo

Then (X, N) is called a fuzzy n-normed linear space or in short f-n-NLS.

Definition 2.7 ([22]). A binary operation x : [0, 1] x [0, 1] — [0, 1] is continuous
t-norm if * satisfies the following conditions:

(1) * is commutative and associative

(2) x is continuous

(3) ax1=a, for all a € [0, 1]

(4) a b < ¢xd whenever ¢ < cand b <d and a,b,c,d € [0, 1].

Definition 2.8 ([22]). A binary operation ¢ : [0,1]x [0, 1] — [0, 1] is continuous
t-co-norm if ¢ satisfies the following conditions:

(1) ¢ is commutative and associative

(2) ¢ is continuous

(3) a0 =a, for all a € [0,1]

(4) aob < cod whenever a < cand b <d and a,b,c,de€ [0,1].

Remark 2.9 ([20]). (a) For any 1,7 € (0,1) with r; > rq, there exist r3,r4 €
(0,1) such that r{ xrg > r9 and ry > rq o rs.
(b) For any r5 € (0, 1), there exist rg,r7 € (0,1) such that r¢ x rg > r5 and
r7 o7 < T5.

Definition 2.10 ([2]). Let E be any set. An intuitionistic fuzzy set A of E
is an object of the form A = {(x, pa(x),va(x))|x € E}, where the functions
pa @ E — [0,1] and v4 : E — [0,1] denote the degree of membership and
the non-membership of the element z € E respectively and for every x € E,
0 < pa(z)+valz) < 1.

Definition 2.11 ([13]). If A and B are any two intuitionistic fuzzy sets of a
non-empty set F, then A C B if and only if for all

z € E,palz) < pplz) and ya(z) = vp(2);

A=B if and only if for all z € E, pa(x) = pp(z) and ya(z) = va(z);
A= {(z,74(x), pa(z))|lz € E};

AN B = {(z, min(pa(x), pp(z)), max(ya(z), v8(2)))|x € E};

AU B = {(z, max(pa(z), up(z)), min(ya(2), v8(2)))lz € E}.

Definition 2.12 ([12]). Let A and B be intuitionistic fuzzy sets in E; and Es
respectively. Then the generalized cartesian product

Axrs B ={((z,y), T(na(z),n(y)), S(valx),78(y)))lc € Er and y € Ea},

T denotes the t-norm and S denotes the t-co-norm.
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3. Intuitionistic fuzzy n-normed linear space

By generalizing Definition 2.6 we obtain a new and interesting notion of
intuitionistic fuzzy n-normed linear space as follows:

Definition 3.1. An intuitionistic fuzzy n-normed linear space (or) in short
i-f-n-NLS is an object of the form

A={(X,N(z1,z2,...,Tn,t),M(x1,29,...,Tn,t)) (1, 22,...,2,) € X"},

where X is a linear space over a field F, * is a continuous t-norm, ¢ is a
continuous ¢-co-norm and N, M are fuzzy sets on X" x (0,00), N denotes
the degree of membership and M denotes the degree of non-membership of
(z1,22,...,%n,t) € X™ x (0, 00) satisfying the following conditions:

(i) N(z1,22,...,Tn,t) + M(z1,22,...,Tpn,t) < 1;
(11) N(.’L’l,xz, “u ,CL‘n,t) > 0,
(iii) N(z1,z9,...,2Zn,t) = 1if and only if 21, x>, ..., T, are linearly depen-

dent;
(iv) N(z1,x2,...,Zn,t) is invariant under any permutation of z, xa, .. . ,Zn;
(v) N(z1,z2,...,cxn,t) = N(z1,22,...,Zn, I%I)’ if ¢ #0,c € F(field);
(vi) N(z1,22,...,2n,8)*N(z1,Z2,...,2,,t) < N(z1,Za, ..., Tn+T,, s+1);
(vii) N(z1,22,...,Zn,t): (0,00) — [0,1] is continuous in t;
(viii) M(x1,22,...,2Zn,t) > O;
(ix) M(x1,22,...,2,,t) =0 if and only if z1,z2, ..., T, are linearly depen-
dent;

(x) M(x1,z2,...,Ty,,t)is invariant under ahy permutation of 1, T2, ... ,Ty;
(xi) M(z1,z2,...,cTpn,t) = M(z1,22,...,Tn, I_té_})’ if ¢ #0, ¢ € F(field);
(xii) M(:Ul,:cg,...,xn,s)oM(:cl,:cz,...,az;,t) > M(ml,xz,...,xn+x;,8+

t);
(xiii) M(x1,x2,...,2Zn,t): (0,00) — [0,1] is continuous in ¢.

To strengthen the above definition, we present the following example.

Example 3.2. Let (X, ||e,e,... ¢||) be an n-normed linear space. Define
axb = min{a, b} and aob = max{a, b}, foralla,b € [0,1], N(z1,22,...,2n,t) =

¢ — “ml:ic2:---amn||
t+||m13x2:“-s$n||, M(ml,xQ,...,xn,t) -_— t+”$1,w2,...,$n||. Then

A={(X,N(z1,z2,...,2n,t), M(x1,22,...,Zn, )| (x1,22,...,2,) € X"}
is an i-f-n-NLS.

Proof. (i) Clearly N(zq,z2,...,Tn,t) -f—M(:tl,a:g.,....,cr:n,t) < 1.
(ii) Obviously N(zy1,xs,...,2,,t) > 0.
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(iii)

t
T+ Hﬂ?l,ﬁg,...,mnl‘ -
St=1t+4+ ||£E1,332,...,£En||

N(xl,:cQ,...,a:n,t):1<:> 1

S ||x1,22,...,20]| =0

& T1,%3,...,%, are linearly dependent.

N(zy,xo,. t) t t
1,L2,...,T = -
y L2 a2 t-{—”xl,x%---:wn” t+||$1,$2;.--a$naxn—1||
:N(xla:ﬂZa'“axnaxn—“lat)
(v)
t k) 19
N(zq1,xo Tn, —) = - = ;
3 3 s L1y |C|) lt?l—l_HxlaxQ"”vxn” t+|C|||$1|acx|23---a33nH
t+lcl||lzy, zay ... xnl| A+ ||@1, T, cn]

= N(z1,22,...,¢Tn, ).

(vi) Without loss of generality assume that,

N(a:l,xz,...,as;l,t) < N(z1,z9,...,%n, ).
t S

— <
t+ |lz1, 20, ..,z |l T s+ |z, 2, ., 20

T

= t(S + Hil?l,xg,. ,33n||) < S(t_l' ||331aa72:-' - ,(E;H)

!
= '[;H:L‘l,il,‘z,. .. ,xn” < SHCEl,CBQ,- . 3',‘671,”

E ,
= |z1,72,..., 25| < ZH:cl,:cg, o,

Therefore,

!

Nz, 2, .., x| + |1, 22, ..., 2, ]

S ’ !
< E||a:1,a:2,...,xn|| +||z1, 22, ..., 2,

S+t ’

S
. )Hxl,xg,. .. ,:CnH

(5 + Dlles, 22,2, = (

VAN
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But,

) !
”331,272,. R 2 +x;1” < ||$1,$2,- : 733?1” T ”3313332:-' 7"1"n”

S+t '
< ( . W, o, ...z,

l|z1, z2,. .., 25 +a:;1|! < ||a:1,x2,...,:c;||

s+t - t
1,22, .., 20 + 2, || |z1, 22, .., 2, ||
=1+ s+t sl t
s+t+ ||z, xe,. .., 20+, < t+ ||z1, 22, .., 2,
s+t - t
s+t t
s+t+]|x1,x2,...,xn+x;|| 4+ ”:231,332,...,27;H

= N(z1,%2,...,Tp + 2,5 +1)

> min {N(:El,a)g, e ,:L'n,S),N(SCl,LUQ, e ,:z:n,t)} .

(vii) Clearly N(z1,zs,...,Ty,t) is continuous in t.
(vili) M(z1,22,...,%n,t) > 0.
(ix)
M(a:l,xg,...,xn,t)zo
l|lz1,22,..., 24, _0
t+ |21, 22, .. ., 20l
&z, 22, ..., 20| =0

& 21,%9,...,ZT, are linearly dependent.

z1, z2, ..., 2.
t+ ||£l”,'1,.’,l72,. . ,JZnH
“SC],CUQ,. ..,:L‘n,él?n_1||
t+ ||z1, 22, ..., Tn,y Tn—1]|
= M(ml,xg,...,a:n,a:n*.l,t) =

M(:Bl,a?z,...,ﬂ}n,t) —

HCC],.’,UQ,...,CCCn” B |C|||331,332,...,.’Enl|

t+ ey, o, .. exnl] Tt el T, -, T

|21, T2, . .., Zn]]

t

g+ 21,22, ..., Tyl

t
= M(xzy1,22,...,Zpn, —)-
c]
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(xii) Without loss of generality assume,

!

M(zy,29,...,20,8) < M(z1,%2,...,%,,1).

s Lms

|z1, 22, ..., Tnll ||a:1,332,...,x;1||
s+ ||z1, e, . xn|| Tt |21, 2a, ..., T

= ||lz1, 2o, ..., zal|(t + |21, 22, . . T ||)

<@y, 22, ...,z ||(s + ||z1, T2y - - - s 2nl|)
= t|[@1, Ty .., Zn|| < sl|21, 22, .. T |-
Now,

1,22, mnt o]l lm,Te,. 2]
s+t+ ||z, z2,. .., o0+ 3]t T, T2 T

|lz1, 2o, . .., xn|| + |21, 22, .. ., 2| B |z1, 22, ..., 2,
s+t+ ||z, ze,. .., xn|| + |21, 22,. ..,z || t+]||z1, 20, ..., 2]

t|lx1, za, ..., 2all — 8|z, 20y ..., 2|
(s +t+||x1,22,...,z0)| + |21, 2, . ., 2L [N E+ |21, 22, . .., 20 |)

By (1),

||a:1,a:2,...,:rn+x;|| ||:1:1,a:2,...,a,“;||
s+t+ ||z, zo,. ..,z 2 || T t+ ||x1, 22, .., 2]

Similarly,

||:c1,3:2,...,a:n—|—a:;l|| 1, oy ..., xn]
s+t+1|lxr,ze,... e+ x| T s+ ||x1,Z2, -, Zh

= M(a:l,xg,...,xn—l—a:;,s—i—t)

< max{M(azl,xz, ey T, S), M(21,29,. . .,x;,t)} .
(xiii) Clearly M (z1,x3,...,T,,t) is continuous in . Thus A is an i-f-n-NLS. O

Definition 3.3. A sequence {z,} in an i-f-n-NLS A is said to converge to «
if given r > 0, t > 0, 0 < r < 1 there exists an integer ng € N such that
N(zi,z2,...,Zn-1,%n — x,t) > 1 —7 and M(z1,22,...,Tn-1,Tn — T,t) < T,
for all n > ny.

Theorem 3.4. In an i-f-n-NLS A, a sequence converges to x if and only if
N(z1,22,...,Zn-1,Zn — x,t) — 1 and M(z1,22,...,Zn_1,Tn — x,t) — 0, as
n — o00o.

Proof. Fixt > 0. Suppose {x,, } converges to x in A. Then for agivenr, 0 < r <

1, there exists an integer ng € N such that N(x1,z2,...,Zn—1,Zn—x,t) > 1—7
and M(x1,22,...,Zn_1,Zp—2,t) <7. Thus 1-N(x1,Z2,...,Tn_1,Tn—I,t) <
r and M(x1,22,...,2n—1,Zn — 2,t) < 7, and hence N(z1,22,...,Ln_1,%n —

z,t) — 1 and M(z1,22,...,2n_1,Zn — x,t) — 0, as n — oo. Conversely, if
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for each t > 0, N(x1,22,...,Zn_1,Zn —x,t) = 1 and M(z1,22,...,Ln_1,Ln —
x,t) — 0, as n — oo, then for every r, 0 < r < 1, there exists an integer ng
such that 1 — N(z1,22,...,2n_1,2n — x,t) < r and M(x1,22,...,Tn—1,%n —
z,t) < r for all n > ng. Thus N(z1,22,...,Zn-1,%Zn — x,t) > 1 — 1 and
M(zy,z2,...,2n—1,2n — x,t) < r, for all n > ny. Hence {z,} converges to zx
in A. | ]

Definition 3.5. A sequence {z,} in an i-f-n-NLS A is said to be Cauchy
sequence if given € > 0, with 0 < € < 1, t > 0 there exists an integer ng € N
such that N(z1,z2,...,Tn_1,Tn — Tk, t) > 1 —€ and M(z1,22,...,Tn_1,Tn —
Tk, t) < €, for all n, k > ng.

Theorem 3.6. In an i+-f-n-NLS A, every convergent sequence is a Cauchy
sequence.

Proof. Let {z,} be a convergent sequence in A. Suppose {z,} converges to .
Let t > 0 and € € (0,1). Choose r € (0,1) such that (1 —7)* (1 —7r)>1—c¢
and r o < €. Since {z,} converges to x, we have an integer ng such that

¢ ¢
N(zy,22,...,Zn_1,Zn —2,2) > 1 —rand M(z1,22,...,Cn-1,Ln — &, 5) <T.
Now,
N(:L‘l,:Ez,...,CCn_l,:En —-:Ek,t)
t t
= N(x1,22,...,Tn_1,Tn —:c—l—a:—xk,§ + 5)
t t
> N(xy,Z2,...,Zn_1,Tn —:5,5) *N(xl,mz,...,xn_l,az-—mk,5)

> (1—7)*(1~r), forall n,k > ng
>1—¢, foralln,k > ng

and
M(fEl,xQ,...,CEn_l,LEn--CEk,t)
t t
:M(:cl,:cg,...,:vn_l,mn—x—i—:c—a:k,§—|—§)
t t
< M(xl,xz,...,a:nhl,asn—a:,5)oM(xl,xQ,...,mnﬁl,x—xk,5)
<ror
< €, for all n, k > ny.
Therefore {z,} is a Cauchy sequence in A. | il

Definition 3.7. An i-f-n-NLS A is said to be complete if every Cauchy se-
quence in A is convergent.

The following example shows that there may exist Cauchy sequence in an
i-f-n-NLS which is not convergent.

Example 3.8. Let (X,|/e,e,... ¢||) be an n-normed linear space and de-
fine @ * b = min{a,b} and a © b = max{a,b}, for all a,b € [0,1],t > 0.
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N(z1,22,...,Zn,t) = t M(21,72,...,@n,t) = plriseatall
Then

A={(X,N(z,z2,...,Tn,t), M(x1,29,...,2n,t))[(x1,22,...,2,) € X"}
is an i-f-n-NLS by Example 3.2. Let {z,} be a sequence in A. Then

(a) {xn} is a Cauchy sequence in (X, ||e,e,...,o||) if and only if {z,} is a
Cauchy sequence in A.
(b) {zn} is a convergent sequence in (X, ||e,e,...,e}|) if and only if {z,}

1s convergent in A.

Proof. (a) {z,} is a Cauchy sequence in (X, ||e,e,..., ||

& lm ||z1,22,...,Zn-1, T, — zk]| = 0.
n,k—o0
v _ . t _
= n,lklr—x}oo N(mla L2y« Tn—1,Tn — Tk, t) — n,lku—x}oo t+]||x1,z2,. 0 n 1,20 —Tk|| 1
: _ . ||$1)$2)“'amn_$kH —
wd iy M (o1, tnerodn —ond) =l At -
& N(z1,22,...,8n-1,2n — Tk, t) = 1 and M(z1,22,...,Tn-1,Tn — Tk, t) — 0,
as n,k — oo
& N(z1,29,...,Zn-1,Ty — Tk, t) > 1 —7 and

M(zi,x2,...,Zn-1,Tn — Tk, t) <71, v € (0,1), for all n, k > no.
& {x,} is a Cauchy sequence in A.

(b) {xn} is a convergent sequence in (X, ||e,e,...,o||)
& lim ||zy,29,...,2n-1,2n — z|| = 0.
T— 00
. T t —1
e Ty — = =1 an
<':> n].LIIg.O N(ﬂfl,.’ﬂg, ,mn ]_,:En .’E, t) nlLHC]).O t+|‘331,1:2,---,37?1—1,551’},_"‘33” a. d
: Y Z1,%2, - Zn—2[| _
nh_}rrgo M(z1,z2,...,Cp 1,Tn —x,t) = nler;o BT ——
& N(z1,z2,...,Zp—1,2n —x,t) — 1 and M(xy,22,...,Zn_1,Tn — z,t) — 0,
as n — oo.
& N(z1,29,. ..y Tp_1,Zn—x,t) > 1—7rand M(x1,29,...,Tn_1,Zn—x,t) < T,

r € (0,1), for all n > ny.
& {x,} is a convergent sequence in A.
Thus if there exists an n-normed linear space (X, ||e,e,...,®||) which is not
complete, then the intuitionistic fuzzy n-norm induced by such a crisp n-norm

||e,®,...,e|l on an incomplete n-normed linear space X is an incomplete intu-
itionistic fuzzy n-normed linear space. ]

Theorem 3.9. Let A be an i-f-n-NLS, such that every Cauchy sequence in A
has a convergent subsequence. Then A is complete.

Proof. Let {x,} be a Cauchy sequence in A and {z,,} be a subsequence of
{zn} that converges to x. We prove that {z,} converges to z. Let ¢t > 0 and

€ (0,1). Choose r € (0,1) such that (1 —7)*(1—7r) >1—ecandror <e.
Since {z,} is a Cauchy sequence, there exists an integer ng € N such that
N(zi1,z2,...,Zn_1,%n— Tk, -;—) > 1—rand M(x1,22,...,Zn-1,%n —Tk, %) <r,
for all n,k > ng. Since {z,, } converges to z, there is a positive i > ng such
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t t
that N(21,Z2,...,Zn-1,Li,—Z, 5) > 1—rand M(z1,%2,...,Tn_1, %5, — T, 5) <
r. Now,

N(z1,22,...,Zp-1,%n — ,t)

= N(CIS},CEQ,.. s Tp—1,Ln — T4, + T4, — T, 5 —+ 5)
| t t
> N(«’El,ﬂiz,---,ivn—l,xn — Tiy s “2‘) *N(xlaa:%'-'axn—laxik - I, 5)
>(1—r)x(1—-r)>1—c¢
and
M(zy,29,...,Zn_1,Zn — x,t)
t t
= M(x1,22,...,Tn-1,Tn — T, + Ti, — &, 5 + 5)
12 t
< M(z1,22,...,Tn-1,%n —xik,*é)OM(SUl,ﬂ?z,---,CEn—l,SC@k —557‘2-)
<ror <e.
Therefore {x,} converges to x in A and hence it is complete. L]

4. Generalized cartesian product of the intuitionistic fuzzy
n-normed linear spaces

We now proceed to our new notion of generalized cartesian product of the
intuitionistic fuzzy n-normed linear spaces in the following theorem.

Theorem 4.1. Let
A={(X,Ni(z1,22,...,Zn,t), M1(z1,Z2,...,Zn,t))|(z1,22,...,2n) € X"}
and

B = {(Y'? N2(y13y27 <. 3ynat)aM2(ylay2a s 7ynat))l(ylay2a s ayn) S Yn}

be two intuitionistic fuzzy n-normed linear spaces. Then
AXuo B={(X xXY,N(21,22,...,2n,t),
M(z1,20,..., 20, t)|(21,22,...,2n) € (X X Y)"}
is an i-f-n-NLS with
N(z1,29,...,2n,t) = N1(x1,Z2,. .., Tn,t) * No(y1,¥2, -, Yn, t)

and

M(z1,22,...,2n,t) = My(x1,%2,...,%n,t) 0 Ma{y1,¥2,. .., Yn,t),
where z; = (x;,¥:),1 = 1,2,...,n.
Proof. As

Nl(:l?l,:li'g, e ,:Bn,t) —f—Ml(:Bl,:Eg,. . .,'a:n,t) <1 and

1
L) Na(y1,y2, - s Yn, t) + Ma(y1,92, - - -, Un,t) < 1,
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it follows that

M]_((L']_,CCQ, A ::Enat) S 1-— Nl(xlax27° . '3xn?t)
and

Mz(yl,yg, ‘e ,yn,t) S 1— Ng(yl,yg, vee ,yn,t).
By Definition 2.8,

(1 = Ni(z1,22,...,2n,t)) 0 (1 = No(y1,¥2,. - Yn,t))
> Mi(z1,22,...,Zn,t) 0 Ma(y1,y2, - -, Yn,t).
Then,
Ni(z1,%2,- ., %n,t)oN2(y1, Y2, - - -, Yns t))
=1—((1 - Ni(z1,22,...,Zn,t)) o (1 — Na(y1,¥2,- - -, Yns 1))
(2) <1—(Mi(21,22,...,Znst) © Ma(y1, 92, - -, Yn, 1))
= Ni(z1,22,...,%n,t)oN2(y1,Y2, -+ - s Yn, t)
<1—-(Mi(z1,22,.--,Zn,t) o Ma(y1,¥y2, -y Yn, 1)),

where aob=1— ((1 —a)o (1 —b)) is defined as the dual ¢-norm with respect
to ¢. So, if

Ni(z1,z2,...,%n, t)*xNa(y1,y2,---,Yn,t) < N1(z1,22,...,Zn, t)oN2(y1, Y2, ..., Yn, 1),
then by (2), we have,
Ni(z1,22,...,Tn,t) * No{y1,vy2,. -, Yn, 1)
<1— (My(x1,22,...,%n,t) 0 Ma(y1,Y2,---,Yn,1)).
=  Ni(z1,22,...,Zn,t) * No(y1,¥2,- -+, Yn, T)
+ Mi(z1,z2,...,2n,t) 0 Ma(y1,y2, ..., Yn,t) < L.
= N(21,29,..-,2n,t) + M(21,22,...,2n,t) < 1.

Similarly we can verify the other conditions. Thus, A X, B is an i-f-n-NLS. [

Theorem 4.2. The generalized cartesian product of the intuitionistic fuzzy
n-normed linear spaces is commutative. In other words if A and B are two
intuitionistic fuzzy n-normed linear spaces. Then

A:B=>AX*’0B:BX*,QA.
Proof. Assume A = B;(x1,%2,...,%n), (¥1,Y2,...,Yn) € X™. Then,

N1($1,.’.U2,. .. ,xn,t)*N2(y1,y2,. .. :ynrt) - NQ(Q’Jl,CL’g,. .. ,xn,t)*Nl(yLUQ,---,yn;t)
and

Mi(z1,z2,... , Ty t)oM2(y1,y2, .- -, Yn, t) = Ma(x1, 22,. . ., a:n,t)oMl(yl,yg, ey Yn,t)

Thus, A X« o B = B X, A. However the converse is not true. For example,
let

A={(X,Ni(z1,22,...,Zn,t), M1(x1,22,...,%0,1))|N1(z1,22,...,2Zn,t) = aq,
Mi(z1,22,...,20,t) =b,(z1,22,...,2,) € X}
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and

B = {(X, NQ((El,CEQ,. .. ,CL‘n,t),Mz(xl,:Eg,. .. ,a:n,t))ng(:vl,xz,. . .,CL’n,t) =C,
MZ(xlamza‘ . '.)"Enat) — d) (:BlamQa y "amn) S Xn})a’7 ba C,d € [09 1]

Then
Ni(z1,22,...,@n,t) * No(x1,29,...,Zn,t) =a*xc=cx*a
= Ng(ﬂ’,‘l,ﬁ?g,. . .,:l’:n,t) * N1(331,CC2,. .. ,CEn,t)
and
Mi(z1,22,...,2p0,t) 0 Ma(z1,22,...,Zn,t) =bod=dob
:Mg(ﬂ?l,ﬁvg,...,xn,t)OMl(:El,SDQ,...,:Cn,t). |
So, we obtain A X, o B=B X, A, but A# Bifa#corb#d. [

Theorem 4.3. The generalized cartesian product of the intuitionistic fuzzy n-
normed linear spaces is distributive with respect to union and intersections. In
other words if

A= {(X,Nl(acl,xg,. - ,:En,t),Ml(aSl,ﬁCg,. . .,a:n,t))[(arl,azg, co ,.’L‘n) < Xn}

and

B = {(Ya N2(y17y25 K 7ynat)3M2(y1)y23 .. 'ayn:t))|(ylay25 s ayn) € Yn}

C = {(}/’ N3(y1’ Y2,.--3Yn, t)a M3(ylay23 vov s Yn, t))l(yla Yo, ... 7yn) = Yn}

are the intuitionistic fuzzy n-normed linear spaces, then

AXuo(BNC)=(AX4soB)N(Ax4oC)
and
AX,o(BUC)=(AXuxoB)U(A Xy406C).
Proof. We have,
Ax,.o(BNC)
={(X x Y, Ni(z1,22,...,Zn,t) * min{Na(y1, 2, . .. WYnst),N3 (Y1, Y2, - - s¥n> £ }

Ml(xla L2y ey Lp, t) % max{Mg(yl,yg, covy Yny t), M3(y17y29 .o ay’mt)})l
(21,22,--.,20) € (X xY)"}
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and

(AXyoB)N(AX4oC)

= {(X xY,Ny(z1,22,...,Tn,t)*Na(Y1,92, - -, Yn, 1),
Mi(x1, 22, ..., Tn,t) © Mo(ys, vz, - o, Un, D)1, 22, ., 2n) € (X x Y)"IN
{(X xY,Ni(z1,22,...,Zn,t) * N3(y1,Y2, - -, YUn, 1),
Mi(z1, T2, ... T, t) o Ma(y1, ¥z, - - - Yn, (21, 22, - -, 20) € (X x Y)"}

= {(X x Y, min{N1(z1,T2, ..., Tn,t)* No{y1,¥2, .- -, Yn, 1),
Ni(zy,x2,...,Zn,t) * N3(y1,92,- -, Yn,t)},
maX{Ml(a:l,:cg,...,xn,t)oMg(yl,yg,...,yn,t),
M(z1,@a, ..., Tn,t) 0 Ma(y1, Y2, . Yn, ) (21,22, ..y 20) € (X xY)"]

So it is enough to prove that,

Ni(z(, T2, .., Zn,t) * min{No(y1, Y2, .., YUn,t), Na(¥1, 92, .-+, Un, t)}
(3) = min{Ni(z1,z2,...,2n,t) * No(y1,92, ..., Yn, 1),
Ni(x1,22,...,Tn,t) * N3(y1,Y2, ..., Yn,t)}
and
Mi(x1,22,...,Tn,t) omax{Ma(y1,y2,. -, Un,t), M3(y1,y2,. .., Yn, 1)}
(4) = max{M(z1,22,...,Zn,t) o Ma(y1,92,. -, ¥n> 1),
Mi(z1,22,...,20,t) 0 M3(y1,y2,. -, YUn,t)}.
Let

(5) No(y1, 92,1 Ynst) < Na(y1, 92, - -+ Yns t).
Then by Definition 2.7,
Ni(z1,22,...,Tn,t) * Na(y1, 92, -, Yn, 1)
< Ni(z1,Z9y« -y Tny ) * N3(y1, Y2, -+, Yn, t).
Therefore by (5) and (6),
LHS of (3)
= Ni(z1,22,...,Tpn,t) * min{No(y1,y2,. . -, Yn, t), Na(¥1, Y2, - - s Yns t) }
= Ni(x1,22,...,Zn,t) * No(y1,¥2,- -, Yn,t)
= min{N1(z1,2Z2,...,Zn,t) * No(y1,92,---,Yn,t),
Ni(z1,22, ... Zn,t) * Na(y1,¥2,-. ,Yn,t)}
= RHS of (3).
Let

(6)

(7) No(y1,Y2s - Yn,t) > N3(y1,92, .- Yn, t).
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By Definition 2.7,

Nl(xlaxza . °axn7t) *NZ(yla Y2, ... 9y’n3t)

8
( ) >Nl(xlamQ)"'axn)t)*N3(ylay2a“'aynat)'

Therefore by (7) and (8),

LHS of (3)

= Ni(x1,22,...,Zn,t) *min{No(y1,¥2, .-, Yn,t), N3(y1,¥2, . ..

= Ni(z1,22,...,Zn,t) * N3(y1,¥2,..-,Yn,1t)

= min{N1(x1,Z2,...,Zn,t) * No(y1,%2,---,Yn,1),
Ni(zy,z2,...,Zn,t) * N3(y1,%2, .- -y Yn,t}}

= RHS of (3).

Thus equality holds in (3).
Let

(9) MQ(y19y2:-“3ynat) SMS(ylayQa“'synat)'
Then by Definition 2.8,

M1(371,332, - ,xn,t)OMQ(yl,yz, .- 'aynat)

10
( ) SMl(wlnmza"'3wn)t)<>M3(y17y27'"7yn’t)'

Therefore by (9) and (10),

LHS of (4)

—= M1(331,CC2, N :L‘n,t) % max{Mg(yl,yg, ce s Yn, t), Mg(yl, Y2, ...

= Mi(z1,%2,-..,Zn,t) o M3(y1,Y2,- .-, Yn,t)

= max{Mi(x1,22,...,Zn,t) © Ma(y1,¥2,- -, Yn: 1),
Mi(x1,22,...,%n,t) 0 M3(y1,Y2, .- Yn,t)}

= RHS of (4).

Let
(11) Ma(y1,y2, -y Yn, t) > Ma(y1, 92, - - - ,Ynyr T)-
By Definition 2.8,

M1(.’131,a32, .« ,CEn,t) OMQ(ylayQa .. °7y’n.at)

12
( ) > Ml(:vl,a:g,...,a:n,t)oMg(yl,yg,...,yn,t).

s Yny t)}

aymt)}
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Therefore by (11) and (12),
LHS of (4)

= Mi(z1,22,...,Zn,t) omax{Ma(y1,y2, -+ Un>t), Ma(y1,Y2,- .-, Yn,t)}
= Mi(z1,22,...,Zn,t) O Ma(y1,Y2, -, Yn, 1)
= max{My(z1,Z2,...,Zn,t) 0 Mao(y1,y2, ... Yn,1t),
Mi(z1, 22, ..., T, t) o Ma(y1,92, .-, Yn,t)}
= RHS of (4).

Thus equality holds in (4). Finally from (3) and (4), we have A x, o (BNC) =
(A Xs0 B) N (A X, C). Similarly, we can prove that A X, (BUC) =
(A Xx0 B)U (A X406 C). O

Theorem 4.4. The generalized cartesian product of the intuitionistic fuzzy n-
normed linear spaces s distributive with respect to difference. In other words

if
A= {(X,Nl(.’L‘l,CEQ,. . .,an,t),Ml(.’L'l,l'g,. ..,$n,t))|($1,.’132,.. .,.’En) & Xn}
and

B = {(Y1 NQ(ylng, - °7y’nat)aM2(y13 Y2, ... ,yn,t))'(yh Ya, ... ayn) S Yn}

C= {(}/‘r N3(y13 Ya, ... ,’yn,t), M3(y1)y23 cs s Yn, t))l(ylay% v ayn) S Yn}
are the intuitionistic fuzzy n-normed linear spaces, then

A Xy o (B\O) C (A xs o B)\(A X0 C).

If: B:{(Ya NQ(ylng, SO aynat) = 17 M2(ylay2a R 3yn7t) — 0) \ (ylayza .o ayn)
€ Y™}, C C A, x = min, o = max, then equality holds.

Proof. We need to prove, Ax, ,(BNC) C (AX4oB)N(A X4 C). It is enough
to prove,

Ni(z1,x2,. .., Tn,t) * min{Na(y1,y2, ..., Yn,t), Ma(y1,¥2,- - -, Yn, )}
(13) < min{Ni{x1,22,...,Tn,t)* No(y1,%2,-- -, Yn,t),
Mi(z1,29,...,2n,t) 0 Ma(y1,y2,. .-, Yn,t)}
and

Ml(xla L2y.003Tn, t) % ma’X{M?.(yla Y2, .- 7y’nnt)a N3(y17 Y25 - :y‘nvt)}
(14) > max{Mi(z1,Z2,...,Zn,t) 0 Ma(y1,%2,--,Yn,1),

Ni(z1,@2,. .. Tn,t) * N3(y1,y2,- -+, Yn, )}
Case (i) Let
(15) NQ(ylayQa-'°3ynat) < M3(y1:y23"'7yn)t)

and using the fact

(16) a*b < min{a,b} <a <max{a,c} <aoc.
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Then by Definition 2.7 and (16),
Ni(z1,z9,...,Zn,t) * Na(y1,Y2, .-+, Yn, t)
< Ni(z1, 22, Ty t) * Ma(y1, 42, -y Ynyt) < Ms(y1, 425+ -1 Yns t)
(17) < Ni(z1,22,...,Zn,t) 0 M3(y1,Y2, -+ s Yn, t).
= Ni(x1,22,...,Tn,t) * No(y1,92,- -+, Yn, t)
< Ni(z1,22,...,Zn,t) o M3(y1,¥2, -+, Yn, t).
Therefore by (15) and (17),
LHS of (13) |
= Ni(x1,Z2,...,%n, t) *min{Na(y1,%2, .- -, Yn,t), M3(y1,¥2,- .-, Un, t) }
= Ni(x1,22,...,Zn,t) * Na(y1,y2,. .., Yn, 1)
= min{Ni(z1,%2,...,Tn,t) * No(y1,y2,---,Yn,t),
Ni(z1,22,...,Zn,t) o M3(y1,¥2,- -, Yn,t)}
= RHS of (13).
Thus equality holds in (13).
Case (ii) Let
(18) No(y1,92,- > Ynst) = Ma(y1,92,- - Yn, ).
By Definition 2.7,
Ni(z1,22,.-.,Zn,t) * Na(y1,Y2,-- -, Yn,t)
> Ni(T1,Z2, -, Tnyt) * M3(Y1,v2, -+ - s Yns L)
Therefore by (18) and (19),

(19)

20
20 Ni(z1,72,...,Tn,t) * min{No(y1, Y2, - - -, Un,t), M3(y1,y2, .-, Yn, t)}
= Ni(x1,Z2,...,Tn,t) * M3(y1,92,-- -, Yn,t)
< Ni(z1,Z2,. .., Tn,t) * Na(y1, Y2, .-, Yn, ).
=  Ni(z1,22,...,Tn,t) *min{No(y1,%2, - ., Un, t), M3(y1,¥2,-- ., Yn, 1)}

< Ni(z1,x0,...,Zpn,t) * No(y1,¥2,-- -y YUn, b) }
By (16) and (18),
Ni(z1,22,...,Tn,t) *min{No(y1,92, - . ., Yn, t), M3(y1,92, ..., Yn, 1)}
(21) = Ni(z1,22,...,2Tn,t) * M3(y1,¥2,- - Yn»t)
< M3(y1,92, -y Ynst) < Mi(y1, Y2, -+ s Yny t) © M3(Y1, 92, - - s Yn, t).
From (20) and (21) we have,
Ni(z1, T2, .., %0, t) *min{ Na(y1,¥2, - -, Yn, t), M3(y1, Y2, -, Yn, 1) }
< min{Ni(x1,22,...,Zn,t) * No(y1,Y2, - s Yn, 1),
Mi(z1, 22, ..., 20,t) 0 M3(y1,y2, ..., Yn,t)}.
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Thus we have proved (13) and (14) can be proved similarly. So,
A X, o (B\C) C (A x40 B)\(A x40 C).

Let B:{(Ya N2(y1-, Y25 - - 3 Yn, t) =1, MQ(yla Y24y Yn, t) - 0) I (yla Y2, - - 1y?’b)
€ Y™}, C C A, * = min, o = max.

LHS of (13)
= Ni(z1,22,...,%n,t) * min{No(y1,¥2, - -, Yn,t), M3(y1,¥2,-. ., Yn,t)}
= N1(x1,Z2,...,Tpn,t) *min{l, M3(y1,y2,. .., Yn,t)}
= N1(y1,Y25 -, Un, t) * M3(y1,Y2,-- -, Yn, t)
min{ N1 (y1, Y2, -, Yn, 1), M3(y1,¥2,- - -, Yn, t) }.

RHS of (13)

= min{Ni(x1, %2, ..., Tn,t) * No(y1,Y2,. - -, Yn, t),
Mi(z1,29,...,20,t) 0 M3(y1,%2,-- - s Yn,t)}

= min{min{N1(x1,22,...,2Zn,t),1},
max{Mi(x1,Z2,...,Zn,t) o M3(y1,¥2, -1 Yn,t)}}

- min{Nl(y1:y27 s aynat>a M3(ylay23 co 7yn7t)}

Thus equality holds in (13).
Similarly we can prove the equality in (14). ]

|

References

[1] K. T. Atanassov, Intuitionistic fuzzy sets VII ITKR’s session, Sofia, June 1983(Deposed
in Central Sci-Techn.Library of Bulg. Acad. of. Sci., 1967/84) (in Bulgarian).

, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986), no. 1, 87-96.

, More on intuitionistic fuzzy sets, Fuzzy Sets and Systems 33 (1989), no. 1,

2]
3]

37-45.

[4] , Intuitionistic fuzzy sets, Theory and applications. Studies in Fuzziness and Soft
Computing, 35. Physica-Verlag, Heidelberg, 1999.

[6] T. Bag and S. K. Samanta, Finite dimensional fuzzy normed linear spaces, J. Fuzzy
Math. 11 (2003), no. 3, 687-705.

[6] S. C. Chang and J. N. Mordesen, Fuzzy linear operators and fuzzy normed linear spaces,
Bull. Calcutta Math. Soc. 86 (1994), no. 5, 429-436.

[7] C. Felbin, Finite-dimensional fuzzy normed linear space, Fuzzy Sets and Systems 48
(1992), no. 2, 239-248.

8]

, The completion of a fuzzy normed linear space, J. Math. Anal. Appl. 174
9]

(1993), no. 2, 428-440.
, Finite dimensional fuzzy normed linear space. II., J. Anal. 7 (1999), 117-131.
[10] S. Gahler, Lineare 2-normierte Raume, Math. Nachr. 28 (1964), 1-43.
[11] , Untersuchungen uber verallgemeinerte m-metrische Raume, I, II, IIl., Math.
Nachr. 40 (1969), 165-189.
[12] G. Deschrijver and E. Kerre, On the Cartesian product of intuitionistic fuzzy sets, J.
Fuzzy Math. 11 (2003), no. 3, 537-547.
[13] H. Gunawan and M. Mashadi, On n-normed spaces, Int. J. Math. Math. Sci. 27 (2001),
no. 10, 631-639.




308 S. VIJAYABALAJI, N. THILLAIGOVINDAN, AND Y. B. JUN

[14] A. K. Katsaras, Fuzzy topological vector spaces. II., Fuzzy Sets and Systems 12 (1984),
no. 2, 143-154.

[15] S. S. Kim and Y. J. Cho, Strict convezxity in linear n-normed spaces, Demonstratio
Math. 29 (1996), no. 4, 739-744.

[16] S. V. Krishna and K. K. M. Sarma, Separation of fuzzy normed linear spaces, Fuzzy
Sets and Systems 63 (1994), no. 2, 207-217.

[17] R. Malceski, Strong n-convex n-normed spaces, Mat. Bilten No. 21 (1997), 81-102.

[18] A. Misiak, n-inner product spaces, Math. Nachr. 140 (1989), 299-319.

[19] Al. Narayanan and S. Vijayabalaji, Fuzzy n-normed linear space, Int. J. Math. Math.
Sci. (2005), no. 24, 3963-3977.

[20] J. H. Park, Intuitionistic fuzzy metric spaces, Chaos Solitons Fractals 22 (2004), no. 5,
1039-1046.

[21] G. S. Rhie, B. M. Choi, and D. S. Kim, On the completeness of fuzzy normed linear
spaces, Math. Japon. 45 (1997), no. 1, 33-37.

[22] B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math. 10 (1960), 313-334.

SRINIVASAN VIJAYABALAJI

DEPARTMENT OF MATHEMATICS

ANNAMALAI UNIVERSITY
ANNAMALAINAGAR-608002, TAMILNADU, INDIA
E-mail address: balaji_nandini@rediffmail.com

NATESAN THILLAIGOVINDAN

DEPARTMENT OF MATHEMATICS

ANNAMALAI UNIVERSITY
ANNAMALAINAGAR-608002, TAMILNADU, INDIA
E-mail address: thillai n@sify.com

YOUNG BAE JUN

DEPARTMENT OF MATHEMATICS EDUCATION
GYEONGSANG NATIONAL UNIVERSITY
CHINJU 660-701, KOREA

E-mail address: ybjun@gsnu.ac.kr



