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ON THE HYERS-ULAM-RASSIAS STABILITY OF A
PEXIDERIZED MIXED TYPE QUADRATIC
FUNCTIONAL EQUATION

KiL-WounG Jun*, GwaNc-Hur KiM**, AND YANG-HI LEE***

ABSTRACT. We establish the Hyers-Ulam-Rassias stability of the
Pexiderized mixed type quadratic equation fi(z + vy + 2) + fo(z —
y)+ fs(x —2) — fale —y — 2) — fs(z +y) — fe(z + 2) = 0 in the
spirit of D. H. Hyers, S. M. Ulam and Th. M. Rassias.

1. Introduction

In 1940, S. M. Ulam [23] raised the following question: Under what
conditions does there exist an additive mapping near an approximately
additive mapping?

In 1941, D. H. Hyers [5] proved that if f : V — X is a mapping
satisfying

[f(z+y) - flz) - flyll <e

for all z,y € V, where V and X are Banach spaces and ¢ is a given
positive number, then there exists a unique additive mapping 7' : V — X
such that

1f(z) =T ()|l <e
for all z € V. In 1978, Th. M. Rassias[16] gave a significant gen-
eralization of the Hyers’ result. Th. M. Rassias[20] during the 27th
International Symposium on Functional Equations, that took place in
Bielsko-Biala, Poland, in 1990, asked the question whether such a the-
orem can also be proved for a more general setting. Z. Gadja[3] fol-
lowing Th. M. Rassias’s approach([16]) gave an affirmative solution to
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the question. Recently, P.Gavruta[4] also obtained a further generaliza-
tion of Rassias’ theorem, the so-called generalized Hyers-Ulam-Rassias
stability [13,15 ,17-20]. Lee and Jun [14] also obtained the Hyers-Ulam-
Rassias stability of the Pexider equation of f(x + y) = g(z) + h(y)(see
7).

Throughout this paper, let V and X be a normed space and a Banach
space, respectively.

In 1983, the stability theorem for the quadratic functional equation

fle+y)+ fle—y)—2f(x) =2f(y) =0
was proved by F. Skof[22] for the function f:V — X. In 1984, P. W.
Cholewa[l] extended V to the case of an Abelian group G in the Skof’s
result.

In 1992, S. Czerwik[2] gave a generalization of the Skof-Cholewa’s
result. Since then, the stability problem of the quadratic equation has
been extensively investigated by a number of mathematicians([8,12,21]).

Jun and Lee[6, 9, 10] obtained the stability results for the Pexiderized
quadratic functional equation.

f@+y) +g(@—y) =2h(x) + 2k(y).
Now we introduce the following new Pexiderized mixed type quadratic
functional equation
file +y+2) + falz —y) + f3(z — 2)
(1.1) —falz —y—2) = fs(z +y) — fe(z + 2) = 0.

In this paper, we establish the Hyers-Ulam-Rassias stability for the equa-
tion (1.1).

2. Hyers-Ulam-Rassias Stability of (1.1)

We need the following lemma to prove our main results.

LEMMA 2.1. [11] Let a be a positive real number. Let ® : V '\ {0} —
[0,00) be a map such that

o0

() := #‘P(le) < oo forall x € V\ {0} (%)
1=0

or

d(z) := Zalé(%) < oo for all x € V' \ {0}.(xx)
=0
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Suppose that the function f : V — X satisfies the inequality
f (295) ®(z)
I1f () =
a
for all x € V' \ {0} and f(0) = 0. Then there exists exactly one function
F:V — X satisfying

|f(z) — F(z)|| < ®(x) for all z € V' \ {0}
and aF(x) = F(2x) for allxz € V.

I<

Moreover, the function F' is given by

Flz) = lim,,— o0 f(zZz) if @ satisfies (*),
© | limy o a™ f (27 ) if @ satisfies (**)

forallz € V.

We establish the stability result for the even function in the following
theorem.

THEOREM 2.2. Let p # 2 and € > 0. If the even functions f : V —
X, k=1,2,...,6, satisfy
21)  |hG+y+2)+falz—y) + fslz—2) = falz —y —2)
—fs(z+y) = folz + 2)[ < e(llz|” + Iyl + [|=[]")

for all x,y,z € V' \ {0}, then there exists exactly one quadratic function
Q 'V — X satisfying

(2.2) If1(x) = £1(0) = Q=) < Maellz|]”,

[fa(z) = f4(0) = Q)| < Mel[z[],

Ifo(x) = £2(0) = Q)| < Maellz|/”,

[f3(z) = f3(0) = Q)| < Mae|[]”,

If5(x) = f5(0) = Q)| < Maellz|/”,

[fo(z) = f6(0) = Qx)[| < Moe|z|]”
where M = [1 + (32211222}7;?2) + G + ) Moy = [2§T2chll4| + 3552 for
all z € V' \ {0}. Moreover, the function Q) is given by

1im,, o, L2 ifp <2

(23) Q)= {lim,HOO 4"(fr(27"x) — fr(0)) ifp>2

for all x € V \ {0} and k = 1,2,3,4,5,6.
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Proof. Let p < 2. Replace z by —z in (2.1) to obtain
[filz =y —2)+ falz+y) + f3(x + 2) = fulz +y + 2)

(2.4) —fs(x —y) = fo(x — 2)I| < e(ll — =" + lyll” + [|z[I")
for all z,y,z € V' \ {0}. It follows from (2.1) and (2.4) that

[Flz+y+2) + Glz—y)+ H@—z2) - Flz—y—2)
(2.5) — Gz +y) = H(z+2)| < e(llz]” + [lyl” + [12]7)
for all z,y, z € V'\ {0}, where the functions F, G, H : V' — X are defined
by
F(z) = 3[fi(x) + fa(z) = f1(0) = fa(0)],
G(z) := glfa2(z) + fs(x) — £2(0) = f5(0)],
(2.6) H(x) == 3[f3(x) + fo(x) — f3(0) — f6(0)]
for all z,y,z € V. It follows from (2.5) that

| G@) - B2 <2 - H@) + 6@+ )
)4 F(5) + ) + H)|
+IFCD = F(5) + Glo) - G(2o) + H ()|

—F(—)+ F(

; (517 + 151+ 1 - 1)

4321+ 131+ 11P)

e lZI+ 150+ 1 - 21
= L e

for all x € V' \ {0}. By Lemma 2.1, there exists Q(z) : V — X for all
x € V satisfying

(2.7 I6) - Q) < gy —gellelP
for all z € V'\ {0} and
G(2"x)

(2.8) Q(z) = lim

n—00 qn
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for all z € V. By the similar method in obtaining the inequality (2.7),
we get

. H(Q" ) (11 + 3P ) »
@0 1H@) — i T <
for all z € V'\ {0}. Since ||— (2x)+G(2a:)H <e(|lz||?+ ||lz||? + || — z||P),
we have . .
lim M = lim H(2"z)
for all x € V and so
(2.10) Q(z) = lim H(2n 510
for all x € V. From (2.5), (2.8) and (2.9), we get
[F(z) — Q)
1 3 x
< SIF@) +Gl) + H(ow) — Glax) — H(D)|
1 1 3
b SlIF@) + G + H o)~ H )|

+ [ = G) + Q)| + %HG(%) — Q(22)]

IN

S IP + 12012 + 1) = ) + SN 21 + 1P + |~ l?)
11+ 37 1143

+ S elelP + o elol?

G43) 4, 0143 W4, o,
2. 92p 2[4 — 20| " 20[4 — 27|

for all z € V '\ {0}. Replacing = by 2"z, dividing by 4™ in the above

inequality and taking the limit in the resulted inequality as n — oo, we

have

(2.11) < (

(2.12) lim

n—00 4n

for all x € V. Using (2.5), (2.8), (2.10) and (2.12), we obtain

Qlz+y+2)+Qr—y)+Q(z—x)
(2.13) Qe —y—2) - Q+y) — Qa+2) =0
for all z,y,z € V'\ {0}. Replacing = and z by § in (2.13) and using the
fact Q(0) = 0, we have

(214) Qe+ +Q(5—v) - QY - Q5

5 Ty~ Q@) =0
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for all z,y € V. Replace x and z by § and =* in (2.13) to have

(2.15) Q(y)+Q(g —y)+Q(z) —Qz —y) —Q(g

for all x,y € V. Subtracting (2.14) from (2.15) and using the evenness
of @), we lead to

Q(z+y) + Qz —y) —2Q(z) — 2Q(y) =

forall z,y e V.
On the other hand, it follows from (2.1) and (2.4) that

+y) =0.

IF'@+y+z2) + G-y +H(x—2)+ Flr—y—2)
(2.16) + Gz +y) + H' (z+ )| <e(llz]” + lyl” + 1I=]7)

for all z,y,z € V \ {0}, where the functions F',G',H' : V — X are
defined by

Fl(@) = 5l7@) — fa(e)], G'(a) = 31fae) Sl

H'(2) = 3 fs(a) — fo(a)]
for all z,y,z € V. It follows from (2.16) that
3z
4 ) 4)
Iy i PG vyt B G+ HO)

IG' () = GOl < IF'(=) + F'( +G’( ) +G'(0 )+H’( )+ H'(0)]

+ [P

X 3z X
< ad1F a1V T Zyp p _ 2P
517 + 1517+ IFIP + 1512+ 15017 + 1 - 17)

2.17) = 22,

1# (@)~ B O < IFCH+ FC) + )+ @) + B'(E) + HO)
FIFCH+ P+ @) +60) + H(G) + H @)
Se(llpr+HZH”+H%H”H%II”HI%H“H_T?’pr)

(218) = T,

4p
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IF'() ~ F'O)]l < IF'0) + €'0) + B'CH) + () + () + H ()
+ |1F' (@) + G0 + H'(D) + F'(5) + ¢(3) +H’<3j )l
< eI+ 1FIP+1 =5 1P+ 117 + quu 1517)
(219) = 22 e

AP
for all z € V' \ {0}. By the definition of F,G, H, F',G’, H', we have

fi(x) = f1(0) = Q(z) = F(x) + F'(z) — F'(0) — Q(),
fa(x) = f2(0) = Q(z) = G(2) + G'(z) — F'(0) — Q(x),
f3(x) = f3(0) = Q(z) = H(x) + H'(z) — H'(0) — Q(),
fa(w) = f4(0) = Q(z) = F(x) — F'(z) + F'(0) — Q(),
f5(x) = f5(0) = Q(x) = G(2) — G'(z) + G'(0) — Q(x),
fo(x) = f6(0) = Q(z) = H(x) — H'(z) + H'(0) — Q()

hold for all z € V\{0}. Hence by using (2.7), (2.9), (2.10), (2.11), (2.17),
(2.18), (2.19), the inequalities in (2.2) can be shown. The uniqueness of
Q follows from Lemma 2.1.
By the similar method, we can prove the result of this theorem for the
case p > 2.

O

THEOREM 2.3. Let p # 2 be nonnegative real number. If the even
functions f : V. — X, k = 1,2,...,6, satisfy (2.1) for all z,y,z € V,
then there exists exactly one quadratic function Q : V — X satisfying

[f1(z) = f1(0) = Q()]| < Miellz|”,
[fa(z) = fa(0) = Q(2)[| < Maellz]/”,
[f2(z) = f2(0) = Q(z)]] < Mael|z|”,
1f3(2) = f3(0) = Q) || < Mael|]/”,
1f5(z) = f5(0) = Q()]] < Maellz|”,
1f6(z) = f6(0) = Q(a)[| < Maellx||”
where My = [3 + 2§|”2i114| + 2], My (% + min(1, ¥12)) for all

x € V.. Moreover, the function Q is given by (2.3) for all x € V', where
p is a nonnegative real number with p # 2.
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Proof. Let 0 < p < 2. The relations (2.4)-(2.16) holds for all z,y,z €
V. Hence, it follows from (2.5) and (2.7) that

[1F(z) = Q)| < [[F(z) = G(2)|| + [|[G(z) = Q)|

T 1Ee o ole (11+3)
(IS 1P+ 11517+ flo] T e — o]

A

(2.20) [[][?)

for all z € V. Tt follows from that (2.16) that
|G’ (z) = G'(0)]| < IIF’( )+ G (@) + H'(2)|| + | F'(2) + H'(z) + G'(0)|
< fe(Hpr + [|0]P +Jj0]|") + %8(IIOH” + 1017 + [|=[17)
IIF’( )+ G'(2) + H' (2)|| + | F'(2) + H'(0) + G'(2) |
)
)
)

/\

|H' (z) — H'(0)]]

| A

1
*6(Hﬂf\|” O] +1017) + Se(llol” + ll” + [0[”)
IF(z) = F'(0)]] < IIF'( )+ G'(z) + H'(2)|| + [|[F'(0) + H'(z) + G'(2)]|
1
(Hpr 01" +10017) + SeClloN” + ll” + 1 = 7)

| /\

for all x € V. By using (2.7), (2.9), (2.20), the above inequalities and
Theorem 2.2, we have the desired inequalities in this theorem.
By the similar method, we can prove the result of this theorem for the
case p > 2.

O

We establish the stability result for the odd function in the following
Theorem 2.4.

THEOREM 2.4. Let p # 1 and e > 0. If the odd functions f;, : V — X,
k=1,2,...,6, satisfy (2.1) for all x,y,z € V' \ {0}.

Then there exist exactly three additive functions A, A1, Ay : V — X
satisfying

[f1(z) — A(z) + Ar(z) + Ag(z)[| < Melj|]”,

[ fa(z) = Az) — Ar(z) — Az(2)|| < Mell|]?,

[f2(z) = A(z) = Ar(z)[| < Mae|]]”,

1f3(x) — A(z) — Ag(a)[| < Maeljz]]”,

1/5(z) = A(z) + Ar(z)[| < Mae||]”,

(2.21) [fo(z) — A(z) + Az(z)|| < Moell|[
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2(3P411)+4-2P42.4P 2(3P+8
where My = (& + 35 + ( +4p|);;72‘+ ), My = 215|2;:2)\ for all x €
V '\ {0}. Moreover, the functions A, A1, Ay are given by
A = | lmn—oe L@ S (2 ) if p<1,
hmn—>oo 2n_1(f1(2%) + f4(2in)) if p> 1

: fo(2ra)— f5(2"x) i

limy oo 27 (fo() — fo(£)) if p> 1

. f3(2"x)—fe(2"x) .
(2.22)  Ax(z) = l?m”ﬂ’ B . l.f p<l
limy, o0 2" (f3(27) - fG(QT)) if p>1

forallz €V.

Proof. Assume that p < 1. Replace z by —z in (2.1) to obtain

| = filz—y—2) = falz+y) = fslx +2) + falz +y + 2)
(2.23) + fs(z —y) + fo(z — 2)[| < e(ll=]” + lyl|” + [|2]]")

for all z,y,z € V' \ {0}. Let the functions F,G,H : V — X be defined
by

F(a) = 31 + fale)], Gla) = J1fae) + ()]

H(w) = 5[fs(@) + fo(a)]
for all z,y,z € V. From (2.1) and (2.23), we get

[Fx+y+2) + G-y +Hx-2) - Fl@-y-2)
(2.24) — Gz +y) - H(z+2)| < E(Hl’Her 1yl +112117)

for all z,y,z € V' \ {0}. Replace y and z by —z and x in (2.24) to get

(2.25)  [|H(22) = GQz)[| < e(fJ=]|” + [| = =[] + [J][)
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for all x € V'\ {0}. It follows from (2.24) that

lep——
— 5l - F) - F(§) +Gl) + Gzo) - H)|
+H@ - G@I+ GIFCH) + F() - Gla) — H))|
< eGP+ ISP+ = 317 + U3+ 1= S 1P+ 131
+ SIS +IS I+ 151
- (1; 'J;Sp)ellxlp

for all x € V '\ {0}. Applying Lemma 2.1, there exists a function A :
V — X satisfying

(11 + 37)

. - < P
(226) IG() ~ Al@)] < g5 —grelel
for all z € V' \ {0}, where

A(z) := lim G(22 z)

for all x € V. By the similar method in obtaining the inequality (2.26),
we have

. H2"z), _ (11+3P)

: — < P
an) IHG@) - i T < Sl
for all z € V '\ {0}. From (2.25), we get

G(2'z) .. H(2"z)

(2.28) A(z) = lim ————= = lim

n—o0 n n—oo n
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for all z € V. It follows from (2.24) and (2.26) that

x T T 3z

IF@) — A@) = I1F@) = HG) +F(5) - G5) - HE)
+ 1HCD) - PG - )+ HOI + 26(5) 243
< U1+ IZIP+ ISP+ 1517 + 1517
+ =P+ S o elel?
) = (L A el

for all x € V '\ {0}. Replacing = by 2"z, dividing by 2" in the above
inequality and taking the limit in the resulted inequality as n — oo, we
obtain

(2.30) lim L")

n—00 on

for all z € V'\ {0}. It follows from (2.24), (2.28) and (2.30) that
Ale+y+z2)+ Alz—y) + Az —2) — Az —y — 2)
(2.31) —Alx+y)—Alx+2)=0
for all z,y,z € V'\ {0}. Replace y and z by 2y and z in (2.31) to obtain
A2z +2y) + A(z — 2y) + A(2y) — A(x +2y) — A(22) =0
for all z,y,z € V '\ {0}. Replace y and z by —2y and z in (2.31) to get
A2z —2y) + A(x + 2y) — A(2y) — A(z —2y) — A(2x2) =0

for all x,y € V \ {0}. Since A(0) = 0 and A(2z) = 2A(x), using the
above two equalities, we have

Alx —y)+ Az +y) — A(2z) =0

for all x,y € V. Hence, A is an additive function.
Let the functions F/,G’, H' : V — X be defined by

@) = 5Lh@) - @) 6@ = 51 — )

= A(x)

H'(@) = 5[ fs(x) — fol)
for all z,y,z € V. From (2.1) and (2.23), we have
[Fllx+y+2) + G-y +H@—2)+F(z—y—2)
(2.32) + Gz +y)+ H(z+2)|| < e(ll2l” + [yl + [I2]I)
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for all z,y,z € V'\ {0}. It follows from (2.32) that

G’(22x) | < %HF/(%) - F'(g) + G'(x) + H'(2)||
+ %H - F’(%x> +F'(5)+C () - G'(2) - H'(a)]|

1 x T T T 3z T
S (2P Zp “p P P _ e
S+ 1517+ 1517+ U5 17+ 1520+ 1= S 1)

~ (5+37) »
= S5 clal

IG' ()

IN

for all x € V' \ {0}. Applying Lemma 2.1, we obtain an odd function
Ay : 'V — X defined by

! n
(2.33) Ar(z) = tim & (22n 2,
and the inequality
5+ 3P)
. / _ < (7 P
(234) I6'(w) = @) < gzl

holds for all z € V'\ {0}. Similarly, we have an odd function Ay : V' — X
defined by

H'(2"
(2.35) As(z) := lim ¥
for all x € V' and the inequality
5+ 3P)
. "(x) — < (7 P
(2:36) 1H'(@) - Aa(e)] € 525"l

for all z € V'\ {0}. Replace z, y, z by z, z, —z in (2.34), to get
12F"(2) + G'(22) + H'(22)|| < 3¢]|z|]”

for all z € V' \ {0}. Replacing = by 2" 'z and dividing by 2" in the

above inequality, we obtain

2F' (2" 1x) + G'(2"x) + H'(2"x) v
| n 1< 3(5)" el ]”

2 2
for all x € V'\ {0}. Taking the limit in the above inequality as n — oo,
we have

(2.37) lim £ (2"7)

n—oo

= —A1 (:L') — Az(l’)
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for all x € V'\ {0}. It follows from (2.32) that

F'(22) x ,
— 5) +H (7)”

b SN n) B~ Fa) + G'() + H o)

3x

IF() ~ | < SIF (@) + () — B

1 T T T x
< Zo(IZqP e _ P e i P
< SeUSIP ISP + 1 =2l + 1517 + 1517 + i)

24 2P
— P
= 22
for all x € V'\ {0}. Applying Lemma 2.1 and (2.37), we have
442.2°
/ P
239 P+ Ale) + )] € g2 el

for all z € V'\ {0}. From (2.32), (2.33), (2.35) and (2.37), we have
—Ai(z+y+z2)—A(z+y+z2)+A(x—y)+ Az — 2)
(2.39) —Aj(x—y—2)— Az —y—2)+ A1z +y)+ As(x+2)=0
for all z,y,z € V' \ {0}. Replace y and z by 2y and x in (2.39), to get
—A1(22 + 2y) — Aa(2x + 2y) + A1 (z — 2y)
+A1(2y) + A2(2y) + A2(22) + A1(z +2y) =0
for all ,y € V '\ {0}. Replace y and z by x and 2y in (2.39), to get
—A1(22 + 2y) — A2(2x + 2y) + Az(z — 2y)
+A1(2y) + A2(2y) + A1 (2z) + Az(z +2y) =0
for all x,y € V' \ {0}. From the above two equalities, we get
(A1 — Ag)(z — 2y) — (A1 — A2)(2z) + (A1 — A2)(z + 2y) =0
for all z,y € V'\ {0}. Since A(0) = 0, we have
(A] — Ag)(x — 2y) — (A1 — A2)(2x) + (A1 — A2)(x+2y) =0
for all ,y € V. Hence A; — As is additive, i.e.,
(A1 — A2)(z +y) = (A1 — A2) () + (A1 — A2)(y)
for all z,y € V. Replace z by —y in (2.39), to obtain
—Ai(z) — Ag(x) + A1(z —y) + As(z + y) — As(x)
(2.40) — As(z) + Ai(z +y)+ As(z —y) =0
for all z,y € V' \ {0}. Since A; — Az is additive, we have
Ay(2x) — Ag(z +y) — As(z —y) = A1(27) — Ar(z +y) — Ar(z —y)
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for all z,y € V'\ {0}. From this and (2.40), we get
—A1(4z) + 2A1(x —y) +2A1(z+y) =0
for all z,y € V'\ {0}. From this and A;(0) = 0, we have
Az +y) = Ar(z) + A (y)

for all x,y € V. Since Ay and A; — Ay are additive, Ay is additive.
From (2.29), (2.38) and the definition of F, F’, we have

[f1(z) = A(x) + Ar(z) + Az(a)]]
< [|F(x) = A(@)|| + [[F'(2) + Ai(2) + Az(2)]|
442-2P  2(11+3°) 442.-2°P

< p
St poo Tapow)il

for all x € V '\ {0}. The rest of inequalities in (2.21) can be shown by
the similar method.
By the similar method, we can prove the result of this theorem for the
case p > 1.

O

THEOREM 2.5. Let p # 1 be a positive real number and ¢ > 0. If
the odd functions fy : V. — X, k = 1,2,...,6, satisfy (2.1) for all
z,y,z €V.

Then there exist exactly three additive functions A, A1, A5 : V — X
satisfying

1f1(x) = A(z) + Ar(z) + Az(2)|| < Maellz|],

[fa(z) — Alz) = Ar(z) — Ag(2)]| < Maellz]]”,

[fo(z) = A(z) — Au(2)[| < Moell|”,
[f3(z) — A(z) — Ag(2)]| < Mael|lz]]”,

1f5(z) = A(z) + Au(2)[| < Moell|]”,

(2.41) [fo(z) = A(z) + Ag(z)[| < Moellz[”

3P4+11)+4-2P4+2-4P  1042P )

. 2
for all x € V, where M; = mln(Q% + fp + X 2P —7] s A[2—2m]

2(4427) 1 4 8+2P 2(3748)
4]2—2p[1 2 T 4[2—2p[ 2P[2P 2]
A, Ay, Ay are given by (2.22) for all x € V, where p is a positive real
number with p # 1.

and My = min( ). Moreover, the functions
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Proof. Let 0 < p < 1. The relations in the proof of Theorem 2.4 valid
for all z,y,z € V. It follows from (2.24) that

1 1
(2.42) 1F(z) = G2) || < S0P + [l=[” + [0]IP) = Sell«],

1 1
(2.43) 1F(z) = H(z)|| < Se(l0[” + 0] + [z [[") = el

1
1F'(22) = G(z) = H(2)|| < 5e([0" + |z [|” + [|lz[|") = ell],
1
1G(2) = H(2)ll = S0P + llz[[” + | = z[[) = ef|z]|”

for all x € V. Hence, the inequalities

1) - ") = 6@ - P@)l 4 SIFe) - G - H)
+ SIH) - F@)] < ellalP,

6 — ) = Lian) - Fa)) + L) - O) - (@)
+ SlH@) ~ 6@l < & + el

)~ TED ) = Ly(2e) - F20)) 4 L P (@) — Gla) — H ()]

+ 5l = H@) + 6@l < G + Dellal?

hold for all x € V. By the relations in the proof of Theorem 2.4, applying
Lemma 2.1 to the above inequalities, we obtain the additive function
AV — X satisfying

(2.49) IF@) ~ A@)] < 5—gelel”
(2.45) IGa) = A@)] < T —grellel
(2.46) 1) =A@ < g —gyellel”
for all x € V, where A is given by
) = i EGE) = iy S = iy

forallz € V.
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On the other hand, it follows from (2.42),(2.43) and (2.44) that

1G () = A(2)|| < [|G(x) = F(2)|| + [|[F(x) = A(2)]

(2.47) < 5+ gogp)ellal?
|H(@) = A@)| < [H(x) - F()|| + |[F(z) = A(2)]
(2.48) < (% + 5 )ellzl”

for all x € V. It follows from (2.32) that

1
17" (22) + G'(22) + H'(22)|| < ge(|22]1” + 0]} + [[0][?),
17" (22) + 2G"(x) + H'(22) || < e(ll=[|” + (O] + [|=]"),
1F'(22) + G'(22) + 2H' ()| < e(ll<]l” + [l=[I” + [[0[}"),
12F" () + G'(22) + H'(22) || < e(ll=[|” + [|l2[|” + || — =[]”)

for all x € V and hence we have

&) - S < Lipae) + ) + )

b IF @) + 20/ @) + B < P e
@) - TED ) < Ly 1 o) + 122

+ SIF @) + @) + 21 @) ) < T el
1) - FE) < Lip e + en) + 2]

+ 512 (@) + &' (2n) + B0 < el

for all z € V. Applying Lemma 2.1 and Theorem 2.4 to the above
inequalities, we obtain an odd functions A;, Ao : V — X satisfying

(2.9 IG'(@) = (@)l < g —grellal”
(250) /(@) = As(@)]| < iz=gelel”
@51) 1)+ Ae) + Aefa)] € g5 gellal?
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for all x € V. From (2.44), (2.51) and the definition of F, F’, we have

1f1(z) — A(z) + Ai(z) + Ag(2)||
< |F(z) = A@@) + [[F'(2) + Ax(2) + Az ()]

1 6 + 2P
< p

for all z € V. From this and Theorem 2.4, we get the inequality (2.41).
The rest of inequalities can be shown by the similar method. O

Now we establish the main theorem.

THEOREM 2.6. Let p # 1,2 and € > 0. Suppose that the functions
fe:V—=X,k=1,2,...,6, satisfy (2.1) for all z,y,z € V '\ {0}.

Then there exist exactly one quadratic function @ : V — X and three
additive functions A, A1, Ay : V — X satisfying

[1(2) = 1(0) = Q(x) — A(z) + A1 (2) + Az(2)|| < Mael|z|],
[fa(x) = f4(0) = Q(x) — A(z) — Ai(2) — Az(2)|| < Maellz|]”,
[f2(z) = f2(0) = Q(x) — A(z) — Au(2)|| < Mael|z|]”,
1f5(2) = f5(0) — Q(x) — A(z) + As(2)|| < Mae||z|]”,
1f3(z) = f3(0) = Q(x) = A(z) — Az(2)|| < Mae||z|]”,
1fo(z) — f6(0) — Q(x) — A(2) + Az(2)|| < Mael|z|]”

_ 1(3P411)(2P+2) 11437 8 2(3P411)+4-2P42-4P _
where M) = | sorpr—a] T 2o T 1t Tt 1p[2P 7] |, My =
[ (3P411)

Ser—d] T A5 4 35?2”;82)‘] for all x € V' \ {0}. Moreover, the function @
is given by

Q) = {hmnm Ao 2) ifp<2

lim,, oo 4n(fk(2_nx)+2fk(*2_nx) _ fk(o)) ifp>2
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for k = 1,2,3,4,5,6 and the functions A, Ay, Ay (k = 1,2,3) are given

lim,, o f1(2”$)+f4(2”33);ﬁg—Q"m)—ﬂl(—Q"w) ifp <1,

Ale) = {limn oo 2 2(f1(52) + Ji(35) — fi(=57)
—fa(—£)) i p>1
hmn_mx) f2(2n33)*f5(2nx);{ig*2nx)+f5(,an)
Ar(w) = 1o 2°(fa(55) = fo(55) = fol=57)
+f5(— ) if p>1

if p<1,

lim,, oo f3(2"96)*f6(2”$);jig*Q"l”)Jrfe(*?"x) if p<1,
Az(z) = S limp—o0 2" 2(f3(3w) — fo(5w) — f3(—5%)
+/f6(—3m)) if p>1

forallz € V.

Proof. From (2.1), we obtain

[fi(=2 —y—2) + fa(—x+y) + fa3(~2 +2) = fa(-z +y +2)
— fs(—x —y) = fo(—z — 2)|| <e(llz[” + yl” + I|z]]")

for all z,y,z € V' \ {0}. From (2.1) and this inequality, one gets

[fre(x +y+2) + foe(® —y) + fae(x — 2) — fae(x —y — 2)

= Joe(z +y) = foe(z + 2)|| < e(ll=]” + Iyl + [[2]IP),
[ fio(x +y +2) + foolz —y) + f3o(z — 2) = fao(z —y — 2)

= Jso(@ +y) = feo(x + 2)[| < ell=|[” + [[y[|” + [|z]I")

for all ,y, 2 € V\{0}, where fo(z) = L&HCD) g gy — Jele)Ju(or)
for all z € V'\ {0}, k =1,2,3,4,5,6. Since fi is an even function, fx,

is an odd function and fr = fire + fro, We can apply Theorem 2.2 and
Theorem 2.4. ]

THEOREM 2.7. Let p # 1,2 be a positive number and € > 0. Suppose
that the functions fr, : V. — X, k = 1,2,...,6, satisfy (2.1) for all
z,y,z€V.

Then there exist exactly one quadratic function Q) : V' — X and three
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additive functions A, A1, Ay 1 V — X satisfying
[f1(z) = Q(x) — f1(0) — A(z) + Ar(z) + As(x)|| < Mie|=|?,
[fa(z) = Q(x) — f4(0) — A(z) — As(z ) — Ag(x)|| < Mie||”,
1f2(z) — Q) — f2(0) — A(z) — Ar(2)|| < Mael|z|]P,
1f5(z) — Q(z) — f5(0) — A(z) + As ()| < Mae|||P,
1fs(z) — Q) — f3(0) — A(z) — Ax(z)|| < Mae||z|]P,
1fs(z) — Q(z) — f6(0) — A(z) + Az(2)|| < Mael|x||P

, _3P411 2 . 2 4 2(3p+11)+4-2p+2-4p 104-2P
Where Ml 2 + 2p‘2p 4| +27+m1n(27+47+ 4P|2P—2‘ ? 4‘2—217')7

3P+11 3P+5 . 2(442P 842p  2(3P+8
My = g + min(L, 55°) + mm(4(\2 2p|) 3t 4\;r 27 21£|2P—2)\) for all
x € V. Moreover, the functions Q, A, A1, As are given by the equalities
in Theorem 2.6, where p is a positive real number.

COROLLARY 2.8. Let € > 0 be a fixed real number. Suppose that the
functions f; : V — X, 1=1,2,...,6, satisfy
1f1(@+y+2)+ fo(z—y)+ fs(x—2) = fale—y—2)— fs(zty)— fo(z+2)| < e

for all x,y,z € V '\ {0}.
Then there exist exactly three additive functions A, A1, As : V — X
satisfying

1f1(z) = Q(x) — f1(0) — A(z) + Ax(x) + Az(2)|| < 17e,
(0) = A(z) (z) - A

1f4(z) — Q(z) — f2(0) — A(z) — Ay(z) — Ag(x)| < 17,
I f2(z) — Q(z) — f2(0) — A(z) — A1 (2)| < Ze,
If5(z) — Q(z) — f5(0) — A(z) + Ay (z)]| < Fe,

1 f3(z) — Q(z) — f3(0) — A(z) — As(z)|| < Ze,

If6(z) — Q(z) = f6(0) — A(z) + Az(2)|| < Fe
for all x € V'\ {0}. Moreover, the function @ is given by
on _9n
Q) = lim fu(2"z) + fr(=2"x)
n—o0 24"

fori=1,2,3,4,5,6 and the functions A, A1, Ay are given by
A(5) = ltny oo AL )2 fiC)
f2(2"x)— f5(2"2)— fo(—2"2)+f5(—2"x)

)

A1 (l’) = hmn_,oo on+2 )
Ag() = limy_ g B2 o2 ) (2

forallz € V.
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