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PROBLEMS'
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ABSTRACT. In this paper, we will introduce the generalized oper-
ator equlibrium problem and generalized operator quasi-equlibrium
problem which generalize operator equlibrium problem due to Kazmi
and Raouf into multi-valued and quasi-equlibrium problems. Using
a Park’s fixed point theorem, we will prove a new existence theorem
on generalized operator equlibrium problem which serves as a basic
existence theorem for various kinds of nonlinear problems.

1. Introduction

In a recent paper, Domokos and Kolumbéan [2] gave an interesting
interpretation of variational inequalities and vector variational inequal-
ities in Banach space settings in terms of variational inequalities with
operator solutions (in short, OVVI). They designed (OVVI) to provide
a suitable unified approach to several kinds of variational inequality and
vector variational inequality problems in Banach spaces, and successfully
described these problems in a wider context of (OVVI). Inspired by their
work, in recent consecutive papers [6,7], Kum and Kim developed the
scheme of (OVVI) from the single-valued case into general multi-valued
settings.

On the other hand, the equilibrium problem (EP) is being intensively
studied, beginning with Blume and Oettli [1] where they proposed it as
a generalization of optimization and variational inequality problem. It
turns out that this problem includes also other problems such as the
fixed point and coincidence point problem, the complementarity prob-
lem, the Nash equilibrium problem, etc. Recently, Kazmi and Raouf [4]
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introduced the operator equilibrium problem (OEP) which extends the
notion of (OVVI) to operator equilibrium problems by using the oper-
ator solution concept due to Domokos and Kolumbén in [2]. Using the
KKM lemma due to Fan [3], they first obtained two existence theorems
of the solutions of (OEP) with C(f)-pseudo monotonicity and without
C(f)-pseudo monotonicity. Also they presented two general version of
(OEP) in general settings as main applications. However, they dealt
only with the single-valued case of the bi-operator F.

In this paper, we will introduce the new definitions of generalized
operator equlibrium problem (GOEP) and generalized operator quasi-
equlibrium problem (GOQEP)which generalize (OEP) into multi-valued
and quasi-equlibrium problems. Next, using a Park’s fixed point theo-
rem [7], we will prove a new existence theorem on generalized operator
equlibrium problem (GOEP) which serves as a basic existence theorem
for various kinds of nonlinear problems.

2. Preliminaries

Let E be a locally convex Hausdorff topological vector space, X a
non-empty convex subset of E/, F' another locally convex Hausdorff topo-
logical vector space. A non-empty subset P of E is called a convex cone
if

APCP forall A>0, and P+P=P

From now on, unless otherwise specified, we work under the following
settings. Let L(E, F') be the space of all continuous linear operators from
E to F, and X’ a non-empty convex subset of L(F, F),and 4 : X’ = X'
be a multifunction. Let C' : X’ = F be a multifunction such that for
each f € X', C(f) is a convex cone in F with non-empty interior and
0 ¢ C(f). We denote the pairing between X’ and F by (f, z) for f € X’
and « € E. Denote P :=(;cx C(f).

We first introduce the following monotone condition for multifunc-
tions.

DEFINITION 2.1. A multifunction T': X’ x X' = F is called
(1) C(f)-pseudomonotone if for any f,g € X', we have

T(f,g9) € —int C(f) implies T'(g, f) € —int C(f); and

(2) generalized hemicontinuous if for any f,g € X' and « € [0, 1], the
multifunction « — T(f + ag, g) is upper semicontinuous at 07, where

T(f+ag,g)={s€ F|seT(f+agg)}
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Next, we introduce the following convex condition which generalizes
the Definition 1.2 in [2] to multi-valued settings:

DEFINITION 2.2. A multifunction T': X' = F is called natural quasi
P-conver if for any f,g € X" and X € [0,1], we have
TAf+(1=X)g) S co(T(f),T(9)) — P,
where co(A, B) denotes the set {Au+ (1—ANve F|lue A,ve B, X €
[0,1]}.

Then it is clear that the natural quasi P-convexity generalizes the
ordinary convex condition by letting C(f) := [0,00) when F = F =
X’ = R. Using the induction argument, we can obtain the following
condition (x) which is equivalent to the natural quasi P-convexity of T'
as follows:

For every n > 2, whenever g1, ..., g, € X' are given and for any \; €
[0,1],s=1,...,n, with > | A; = 1, there exist y; € [0,1],i =1,...,n,
with Y, p; =1 such that

n
T() Nigi) € mT(g1) + -+ pnT(gn) — P, (%)
i=1
In the sequel, we shall assume that a multi-valued bi-operator T :
X' x X" = F such that T(f,f) = 0 for each f € X' is given, and
A: X' = X' is given.
Then the generalized operator equilibrium problem (GOEP) is to find
f € X’ such that

T(f,9) € —C(f), foreach g€ X'; (GOEP)

and the generalized operator quasi-equilibrium problem (GOQEP) is to
find f € X’ such that f € ¢l A(f) and,

T(f,g) € —C(f), foreach ge A(f). (GOQEP)

When A(f) = X' for each f € X', (GOQEP) reduces to (GOEP),
and when T : X’ x X’ — F'is a single-valued mapping, (GOEP) reduces
to (OEP) due to Kazmi and Raouf in [4].

In order to prove our main result in non-compact settings, we shall
need the following fixed point theorem which is a particular form of
Park’s fixed point theorem in [8].

LEMMA 2.3. Let X be a non-empty convex subset of a Hausdorff
topological vector space E, and K be a non-empty compact subset of
X. Let A: X = X be a multifunction. Suppose that
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(1) for each x € X, A(x) is non-empty convex;
(2) foreachy € X, A~Yy) ={x € X |y € A(x)} is open in X; and
(3) for each finite subset N of X, there exists a non-empty compact
convex subset Ly of X containing N such that for each v € Ly \
K, A(z)N Ly # 0.

Then A has a fixed point xy € X; that is, xo € A(xo).

3. A Solution for (GOEP) in non-compact settings

Using Lemma 2.3, we now prove a basic existence theorem of solution

for (GOEP) as follows:

THEOREM 3.1. Let X’ be a non-empty convex subset of L(E, F') and
K' be a non-empty compact subset of X', where L(E,F) is endowed
with the topology of compact convergence, and let T : X' x X' = F
be a non-empty compact valued multifunction such that T'(-, g) is upper
semicontinuous for each fixed g € X', and the range of T is contained in
a compact subset of F'. Assume that T'(f,-) is natural quasi P-convex for
each fixed f € X', and T(f, f) = {0} for each f € X'. Let W : X' = F
be defined by W(f) = F \ —C(f) such that the graph Gr(W) of W is
closed in X' x F'. Assume that for each finite subset N' of X', there exists
a non-empty compact convex subset Ly+ of X' containing N’ such that
for each f € Ln/ \ K', there exists g € Ly satisfying T(f,g) C —C(f).

Then, there exists fo € K' such that

T(fo,9) € —C(fo), forall g€ X'.

Proof. We first note that L(FE, F) equipped with the topology of com-
pact convergence is a Hausdorff topological vector space. We now define
a multifunction A : X’ = X’ by

A(f)={9€ X'|T(f,g) € —C(f)} foreach fe X"

The proof is organized in the following parts.
(i) For each f € X', A(f) is convex. Indeed, suppose the contrary. Then
there exist g1 and g2 in A(f), and some t € [0, 1] such that tg1+(1—t)gs ¢
A(f). Therefore, we have

T(f.1) € =C(f), T(f.92) € =C(f), but T(f tg1+(1-t)g2) £ —C(f).
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Since T'(f,) is natural quasi P-convex, there exist u € [0,1] such that

T(f,tgr + (1 —t)g2) C MT(f g1) + (1 = w)T(f, g2) —
C—uC(f)—A—-pC(f) - P
C-C(f)-C(f) = C(f) € =C(f),

which is a contradiction so that each A(f) is convex.
(ii) Clearly A has no fixed point because T'(f, f) = {0}, and 0 ¢ C(f)
for all f e X'.
(iii) For each g € X', A71(g) is open in X'.  Indeed, let {f\} be a
net in (A_l(g))C convergent to f € X'. Then g ¢ A(f\) and hence
T(fr,9) € —C(f) so that T(fx,g) N (F\ —C(fx)) # 0 for each A.
Therefore, for each A, there exists z) € T(fx,g9) N (F\ —=C(f)). Since
T(-,g) is non-empty compact-valued and upper semicontinuous on the
first variable, and the graph W (f) = F'\ —C(f) is closed, by Theorem
7.3.10 in [5], the multifunction f +— T(f,g) N (F \ —C(f)) is upper
semicontinuous. Since T'(X’ x X') is compact and {z)} C T(X' x X'),
there exists a subnet {x,} of {z\} converging to z € T(X' x X’). Since
the corresponding nets {f.} — f, z, € T(fu,9) N (F\ =C(f,)) for
each p, and {z,} — Z, by virtue of Theorem 7 1.15 in [5], we have
zeT(f,g)N(F\—C(f)) so that T(f,g 57; —C(f), i.e., f € (A7Y(g))e.
Therefore, (A71(g))¢ is closed so that A~!(g) is open in X’.
(iv) By the given hypothesis, we know that for each finite subset N’ of
X', there exists a non-empty compact convex subset Ly: of X’ contain-
ing N’ such that for each f € Ly/\ K’, there exists g € Ly satisfying
g € A(f), hence Ly NA(f) # 0.
(v) From (i)-(iv), we see, by Lemma 1, there must be an fy € K’ such
that A(fo) = 0, namely,

T(fo,9) € —C(fo), foreach g€ X'
This completes the proof. O

REMARK 3.2. Theorem 3.1 is very closely related with Theorem 2.1
in [4] in the following aspects:

(1) neither the C-pseudomonotonicity nor the hemicontinuity for 7°(-, g)
are not needed in Theorem 2.1 in [4];

(ii) the coercivity assumption with respect to the compact convex set
B is not needed in Theorem 2.1 in [4].
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