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ON STRONG C-INTEGRAL OF BANACH-VALUED
FUNCTIONS

DAFANG ZHAO* AND GUOJU YE**

ABSTRACT. In this paper, we define and study the Banach-valued
C-integral and strong C-integral, We prove that the C-integral and
the strong C-integral are equivalent if and only if the Banach space
is finite dimensional. We also study the primitive of the strong
C-integral in terms of the C-variational measures.

1. Introduction

In 1996 B.Bongiorno introduced a constructive integration process
of Riemann type, called C-integral, which is the smallest integral that
includes the Lebesgue integral and derivatives. Some properties of the
C-integral of real-valued functions were studied in [1, 2, 7].

In this paper, we define and study the C-integral and the strong C-
integral of functions mapping an interval [a,b] into a Banach space X. We
prove that the C-integral and the strong C-integral are equivalent if and
only if the Banach space is finite dimensional. If the function ' : 7 —
X is differentiable almost everywhere on [a, b], then it is the indefinite
strong C-integral of f if and only if the C-variational measure V,F is
absolutely continuous. Consequently, we prove that every function of
bounded variation is a multiplier for the strong C-integral.

2. Definitions and basic properties

Throughout this paper, [a, b] is a compact interval in R. X will denote
a real Banach space with norm || -|| and its dual X*. Z denote the family
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of all subintervals of [a,b]. €o(Y) denote the closed convex hull of the
set Yif Y C X.

A partition D is a finite collection of interval-point pairs {([u;, vi], &)} g,
where {[u;,v;]}!' | are non-overlapping subintervals of [a,b]. (&) is a
positive function on [a,b], i.e. 6(§) : [a,b] —»RT. We say that D =
{([wi,vil, &) Yy 38

(1) a partial partition of [a,d] if | J"; [ui, vi] C [a,b],

(2) a partition of [a,d] if |J"; [ui, vi] = [a, b],

(3) 0 - fine McShane partition of [a,b] if [u;,v;] C B(&,0(&%)) =
(gl - 5(&)7 &+ 6(&)) and §; € [av b] for all i=1,2,--- n,

(4) ¢ - fine C-partition of [a,b] if it is a J - fine McShane partition of
[a, b] and satisfying the condition

g 1
Z dist(fi, [ui, 7)1]) < g,
i=1
here dist(&;, [ui,vi]) = inf{|t; — &| : ti € [wi,vi]}.
Given a ¢ - fine C-partition D = {([u;, vi], &)}, we write

S(£,D) =Y f(&)(vi —ui)
=1

for integral sums over D, whenever f : [a,b] — X.

DEFINITION 2.1. A function f : [a,b] — X is C-integrable if there
exists a vector A € X such that for each £ > 0 there is a positive function
§(¢) : [a,b] — R* such that

1S(f, D) — Al <€
for each ¢ - fine C-partition D = {([u;,vi], &)}, of [a,b]. A is called
the C-integral of f on [a,b], and we write A = ff forA=(C) fab I
The function f is C-integrable on the set E C [a,b] if the function
fxE is C-integrable on [a,b]. We write [, f = f; fXE.
The basic properties of the C-integral, for example, linearity and

additivity with respect to intervals can be founded in [7]. We do not
present them here. The reader is referred to [7] for the details.

LEMMA 2.2. (Saks-Henstock) Let f : [a,b] — X is C-integrable on
[a,b]. Then for € > 0 there is a positive function §(§) : [a,b] — Rt such
that

b
IS(f.D) - / fll < e
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for each ¢ - fine C-partition D = {([u,v],§)} of [a,b]. Particulary, if
D" = {([ui,v], &)}, is an arbitrary 6 - fine partial C-partition of [a,b]
, we have

IS =3 [ A<

=1

Proof. The proof is similar to the case for Banach-valued Henstock
integrable functions and the reader is referred to [9, Lemma 3.4.1.] for
details. ]

THEOREM 2.3. Let f : [a,b] — X is C-integrable on [a,b].
(1) for each x* € X*, the function z*f is C-integrable on [a,b] and
b b
Jo =2 (f; )
(2) If T : X — Y is a continuous linear operator, then Tf is C-
integrable on [a, b] and fab Tf= T(fab f)-

Proof. The proof is too easy and will be omitted. The reader is
referred to [10, Theorem 2.9.] for details. O

DEFINITION 2.4. A function f : [a,b] — X is strongly C-integrable
if there exists an additive function F' : Z — X such that for each € > 0
there is a positive function 6(€) : [a,b] — R™ such that

Z 1/ (&) (vi — wi) = Fui, vi)|| <e

for each ¢ - fine C-partition D = {([u;, v;], &)}, of [a,b]. We denote
F(ui,v;) = F(v;) — F(u;).

THEOREM 2.5. Let X be a Banach space of finite dimension. f :
[a,b] — X is C-integrable on [a, b] if and only if f is strongly C-integrable
on [a,b].

Proof (Sufficiency). From the definitions of the strong C-integral and
C-integral, if f is strongly C-integrable on [a,b], then f is C-integrable
on [a,b).

O

Proof (Necessity). f is C-integrable on [a, b], then there is a positive
function §(¢) : [a,b] — R such that

1D FE)©—u) = Fu,v)]| <e
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for each § -fine C-partition D = {([u,v],£)} of [a,b]. Let {e1,e2, -+ ,en}
be a base of X and g; : [a,b] — R (i =1,2,--- ,n). By the Hahn-Banach
Theorem, for each e; there is 7 € X* such that

1 ifi=j
2.1 “(e;) = '
21) () {0 i

for 4,j = 1,2,--- ,n and therefore z}(f) = >_7_; g;27(e;) = gi- Since

gi : la,b] — R is C-integrable on [a, b] from Theorem 2.3, for each € > 0
there is a positive function §;(¢) : [a,b] — RT such that

g’L7 z Z/ gz|<€

for each 0; - fine C-partition D; = {([u,v],&)} of [a,b]. By an easy
adaptation of Saks-Henstock Lemma we have

v
S lg©@ )~ [ gl <2
u

We also have

F(u,v) = Zgzez Z gzez— Gi(u, v)
[or=] R

where Gj(u,v) = [ g;. Let 6(€) < 6;(€) for i = 1,2,--- ,n and conse-
quently

S IFE) @ —u) = Flu,v)]
= Z”Zgi(f)ei(v—u)—ZeiG w, v
. 2

Z leill Y 19:(€) (v — ) = Gi(u, )|

e > lleil

i=1

IN

A

for each § - fine C-partition D = {([u,v],£)} of [a, b]. Hence f is strongly
C-integrable on [a, b].
O
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3. the C-variational measure and the strong C-integral

Let F : [a,b] — X, arbitrary E C [a,b] and a positive function
5(€): E — R™, Let us set

V(F,0,F) = s%pz | E (wi, v)|
where the supremum is take over all § - fine partial C-partition D =
{([ui, vi], &)}y of [a,b] with & € E. We put
V.F(E) = lim inf V(F,6, E)
where the infimum is take over all function §(¢) : E — R™.

It is easy to know that the set function V,F(E) is a Borel metric
outer measure, known as the C-variational measure generated by F'.

DEFINITION 3.1. V., F'(E) is said to be absolutely continuous (AC) on
a set E if for each set N C E such that V., F(N) = 0 whenever p(N) = 0.

DEFINITION 3.2. A function F : [a,b] — X is differentiable at £ €
[a,b] if there is a f(§) € X such that

tim | FEFD I ey =0

—0
We denote f(§) = F'(§) the derivative of F at &.

THEOREM 3.3. Let F : T — X be differentiable almost everywhere
on [a,b]. Then F is the indefinite strong C-integral of f if and only if
the C-variational measure V. F' is AC.

Proof (Necessity). Let E C [a,b] and u(E) = 0. Assume E,, = {{ €
E:n—1<|f| < n} forn=1,2---. Then we have £ = (JE,
and p(FE,) = 0, so there are open sets G, such that E, C G, and
1w(Gn) < 757

By the Saks-Henstock Lemma, there exists a positive function dg such
that

S O IF ) (i — us) = Flui,v)]| < e

for each &g - fine partial C-partition D = {([u;,vi], &)} of [a,b].
For ¢ € E,, take 0,(§) > 0 such that B(&,6,(€)) C Gy. Let

6(§) = min{do(£), n(£)}-
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Assume D’ = {([u,v],§)} is a 0 - fine partial C-partition with £ € E. We
have

YoNFE@ )l = Y IEuv) = f(E) (0 —u) + f(E)(v -
< Y IEw ) = (€@ =)+ 1€ —w)
e+ D IFEO@—u)

n {€En
€

< e+2n = 2¢
- n - 2"

A

This shows that V. F(E) < 2¢. Hence the C-variational measure V. F' is
AC as desired. ]

Proof (Sufficiency). There exists a set E C [a,b] be of measure zero
such that f(§) # F'(§) or F'(£) does not exist for £ € E. We can define
a function as follows

(3.1) ﬂ@:{f@)igigmwx

Then for { € [a,b]\E, by the definition of derivative, for each ¢ > 0,
there is a positive function ¢ (&) such that

2

1F© @ —w) ~ Flu.v)]| < 37—

m(dist(ﬁ, [u,v]) +v — u)

for each interval [u,v] C (& — 61(£),& + 61(8)).

ViF is AC, then for £ € E, there is a positive function d2(§) such
that

D IFE(u ) <e

for each 9 - fine partial C-partition Dy = {([u,v],&)} with £ € E.
Define a positive function §(§) as follows

_Jai(§) &€ fa,b\E,
(32) Ma_{@@)ﬁgeﬂ
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Then for each ¢ - fine C-partition of [a,b], we have
D IFE©) W —u) = F(u,v)]
= Y IFwo) = fO@—w)l+ > [F(uv)=f(E)—u)

¢EE £€la,b\E

2
€

< _— ) —

< s 2 (st - )

£€lab\E

€2 1

< €+m(z+b—a)—2€

Hence f is strong C-integrable on [a, b] with indefinite strong C-integral
F. [

DEFINITION 3.4. Let G : [a,b] — R. A function F : [a,b] — X is
C-Stieltjes integrable with respect to G on [a, b] if there exists a vector
A € X such that for each € > 0 there is a positive function §(¢) : [a,b] —
R™ such that

IS(F,G, D) — Al <€
for each 6 - fine C-partition D = {([u;,vi], &)}y of [a,b], whenever

S(F,G, D) ZF& vi) = Guy)).
A is called the C-Stieltjes integral of F' with respect to G on [a,b], and
we write A = (CS) [” FdG.
Similar to [8,Proposition 5.], we have the following Lemma.

LEMMA 3.5. Let G : [a,b] — R be a non decreasing function. If a
function F : [a,b] — X is C-Stieltjes integrable with respect to G, then
for each [u,v| € [a,b], we have

(CS)/ FdG € co({G(u,v)x : x € X and x = F(§) for some £ € [u,v]})
THEOREM 3.6. Let f : [a,b] — X be strongly C-integrable on [a, b

and F(z) = [ f for each x € [a,b]. If G : [a,b] — R is a function of
bounded variation, then G f is strongly C-integrable and

b b
/ Gf = GO)F(b) — (CS) / FdG.
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Proof. Let € > 0, arbitrary E C [a,b] with u(E) = 0. Assume D =
{([wi,vi], &)} is an arbitrary 6 - fine partial C-partition with &; € E.
It is easy to know that F' is continuous on [a,b]. G is of bounded

variation, then the C-Stieltjes integral (C'S) f; FdG exists on [a,b]. We

can assume G is non decreasing and with upper bounded M > 0 on

[a, b], then for each i, there are xg ),a:g), . (i) € [u;, v;] and numbers

Agl)’ )\g)7 .. )\5}1 with Zml )\(Z =1 such that

1Y G Plal?) ~ [ pac) < Es
V(G [0.b])

where V (G, [a, b]) denote the variation of G over the interval [a, b].
We define a function by

/ Gf=H(z) =G(x)F(x) — (CS)/ FdG
and consequently have

1 (vi) — H (i) |
= IIG(vz)F(vz)—G(Ui)F(uz‘)—(CS)/ZFdGII

i

= ICEF ) — F ()] + (Gw) — Gl [Flu) — > A Fd) +
J=1

() — G S A FED) — (5) [ rac
i=1 ui
< 1G] - I1F iy 03) | + Gat 05) | F () f_j =)+
1G (s, 3) ZM (2) - 05)/_1ch:||
< MIF (s )]+ Gl S AV F () — B+ s

=1
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m;

< MIF (i) + V(G [a,b]) YN IF(wi) = F(a)] + M
J=1 ) 1Ay

< MIFG )]+ V(G [aH) SN IP(w) = )+ e s
Jj=1 ) 1Ay

= M||F(ui,v:)|| + V(G [a, )| F(ui) — F(z),)] + m

where

I1F(ui) — F(z))| = maz{||F(u;) — ()|}

for each j € {1,2,--- ,mZ@}. V.F is AC from Theorem 3.3, then there
exists a positive function 6(&) such that

€

2 MF vl < g rE ey

=
Therefore
Z H(w) - Hw)| < MZ (s 0)] + )
A Z 1) — FEO)
< (M+ V(G,Z[;, b)) 35+ V(GG, ) T2

and it follows that V. H is AC. We also have that H(z) is differentiable
almost everywhere and H'(z) = G(x)f(z) a.e. on [a,b], then Gf is
strongly C-integrable on [a, b] from Theorem 3.3. O

Consequently, we can easily get the following theorem.

THEOREM 3.7. Let f : [a,b] — X and G : [a,b] — R. If Gf is
strongly C-integrable on [a, b] for every strongly C-integrable f, then G
is equivalent to a function of bounded variation on [a, b].
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