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CAUCHY–RASSIAS STABILITY OF DERIVATIONS ON
QUASI-BANACH ALGEBRAS

Jong Su An*, Deok-Hoon Boo∗∗, and Choonkil Park ***

Abstract. In this paper, we prove the Cauchy–Rassias stability
of derivations on quasi-Banach algebras associated to the Cauchy
functional equation and the Jensen functional equation. We use
the Cauchy–Rassias inequality that was first introduced by Th. M.
Rassias in the paper “On the stability of the linear mapping in
Banach spaces, Proc. Amer. Math. Soc. 72 (1978), 297–300”.

1. Introduction and preliminaries

The stability problem of functional equations originated from a ques-
tion of Ulam [24] concerning the stability of group homomorphism. In
the next year, Hyers [9] gave a partial affirmative answer to the question
of Ulam in the context of Banach spaces. In 1978, Th. M. Rassias [19]
generalized the theorem of Hyers by considering the particular stability
problem with an unbounded Cauchy difference.

Let X and Y be Banach spaces. Consider f : X → Y to be a mapping
such that f(tx) is continuous in t ∈ R for each fixed x ∈ X . Assume
that there exist constants θ ≥ 0 and r ∈ [0, 1) such that

‖f(x + y)− f(x)− f(y)‖ ≤ θ(‖x‖r + ‖y‖r)
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for all x, y ∈ X . Then there exists a unique R-linear mapping T : X → Y
such that

‖f(x)− T (x)‖ ≤ 2θ

2− 2r
‖x‖r

for all x ∈ X .
The above inequality, which is known as Cauchy–Rassias inequality,

has provided a lot of influence in the development of what is now known
as Cauchy–Rassias stability of functional equations. More general ap-
proach was considered already by Bourgin [5] and later by Forti [7],
Găvruta [8] and others. During the last decades, several problems con-
cerning the stability of functional equations have been extensively inves-
tigated by a number of mathematicians and there are many interesting
results concerning this problem (see [3, 6, 10, 11, 13, 18, 20, 21, 23]).

We recall some basic facts concerning quasi-Banach spaces and some
preliminary results.

Definition 1.1. ([2, 22]) Let X be a real linear space. A quasi-norm
is a real-valued function on X satisfying the following:

(1) ‖x‖ ≥ 0 for all x ∈ X and ‖x‖ = 0 if and only if x = 0.
(2) ‖λx‖ = |λ| · ‖x‖ for all λ ∈ R and all x ∈ X .
(3) There is a constant K ≥ 1 such that ‖x + y‖ ≤ K(‖x‖+ ‖y‖) for

all x, y ∈ X .
The pair (X , ‖·‖) is called a quasi-normed space if ‖·‖ is a quasi-norm

on X . The smallest possible K is called the modulus of concavity of ‖·‖.
Obviously the balls with respect to ‖ · ‖ define a linear topology on X .
By a quasi-Banach space we mean a complete quasi-normed space, i.e. a
quasi-normed space in which every ‖ ·‖-Cauchy sequence in X converges
(see [16]). This class includes Banach spaces and the most significant
class of quasi-Banach spaces which are not Banach spaces are the Lp

spaces for 0 < p < 1 with the quasi-norm ‖ · ‖.
A quasi-norm ‖ · ‖ is called a p-norm (0 < p ≤ 1) if

‖x + y‖p ≤ ‖x‖p + ‖y‖p

for all x, y ∈ X . In this case, a quasi-Banach space is called a p-Banach
space.
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Definition 1.2. ([1]) A quasi-normed space (A, ‖·‖) is called a quasi-
normed algebra if A is an algebra and there is a constant C > 0 such
that ‖xy‖ ≤ C‖x‖ · ‖y‖ for all x, y ∈ A.

A quasi-Banach algebra is a complete quasi-normed algebra.
If the quasi-norm ‖ · ‖ is a p-norm then the quasi-Banach algebra is

called a p-Banach algebra.

Given a p-norm, the formula d(x, y) := ‖x−y‖p gives us a translation
invariant metric on X . By the Aoki–Rolewicz theorem [22] (see also
[2]), each quasi-norm is equivalent to some p-norm. Since it is much
easier to work with p-norms than quasi-norms, henceforth we restrict
our attention mainly to p-norms.

Recently, the stability of derivations on other topological structures
has been recently studied by the authors; see [4, 12, 14, 15, 17].

In this paper, we prove the stability of derivations on quasi-Banach
algebras associated to the Cauchy functional equation and the Jensen
functional equation. Throughout the paper we assume that A is a p-
Banach algebra with p-norm ‖ · ‖ and the modulus of concavity K.

2. Stability of derivations associated to the Cauchy func-
tional equation

In this section, we establish the stability of derivations on quasi-
Banach algebras associated to the Cauchy functional equation.

Theorem 2.1. Let r > 2, θ be a positive real number and let f :
A → A be a mapping such that

‖f(x + y)− f(x)− f(y)‖ ≤ θ(‖x‖r + ‖y‖r),(1)

‖f(xy)− f(x)y − xf(y)‖ ≤ θ(‖x‖r + ‖y‖r)(2)

for all x, y ∈ A. If f(tx) is continuous in t ∈ R for each fixed x ∈ A,

then there exists a unique derivation D : A → A such that

‖f(x)−D(x)‖ ≤ 2θ

(2pr − 2p)
1
p

‖x‖r(3)
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for all x ∈ A.

Proof. Letting y = x in (1), we get

‖f(2x)− 2f(x)‖ ≤ 2θ‖x‖r(4)

for all x ∈ A. So

‖2jf(
x

2j
)− 2j+1f(

x

2j+1
)‖ ≤ 2j+1θ

2r
‖ x

2j
‖r

for all x ∈ A and nonnegative integers j. Since A is a p-Banach algebra,

‖2lf(
x

2l
)− 2mf(

x

2m
)‖p ≤

m−1∑

j=l

‖2jf(
x

2j
)− 2j+1f(

x

2j+1
)‖p(5)

≤ 2pθp

2pr

m−1∑

j=l

2pj

2prj
‖x‖pr(6)

for all nonnegative integers m and l with m > l and all x ∈ A. It
follows from (5) that the sequence {2nf( x

2n )} is a Cauchy sequence for
all x ∈ A. Since A is complete, the sequence {2nf( x

2n )} converges. So
one can define the mapping D : A → A by

D(x) := lim
n→∞ 2nf(

x

2n
)

for all x ∈ A. It follows from (1) that

‖D(x + y)−D(x)−D(y)‖ = lim
n→∞ 2n‖f(

x + y

2n
)− f(

x

2n
)− f(

y

2n
)‖

≤ lim
n→∞

2nθ

2nr
(‖x‖r + ‖y‖r)

= 0

for all x, y ∈ A. So

D(x + y) = D(x) + D(y), x, y ∈ A

And letting l = 0 and passing the limit m →∞ in (5), we get (3).
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By the same reasoning as in the proof of Theorem of [19], the mapping
D : A → A is R-linear. It follows from (2) that

‖D(xy)−D(x)y − xD(y)‖
= lim

n→∞ 4n‖f(
xy

2n · 2n
)− f(

x

2n
) · y

2n
− x

2n
· f(

y

2n
)‖

≤ lim
n→∞

4nθ

2nr
(‖x‖r + ‖y‖r) = 0

for all x, y ∈ A. So

D(xy) = D(x)y + xD(y) x, y ∈ A

Now, let T : A → A be another Cauchy additive mapping satisfying (3).
Then we have

‖D(x)− T (x)‖ = 2n‖D(
x

2n
)− T (

x

2n
)‖

≤ 2nK(‖D(
x

2n
)− f(

x

2n
)‖+ ‖T (

x

2n
)− f(

x

2n
)‖)

≤ 2n+2Kθ

(2pr − 2p)
1
p 2nr

‖x‖r,

which tends to zero as n → ∞ for all x ∈ A. So we can conclude that
D(x) = T (x) for all x ∈ A. This proves the uniqueness of D.

Theorem 2.2. Let r < 1, θ be a positive real number and let f : A →
A be a mapping satisfying (1) and (2). If f(tx) is continuous in t ∈ R
for each fixed x ∈ A, then there exists a unique derivation D : A → A
such that

‖f(x)−D(x)‖ ≤ 2θ

(2p − 2pr)
1
p

‖x‖r

for all x ∈ A.

Proof. It follows from (4) that

‖f(x)− 1
2
f(2x)‖ ≤ θ‖x‖r
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for all x ∈ A. So

‖ 1
2l

f(2lx)− 1
2m

f(2mx)‖p ≤
m−1∑

j=l

‖ 1
2j

f(2jx)− 1
2j+1

f(2j+1x)‖p(7)

≤ θp
m−1∑

j=l

2pjrθ

2pj
‖x‖pr(8)

for all nonnegative integers m and l with m > l and all x ∈ A. It
follows from (7) that the sequence { 1

2n f(2nx)} is a Cauchy sequence for
all x ∈ A. Since A is complete, the sequence { 1

2n f(2nx)} converges. So
we can define the mapping D : A → A by

D(x) := lim
n→∞

1
2n

f(2nx), x ∈ A
The rest of the proof is similar to the proof of Theorem 2.1.

3. Stability of derivations associated to the Jensen func-
tional equation

We study the stability of derivations on quasi-Banach algebras asso-
ciated to the Jensen functional equation.

Theorem 3.1. Let r < 1, θ be a positive real number and let f :
A → A be a mapping with f(0) = 0 satisfying

‖2f(
x + y

2
)− f(x)− f(y)‖ ≤ θ(‖x‖r + ‖y‖r)(9)

‖f(xy)− f(x)y − xf(y)‖ ≤ θ(‖x‖r + ‖y‖r)(10)

for all x, y ∈ A. If f(tx) is continuous in t ∈ R for each fixed x ∈ A,

then there exists a unique derivation D : A → A such that

‖f(x)−D(x)‖ ≤ K(3 + 3r)θ

(3p − 3pr)
1
p

‖x‖r(11)

for all x ∈ A.

Proof. Letting y = −x in (9), we get

‖ − f(x)− f(−x)‖ ≤ 2θ‖x‖r
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for all x ∈ A. Letting y = 3x and replacing x by −x in (9), we get

‖2f(x)− f(−x)− f(3x)‖ ≤ (3r + 1)θ‖x‖r

for all x ∈ A. Thus

‖3f(x)− f(3x)‖ ≤ K(3r + 3)θ‖x‖r(12)

for all x ∈ A. Since A is a p-Banach algebra,

‖ 1
3l

f(3lx)− 1
3m

f(3mx)‖p ≤
m−1∑

j=l

‖ 1
3j

f(3jx)− 1
3j+1

f(3j+1x)‖p

≤ Kp(3r + 3)pθp

3p

m−1∑

j=l

3prj

3pj
‖x‖pr(13)

for all nonnegative integers m and l with m > l and all x ∈ A. It follows
from (13) that the sequence { 1

3n f(3nx)} is a Cauchy sequence for all
x ∈ A. Since A is complete, the sequence { 1

3n f(3nx)} converges. So one
can define the mapping D : A → A by

D(x) := lim
n→∞

1
3n

f(3nx)

for all x ∈ A. By (9),

‖2H(
x + y

2
)−H(x)−H(y)‖

= lim
n→∞

1
3n
‖2f(3n · x + y

2
)− f(3nx)− f(3ny)‖

≤ lim
n→∞

3rn

3n
θ(‖x‖r + ‖y‖r) = 0

for all x, y ∈ A. So

2D(
x + y

2
) = D(x) + D(y), x, y ∈ A

Hence D(x
2 ) = 1

2D(x) for each x ∈ A and so D(x) + D(y) = 2D(x+y
2 ) =

D(x) + D(y) for all x, y ∈ A.
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Moreover, letting l = 0 and passing the limit m →∞ in (13), we get
(11). It follows from (10) that

‖D(xy)−D(x)y − xD(y)‖
= lim

n→∞
1
9n
‖f(9nxy)− f(3nx) · 3ny − 3nx · f(3ny)‖

≤ lim
n→∞

3nrθ

9n
(‖x‖r + ‖y‖r) = 0

for all x, y ∈ A. So

D(xy) = D(x)y + xD(y), x, y ∈ A

Now, let T : A → A be another Jensen additive mapping satisfying (11).
Then we have

‖D(x)− T (x)‖p =
1

3pn
‖D(3nx)− T (3nx)‖p

≤ 1
3pn

(‖D(3nx)− f(3nx)‖p + ‖T (3nx)− f(3nx)‖p)

≤ 2 · 3prn

3pn
· Kp(3 + 3r)pθp

3p − 3pr
‖x‖pr,

which tends to zero as n → ∞ for all x ∈ A. So we can conclude that
D(x) = T (x) for all x ∈ A. This proves the uniqueness of D.

The rest of the proof is similar to the proof of Theorem 2.1.

Theorem 3.2. Let r > 2, θ be a positive real number and let f :
A → A be a mapping with f(0) = 0 satisfying (9) and (10). If f(tx)
is continuous in t ∈ R for each fixed x ∈ A, then there exists a unique

derivation D : A → A such that

‖f(x)−D(x)‖ ≤ K(3r + 3)θ

(3pr − 3p)
1
p

‖x‖r

for all x ∈ A.

Proof. It follows from (12) that

‖f(x)− 3f(
x

3
)‖ ≤ K(3r + 3)θ

3r
‖x‖r
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for all x ∈ A. Since A is a p-Banach algebra,

‖3lf(
x

3l
)− 3mf(

x

3m
)‖p ≤

m−1∑

j=l

‖3jf(
x

3j
)− 3j+1f(

x

3j+1
)‖p

≤ Kp(3r + 3)pθp

3pr

m−1∑

j=l

3pj

3prj
‖x‖pr(14)

for all nonnegative integers m and l with m > l and all x ∈ A. It
follows from (14) that the sequence {3nf( x

3n )} is a Cauchy sequence for
all x ∈ A. Since A is complete, the sequence {3nf( x

3n )} converges. So
one can define the mapping D : A → A by

D(x) := lim
n→∞ 3nf(

x

3n
)

for all x ∈ A.
The rest of the proof is similar to that of Theorems 2.1 and 3.1.
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