WX 3 XSAIAHEE =2X| 2007, Vol 17, No. 2, pp. 149-153
TR HX| EHeMoAM Aol Eo ofs] el

=]

AEZxo st AF
A note on entropy defined by Choquet integral on interval-valued
fuzzy sets

Zrol =

Lee-Chae Jang

Dept. of Mathematics and Computer Science, Konkuk University

(o] ot

i =
B =R $eE Wangsh Li1998)% Turksen(1986)] 98] 278 724 SAQge Azsta 702 54884l
q aAoHRel oo Aoy AETAE AU Aol oldd AEEust BEE JAEE Eoldhn U B
Yolith of FHL T AANUFAY AHeE W AR B} 2L & Aol FoW Ve B

Abstract

In this paper, we consider interval-valued fuzzy sets which were suggested by Wang and Li(1998) and Turksen(1986)
and investigate entropy defined by Choquet integral on interval-valued fuzzy sets. Furthermore, we discuss some
properties of them and give some examples related this entropy. This tool has drawn much attention due to numerous

applications areas, such as decision making and
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Sugeno et al. [5,6] have studied some characterizations
of Choquet integrals which is a generalized concept of
Lebesgue integral, because two definitions of Choguet
integral and Lebesgue integral are equal if a fuzzy
measure 1s a classical measure. And also Choquet in-
tegral is often used in information nonlinear aggregation
tool(see[2,5,6]).

Many researchers, such as Grabisch and Turksen[7],
Burillo and Bustince[1], Liu Xuechangi8], and Jang and
Kim[4] gave the axiom definitions of distance measure,
similarity measure, and entropy on interval-valued fuzzy
sets and have been applied to the fields of approximate
inference, information theory, and control theory.

We consider interval-valued fuzzy sets which were
suggested by Turksen [7]. Based on this, Burillo and
Bustinell], and Wang and Li[9] introduced entropy on
mterval-valued fuzzy sets. We note that entropy
in[1,3,7,10] was defined by Lebesgue integral with re-
spect to a classical measure.

In this paper, by using Choquet integral with respect
to a fuzzy measure instead of Lebesgue integral with re-
spect to a classical measure, we define entropy on inter—
val~valued fuzzy sets. In section 2, we list arithmetic
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information theory on interval-valued fuzzy sets.

interval-valued fuzzy sets, entropy, Choquet integrals.

operations and some basic characterizations of inter—
val-valued fuzzy sets and interval-valued Choquet
integrals. In section 3, we introduce entropy defined by
Choquet integral on interval-valued fuzzy sets and dis—
cuss their some characterizations.

2. Preliminaries and Definitions

Throughout this paper, { will denote the unit interval
0,1],

[Nl={a=1a,

Then, according to Zadeh's extension principle[14], we

at]|a”, et €1 anda™ < o™},

can popularize these operations such as maximum (A ),

minimum (V) and complement (¢) to [I] defined by
avb=[a Vb ,a"VbT],

anb=[a"Ab ,a"AbT], and

(=31

‘=1a*a)=[1—a",1—0a"],
thus (7], V, A, ¢) is a complete lattice with a minimal

element 0 = [0,0] and a maximal element 1 =[1,1].

Definition 2.1. Let a=[a",a*], b=[b",b"] € [I]. Then

we define
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a=" if and only if e~ =b anda*=b",
a< b if and only if «~ <5~ and a* < b,
a<b if and only if a7, a*] < (6,57

but [a~,a*]= [0, 07]

Let X be the discourse set, IF(X) stands for the set
of all interval-valued fuzzy sets in X, F(X) and pi(X)
stand for the set of all fuzzy sets and crisp sets in X,
respectively.

Definition 2.2. For every A € IF(X) and z € X,
A(z) =[A(z), A" (2)] is called the degree of mem-
bership of an element Z to A, then fuzzy sets A7 : X—1
and A*:X—I are called a lower fuzzy set of A and an
upper fuzzy set of A, respectively.

For simplicity, we denote A =[AT, A"]. Then, three
operations such that such as V, A, ¢ can be introduced
into IF(X) as follows: for every 4,B = IF(X) and
z e X,

(Av B)(z)= A(z)v B(z),

(AN B)(z)= A(z) A B(z)},

(A)(z) = (A(z)) = [A"(z), A" “(z)]

—[1- A*(z),1— A~ (z)].
Then (IF(X),V, A,c) is a complete lattice with mini-
mal element 0(z) =[0,0] for all z € X and maximal

element 12[1,1] for all z € X. If A,B e IF(X), we
define the following operations (see [7,10,11]):
A < B if and only if for all z € X,

A (z)< B (z) and A (z) < B (2),

A=DB if and only if for all T € X,

A™(z)= B (z) and A" (z)= B (z),

A< Bifandonly if A < B and A = B.

Now, we introduce Choquet integrals and their basic
properties which are used in the next section(see[5,6]).

Definition 2.3. (1) A fuzzy measure fon a measurable
(X,7) 1s a
g 7 — [0,1] satisfying
() p(@)=0, p(X)=1

(i) p(E)) < p(Eg)s
whenever |, E,e T, E|CE,.
(2) A fuzzy measure g is said to be lower semi-con-—
tinuous if for every increasing sequence {E, } of meas-

space nonnegative mapping

urable sets, we have y(\U%_, E,)= lim p(E,)-
n—00

(3) A fuzzy measure p is said to be upper semi-con-—
tinuous if for every decreasing sequence {A,} of meas-
p(d) < oo, we  have

urable sets and

#N%5=1A,)= lim u(A,).
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(4) I 4 is both lower semi-continuous and upper
semi-continuous, it is said to be continuous.

We note that "yeX y—a.e.” stands for "xeX p
—almost everywhere”. Thae property P(x) holds for
x€X p—a.e. Means that there is a measurable set A
such that x(A)=0 and tae property P(x) holds for all
xeA°, where A¢ is the complement of 4.

Definition 2.4. The Choquet integral of a measurable
profile f:X - [ with respect to a fuzzy measure g is

‘defined by

() situ= [y

where p,(r) =p({z € X f(z)> r}) and the integral on

the right-hand side is an ordinary one.
(2) If X is a finite set, that is, X = {=;, -+, , }, then

the Choquet integral of f on X is defined by

3 flag it (A ) — (A )]

i=1

(C) [ fdu =

where (+ ) indicates a permutation on {1,2,, ---, n}
such that
flzay) £ = f(aw) )

Also, Agy={(1), ---,(n)} and Ay = 2.

Definition 2.5 let f g be measurable nonnegative
functions. We say that f and g are comonotonic, in
symbol f~ g if and only if

A<Ax) = gl)£g(x’) for all x,x"'eX.

Theorem 2.6 Let f g, & be measurable functions. Then
we have

M f~f,

@) f~g = g~F,

(3) f~a for all geRT ,

@ f~gand f~h = f~ (g+h:

Theorem 2.7 Let
functions.
(1) If f<g, then (C) ffdﬂg(c)fgdﬂ.
(2 If f~ gand g beR", then
(o) f(aer bg)du= a( C) ffdﬂ + 0O fgdxb
(3) f p/g , then
() [ We du=(O) [ 7 (C) [ edu
(4) If fAg, then

(O [ g dus(O) | fuA(O) [ edu

f g be nonnegative measurable
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3. Entropy defined by Choquet integral on
interval-valued fuzzy sets

In this section, we introduce entropy defined by
Choquet integral on interval-valued fuzzy sets. We recall
that for A4, BEIF(X), A=RB if and only if

plz € X] A(z) = B(z)}) =0,
that is, 4 is equal to B p—a.e. On X.

Definition 3.1. A real function E: IF(X)—I is called an
entropy on /F(X) if E satisfies the following properties :
(E)) E(A)=0 if A is a crisp set;

(Ey) E(4)=1 if and only if

AT () + A" (z)=1;

(By) E(A) < E(B) if 4 is fuzzy less than B, that
is, A7 (z) < B~ {z) and At (z) < BY(x) for
B (z )+B+( ) =1

or A7(z) = B (z) and A*(z) = B*(z) for
B~(z)+ B*(z) = 1;

(E) E(A)= B(A%).

We define a real function E,: IF(X)—I by

Ay=1-(c)f dy
where A =[A7,A*] € IF(X) and d, is the Hausdorff met-
ric between A(z) and B(z). Since A(z)=[47(z), A*(z)]
and B(z)=[B (z),B"(z)], it is easily to see that

dy(A(z), B(z)) =maz{| A" (z)— B (z)],
VAT (z) — B* (2) 1] }.

), AT (=))dp ()

Theorem 3.2 A real function E: IF(X)—1 is called an
entropy on [F(X), we say that £, is a Choquet entropy
on IF(X).

Proof. (E;) We note that if 4 is a csisp set, that is,

At (zy=A(z)=1forall z € A
and

AN z)=A"(z)=0 forall z & A,
then

dy(A (z), A" (¢)*) =1 for all z € X,
Thus

(By) If A=(z)+ A" (z) =1, then
dy(A™(z), A" (2)")
=1 A (z)+A" (z)-1]
=0.
Thus

oM Lol M Eofl o3 Helal ol Zxof
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4

E(A)=1=(0) ftn(A (2), 4" (2)) dp (2)

=1—1=0.
If E.(A)=1, then

- C)/dH(A’

—E(A)=1.

C)/dH(A‘
A= (A")". That is,

At (z)=A4"(z)=1
for almost all £ € X. It means

A+ (A7) =0

(B3) If B(z)+B*(z)<1 and A (z) < B (z) and
A*(z) < B*(z), then

A" (z)+ A" (z) < B (z)+B"(z) <1

“(z))dp (x)

Thus AT (z))dp (z

)= 0 and hence

Thus,
du(B~(z), B*(2)) = | B~(z)+ B*(z)—1|
=1—(B~(z) + B*(z))
£1—(A(z) +AM(x))
= dy(4 (z), A*(z)")
and hence

—(C) [du(A™(2), A% (2)) dp ()

% 1= (C) Jiy (B~ (2), B*(2)")dn (x)

= E.(B).

We note that entropy on an interval-valued fuzzy set
is important topic in fuzzy set theory and describes the
fuzziness degree of an interval-valued fuzzy set. Zeng
and Li [10] gave the following formulas to calculate en—
tropy of interval-valued fuzzy set:

O ¥ X={z,, -~ ,z,} is a finite set and A e IF(X),
then

_1—2 {A™ (2;) + A% (z;) — 1] .

(2) If X is a set and 4 € IF(X), then

B (A)=1-— bi

u/w]A‘(z)JrA*(z)—Hdz.

Theorem 3.3 If m is a counting measure on a finite set
X=lz, -,z

n

) and if we put p=—m, then we have
E,(A)=E, (A) for all A € IF(X).

Proof. We let {(i)| i=1,2, ---, n} such that
,A_ ($(Z))+A+ (x(l))—ll

< VA (241y) +A+(:E(i+l>)~ 1]

for all 1=1,2, ---,n. Since Ag={(1), -

» (1)}

and
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- {w (A(,))— H (A(i—l) )}
1

=1—=3 14 () + A" (z)) — 1|

i=1

= B, (4).

Theorem 3.4 Let 0 < a< b. If m is Lebesgue measure

m, then we

on aset X=1{a, b] and if we put p= bl

have
E,(A)=E,(A) for all 4 € IF(X).
Proof. We note that p is Lebesgue measure. Then

the Choquet integral is equal to the Lebesgue integral.
Thus,

B (4)=1~-(0) [ du(4™(2), A" (2)")dp ()

b
BRI

b—a.

= B, (X).

dy (A= (z), A" (z)%)dm

Example 35 Let X={4,b} and 2= p(X) be the
class of all subsets of X. If 1 is defined by

1 ifbed
w(A)Y=405 ifA={a)
0 else

Then clearly ¢ is a fuzzy measure. If we give the fol-
lowing interval-valued fuzzy sets;

A(x):“) ifo—qa

if z=
s ={ 556y 225
ow ={[o485) ¥525,
v ={ 383 22,

then it is easily to see that 4 is a crisp set, B is an in-
terval-valued fuzzy set, and D is less fuzzy than C. In

fact, we can investigate the properties of the entropy of
these fuzzy sets as followings;

Since 4™ (z) = A+(z)={(1) if;zs,
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dy(A™(z), A" (z)")
=|A (z)+ A (z)—1]|

(1 ifz=a
=11 ifz=0b,
we can calculate the entropy of A

B(4)=1=(C) fin(4 (), A" (2)") du

=1—{1x1}=0.
Now, we calculate the entropy of three interval-valued
fuzzy sets B,C, D .

_ 0.5 ifz=a
B (“3):{0.1 ifr = b,
" _ {09 ifz=¢
B (x)—{0.4 ifr=1t,
and hence
_ o 0.4 ifz=
dy(B~(2), B"(2)) =< 0’5 ifz b

So, the entropy of B is
E.(B)=1-(C) fiu(B (2), B (2))dp

—1-{04x140.5%x0)}=0.6.

Similarly, we obtain

E(C)=1—(0.0%x1+0.6x0.5)=0.7
and

E(D)=1—-(04x1+0.7x0)=0.6.
D (z)< C(z), D¥(z)< C (z), and
C (z)+C"(z) <1, we see that the property F; of
the entropy satisfiess. Thus we can see that
E.(D) < F,(C). That is, D is less fuzzy than C.

Since
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