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LIFTING 7T-STRUCTURES AND THEIR DUALS
YEON SoOo YooNn*

ABSTRACT. We define and study a concept of T -space for a map,
which is a generalized one of a T-space, in terms of the Gottlieb
set for a map. We show that X is a T7-space if and only if
G(EB; A, f,X) = [E£B,X] for any space B. For a principal fi-
bration Er — X induced by k : X — X' from € : PX' — X', we
obtain a sufficient condition to having a lifting T/ -structure on Ej
of a T¥-structure on X . Also, we define and study a concept of
co-TY-space for a map, which is a dual one of T/-space for a map.
We obtain a dual result for a principal cofibration i, : X — C.
induced by r : X’ — X from ¢ : X' — cX'.

1. Introduction

In [1], Aguade introduced a T-space as a space X having the property
that the evaluation fibration QX — X5 — X is fibre homotopically
trivial. It is easy to show that any H-space is a T-space. However, there
are many 7T-spaces which are not H-spaces in [16]. Let ¥X denotes
the reduced suspension of X, and 2X denotes the based loop space
of X. Let 7 be the adjoint functor from the group [£X,Y] to the group
[X,QY]. The symbols e and €’ denote 7~ (1gx )and 7(1xx) respectively.
In [16], Woo and Yoon showed that the concept of T-space is closely
related by the Gottlieb set G(A, X ), which is the set of homotopy classes
of cyclic maps from A to X as follows; X is a T-space if and only if
G(XB,X) = [EB, X] for any space B. Also, we introduced and showed
[16] that a concept of co-T-space as a dual one of T-space, which is
closely related by the dual Gottlieb set DG(X, A) which is the set of
homotopy classes of cocyclic maps from X to A as follows; X is a co-
T-space if and only if DG(X;QB) = [X,QB] for any space B. In [12],
Oda introduced the concept of f-cyclic map as a generalization of that
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of cyclic map. We called [21] the set of all homotopy classes of f-
cyclic maps from B to X as the Gottlieb set G(B; A, f, X) for a map
f:+A— X. In general, G(B,X) C G(B;A, f,X) C [B,X] for any
map f : A — X and any space B. However, it is known [19] that
G(85,8°x 8% =22Z®27 # G(S%,5°,i1,5° x S°) 22720 7Z # [S°,5° x
S5 = Z @ Z, where iy : S5 — S° x S? is the inclusion. In [18], we
introduced the set of all homotopy classes of g-cocyclic maps from X to
B as the dual Gottlieb set DG(X,g,A; B) for a map g : X — A. In
general, DG(X,B) C DG(X,g,A;B) C [X,B] forany mapg: X — A
and any space B. We also showed [20] that DG(S™ x S™, K(Z,n)) #
DG(S™ x 8™, p1,S"; K(Z,n)) # [S™ x S, K(Z,n)] for all n, where p; :
S™ x 8™ — S™ is the projection.

In this paper, we introduce a T-space for a map f : A — X as a
space X having the property that e : XQX — X is f-cyclic, that is,
there is a T/-structure F : QX x A — X on X. We show that X is
a T7-space if and only if G(XB; A, f, X) = [2B, X] for any space B.
There is an example which is a T/-space for a map f : A — X, but not
T-space. We can also obtain, from some properties of T -spaces, that for
any x € m,(5?), a € mp(S?), [x,a] =0foralln >3, k > 1. Tt is known
[16] that if X dominates A and X is a T-space, then A is a T-space.
This fact can be generalized as follows. If X is a T"-space for a map
i:A— X andi: A— X has a left homotopy inverse r : X — A, then A
is a T-space. Moreover, let pr : Fx, — X be a principal fibration induced
by k: X — X’ from e : PX' — X' LQtF:EQXXAHXbean—
structure on X. When can we have a T/ -structure F : XQF), x E; — E},
on Ej, such that ppF' ~ F(XQpg x py) : Ex x E; — X? We can obtain
an answer of the above question as follows. If X is a T7-space with T7-
structure F : ¥QX x A — X and X' is a T/ -space with T/ -structure
F': QX' x A" — X' such that kF ~ F/(3Qk x 1) : ¥QX x A — X/,
then there exists a T -structure F : XQE) x E; — E}, on E}, such that
P~ F(XQpg, x py) : XQE, x B} — X. As a corollary, we can obtain
a sufficient condition to be Ejy a T-space when X and X’ are T-spaces.

On the other hand, we introduce a dual one of the above concept,
co-T9-space for a map g : X — A as a space X having the property
that ¢/ : X — QXX is a g-cocyclic, that is, there is a co-TY9-structure
f: X — Q¥X VA We show that X is a co-TY9-space if and only if
DG(X,g,A;QB) = [X,QB] for any space B. It is known [16] that if
X dominates A and X is a co-T-space, then A is a co-T-space. This
fact can be generalized as follows. If X is a co-T"-space for a map
r: X — Aandr: X — A has a right homotopy inverse i : A — X, then
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A is a co-T-space. Moreover, let i, : X — C. be a principal cofibration
induced by r : X’ — X from ¢ : X' — ¢X'. Let 0 : X — QXX V A
be a co-TY-structure on X. When can we have a co-T9-structure on C,
such that (QXi, Vis)0 ~ 0i, : X — QXC, V Cs? Then we show that
if X is a co-TY9-space with co-TY9-structure  : X — QXX V A and X’
is a co-TY -space with co-T9 -structure ¢ : X’ — QXX’V A’ such that
(QXr Vv s)f ~0r: X' — QXX V A, then there exists a co-T7-structure
6 :C, — QXC,.VCs on C,. such that (Q%i,Vig)0 ~ i, : X — QBC,VCs.
As a corollary, we can obtain a sufficient condition to be C) a co-T-space
when X and X' are co-T-spaces.

2. Lifting T/-structures

Let f: A— X be a map. A based map ¢g: B — X is called f-cyclic
[12] if there is a map ¢ : B x A — X such that the diagram

AxB -2, X

i v
Ave Y9 xyx

is homotopy commute, where j : AV B — A x B is the inclusion and
V: X VX — X is the folding map. We call such a map ¢ an associated
map of a f-cyclic map g. Clearly, g is f-cyclic iff f is g-cyclic. In the
case f = 1x : X — X, amap g : B — X is called cyclic [15]. We
denote the set of all homotopy classes of f-cyclic maps from B to X
by G(B; A, f, X) which is called the Gottlieb set for a map f: A — X.
In the case f = 1x : X — X, we called such a set G(B; X,1,X) as
the Gottlieb set, denoted by G(B; X). In particular, G(S™; A, f, X) will
be denoted by G, (A4, f, X). Gottlieb [3,4] introduced and studied the
evaluation subgroups G,(X) = Gn(X, 1, X) of m,(X).

In general, G(B; X) C G(B; A, f,X) C [B,X] for any map f: A —
X and any space B. However, there is an example [19] such that
G(B,X) # G(B;A, f,X) # [B,X]. Thus we know that for any map
f+A— X, any cyclic map g : B — X is f-cyclic, but the converse does
not hold.

The next proposition is an immediate consequence from the defini-
tion.
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PROPOSITION 2.1.
(1) Forany maps f: A — X,0:C — A and any space B, G(B; A, f, X) C
G(B;C, 0, X).
(2) G(B,X)=G(B;X,1x,X) CG(B;A, f,X) C G(B; A,x,X) = [B, X|
for any spaces X, A and B.
(3) G(B,X)=n{G(B; A, f,X)|f : A— X is a map and A is a space}.
(4) If h : C — A is a homotopy equivalence, then G(B; A, f,X) =
G(B;C, fh, X).
(5) Foranymap k: X =Y, kx(G(B; A, f,X)) CG(B; A kf,Y).
(6) For any map k: X =Y, kx(G(B,X)) C G(B; X,k,Y).
(7) For any map s : C — B,s"(G(B; A4, f, X)) C G(C; A, f, X).

The following proposition says that T-spaces are completely charac-
terized by the Gottlieb sets.

PROPOSITION 2.2. [16] X is a T-space if and only if G(XB,X) =
[XB, X] for any space B.

Aguade showed [1] that X is a T-space if and only if e : ¥QX — X is
cyclic. Now, foramap f: A — X, we would like to introduce new spaces
which can be characterized by the Gottlieb sets for a map f: A — X.

DEFINITION 2.3. A space X is called a T -space for a map f : A — X
if there is a map, T7-structure on X, F : ¥QX x A — X such that
Fj~VN(eV f), where j: ¥QX V A — ¥QX x A is the inclusion.

Clearly, any T-space means a T'-space. A space X is called an HY-
space for a map f : A — X [20] if there is a map, H/-structure on X,
F: XxA — X such that F'j ~ V(1V f), where j : XVA — X x A is the
inclusion. We can easily show that any Hf-space for amap f: A — X
is a T/-space for a map f : A — X for we can take a T/-structure
F' = Flex1): QX x A — X, where F : X x A — X is an H/-
structure on X.

The following theorem says that a T7-space can be characterized by
the Gottlieb sets for a map f: A — X.

THEOREM 2.4. X is a T -space for a map f : A — X if and only if
G(EB;A, f,X) = [¥B, X] for any space B.

Proof. Suppose that X is a T/-space for a map f : A — X. Then
there is a map F : ¥QX x A — X such that Fj ~ V(e V f), where
J: XX VA - QX x A is the inclusion. Let g € [¥B, X]. Consider
the map G = F(X7(g) x 1) : ¥B x A — X. Then Gj ~ V(g V f) and
g € G(¥B; A, f,X). On the other hand, suppose that G(XB; A, f, X) =
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[XB, X] for any space B. Take B = QX and consider the map e :
YQX — X. Since e € G(XQX; A, f, X), we know that the map e is
f-cyclic and X is a Tf-space for amap f: A — X. O

It is known [16] that if X dominates A and X is a T-space, then A
is a T-space. This fact can be generalized as the following corollary.

COROLLARY 2.5. Let X be a T'-space for amapi: A — X.
(1) If 1 + A — X has a left homotopy inverse r : X — A, then A is a
T-space.
(2) If i : A — X has a right homotopy inverse r : X — A, then X is a
T-space.

Proof. (1) Let B be any space. It is sufficient to show that [£¥B, A] C
G(XB, A) for any space B. Since X is a T'-space for i : A — X, we
know, from Theorem 2.4, that G(XB; A, i, X) = [¥B, X|. Thus we have,
from Proposition 2.1(5), that [¥B, A] = r.[¥B, X| = r.(G(X¥B; A, 1, X))
C G(¥B;A,ri,A) =G(¥B,A,1,A) = G(X¥B,A). Thus A is a T-space.
(2) We show that [¥B, X] C G(XB, X) for any space B. By Theorem 2.4
and Proposition 2.1(1), we can obtain that [¥B, X] = G(XB; A,i,X) C
G(¥B; X,ir,X) = G(¥B; X,1,X) = G(¥B, X). Thus we know, from
Proposition 2.2, that X is a T-space. O

From Proposition 2.1(2),(3), Proposition 2.2 and Theorem 2.4, we
have the following corollary.

COROLLARY 2.6. X is a T-space if and only if for any space A and
any map f: A — X, X is a T'-space for amap f: A — X.

DEFINITION 2.7. For a map f : A — X, P(EB;A, f,X) = {a €
[(XB, X]| [f#(8),a] =0 for any space C and any map (3 € [XC, Al}. A
space X is called a GW7-space for a map f : A — X if for any space B,
P(EB;A, f,X)=[EB,X].

ProposITION 2.8. G(XB; A, f,X) C P(XB; A, f,X) for any space
B.

Proof. Let [h] € G(¥B; A, f, X). Then there isamap H: AXx¥B —
X such that Hj ~ V(fVh), where j : AVEB — Ax ¥ B is the inclusion.
Let C be a space and 3 = [g] € [EC, A]. Then consider the map F =

H(gx1):32Cx B Ax £B ™ X. Then Fj' ~ V(fgV h), where
Jj':¥CVEB — XC x ¥B is the inclusion. Thus we have [f4 (), [h]] =0
and [h] € P(XB; A, f, X). O
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COROLLARY 2.9. If X is a T -space for a map f : A — X, then X is
a GW/-space for f : A — X.

Consider the natural pairing p : S3/S1 = 82 x §3 — §3/81 = §2,
Thus we know that the Hopf map 1 : S — S2 is cyclic. Thus 7 is
e-cyclic and e is n-cyclic, that is, S? is a T"-space. Thus we know that
S? is a GW-space for i : $3 — S2. On the other hand, it is known [16]
that H-spaces and T-spaces are equivalent in the category of spheres.
Thus we know that S? is not a T-space. Moreover, it is known [14] that
Ny @ ™ (S%) — 1 (S%), nu(B) = no B, is an isomorphism for n > 3.
Thus we have the following example.

ExAMPLE 2.10.
(1) 52 is a T"-space, but not T-space.
(2) For any x € 7,(5?%), a € mx(S?) (n >3, k> 1), [v,0] = 0.

Let f: A—- X, ff: A —>X 1:A— A k:X — X' be maps.
Then a pair of maps (k,1) : (X, A) — (X', A') is called a map from f to
f' if the following diagram is commutative;

ALX

I

AL x
It will be denoted by (k,1) : f — f'.

Given maps f: A — X, f': A" — X' let (k,1) : f — f’ be a map
from f to f’. Let PX’' and PA’ be the spaces of paths in X’ and A’ which
begin at * respectively. Let ey : PX' — X’ and ey : PA’ — A’ be the
fibrations given by evaluating a path at its end point. Let pi : B — X
be the fibration induced by k : X — X' from ex:. Let p; : B} — A
induced by [ : A — A’ from €4/. Then there is a map f : E; — Ej, such
that the following diagram is commutative

El#Ek

T
A x
where E; = {(a,§) € A x PA|l(a) = €e(&)} , Bx = {(z,n) € X x
PX'|k(z) = e(n)}, f(a,€) = (f(a), [ 0&), pr(z,n) =z, pi(a,€) = a.
DEFINITION 2.11. Let X be a T7-space with T -structure F : QX x
A— X. Amap (k1) : f — f' is called a T'-primitive with respect to
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F if there is an associate map F' : ¥QX' x A" — X' of ex/-cyclic map
f' such that the following diagram is homotopy commutative;

SOX xA L. x

EQlel kzl

OX x A L X,
The following lemmas are standard.

LEMMA 2.12. A map | : C — X can be lifted to a map C — FEj if
and only if kl ~ x.

LEMMA 2.13. [5] Given maps g; : A; — Ex, i =1, 2 and g : A; X
Ay — Ej satisfying prgla, ~ prgi, ¢ = 1, 2, then there is a map h :
Ay x Ag — Ej, such that pyh = prg and h|a, ~ gi,i =1, 2.

THEOREM 2.14. If X is a Tf-space with T'-structure F : QX x A —
X and (k,0): f— f'isa T -primitive with respective to F, then there
exists a T -structure F : XQFy, x E; — E}, on E}, such that the following
diagram is homotopy commutative;

SQE, x B, —-— E,

YQpr Xp; J/ Pk l

SOX xA —2 X

Proof. Since (k,1) : f — f'is a T/-primitive with respect to F, there
isamap F' : XQX'x A" — X' such that kF ~ F'(3Qkx1) : XQX x A —
X'. Then kF(XQpg X py) ~ F'(3Qk x 1)(XQpg X pr) = F'(EQ(k o pg) X
lop) ~ F'(x x %) ~ % : XQE, x B — X'. From Lemma 2.12, there is a
lifting F : QF), x E; — Ej, of F(XQpy, x p) : SQE, x E; — X, that s,
pF’ = F(XQpy, x pr). Then pyo Flsag, ~ Flsax o XQp; ~ proeg, and
pkOF|El ~ F|a0p; ~ fop; = pxof. Thus we have, from Lemma 2.13, that
there is a map F : XQF), x E; — Ej, such that p F = piF = F(XQpgxpp)
and F\EQEk ~ €R, F\E, ~ f. This proves the theorem. ]

Taking f = 1x, f' = 1x» and [ = k, we can obtain the following
corollary.

COROLLARY 2.15. Let X and X' be T-spaces with T'-structures E :
YOXxX — X and E' : XQX'x X' — X' respectively. Ifk: X — X'isa
map satisfying kE ~ E'(XQkx 1) : ¥QX x X — X', then there is an T*-
structure E : YQFEy, x E, — Ej, on Ej such that p,E ~ E(XQpy, X pg) :
YOQF, x B, — X.
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In 1951, Postnikov [13] introduced the notion of the Postnikov system
as follows; A Postnikov system for X ( or homotopy decomposition of
X ) {Xn,in,pn} consists of a sequence of spaces and maps satisfying
(1) 4, : X — X,, induces an isomorphism (i) : m(X) — m(X,,) for
i <mn (2) pp: Xp — Xp—1 is a fibration with fiber K (m,(X),n).
(3) pnin ~ iny1. It is well known fact [11] that if X is a 1-connected
space having a homotopy type of CW-complex, then there is a Postnikov
system { Xy, in,pn} for X such that p,41 : Xp41 — X, is the fibration
induced from the path space fibration over K (m,+1(X),n+2) by a map
k2 X, — K(mp1(X),n + 2).

THEOREM 2.16. Let A and X be spaces having the homotopy type of
1-connected countable CW -complexes, and { A, i, pl,} and { Xy, in, pn}
be Postnikov systems for A and X respectively. If X is a T/ -space with
TS -structure F : ¥QX x A — X, then there exists a T/r-structure
F, : 30X, x A, — X,, for each stage X,, such that

YOX, x A, . X,

XQpn Xpl, l Pn l

EQ)(n—l X An—l —Fi) Xn—ly
where f,, is an induced map from f, and all the pair of k-invariants
(k:}”,k:g”) . fo — fu are T/o-primitive with respect to F,, where
fu : K(mpp1(A),n +2) — K(mp11(X),n + 2) is the induced map by
f:A—X.

Proof. Clearly {3QX,, x Ay, ¥, x i, 30p, X p,} is a Postnikov
system for ¥QX x A. Then we have, by Kahn’s result [7,Theorem 2.2],
that there are families of maps f, : A, — X, and F, : XQX, X
A, — X, such that p,f, = fo_1p), and inf ~ fuil, and p,F, =
Foo1(32Qp, x ph) and i, F ~ F,(3Qi, x i) for n = 2,3,--- respec-
tively, and k%2 fi, ~ fukit2 1 Ay — K(mn41(X),n +2) and k%2F, ~
Fy(ki3 x k0P 0 X, x Ay — K(mp1(X),n + 2), where k%72 .
Ay — K(mp1(A),n +2), K572 0 X,y — K(mpp1(X),n + 2) and k353
YQX, — K(mp41(2QX),n + 2) are k-invariants of A, X and XQX
respectively, fg : K(mpi1(A),n +2) — K(mpp1(X),n +2) and Fy :
K(mp41(3QX),n 4+ 2) X K(mp41(A),n+2) = K(mp41(2QX x A),n +
2) — K(mp41(X),n + 2) are the induced maps by f : A — X and
F : X x A — X respectively. Since F|ngx ~ e and Fy|a, ~ fn, We
know, from Kahn’s another result [8, Theorem 1.2], that Fy,sox, =
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(Flsax)n ~ e and Fya, = (Fla)n ~ fn. Thus there exists an T/n-
structure F, : ¥QX,, x A, — X, for each stage X,, such that

YOX, x A, = x,

SQpn xpl, l Pn l

EQX 1><A 1 —>F Xn 1,

where f, is an induced map from f, and all the pair of k-invariants
(k”+2 k"+2) fn — f# are T/ -primitive with respect to F),, where
fa: K(mpi1(A),n +2) — K(mpy1(X),n + 2) is the induced map by
f+A— X. O

In fact, the above theorem follows from Theorem 2.14 if we can show
that all the pair of k-invariants (k}”, kﬁ”) : fn — fy are T¥»-primitive
with respect to Fy,.

We can obtain an equivalent condition for Ej is a T/ -space for f.

THEOREM 2.17. Let (k1) : f — f' be a map. Then Ej, is a T -space
for f : B — E), if and only if there is a map G : ¥QFE), x E; — X such
that Gj ~ V(proeVprof) and kG ~ x, where j : YQEVE; — YQELx E)
is the inclusion.

Proof. Suppose that Ej is a T/- space for f E; — Ej. Then there
is a map F : XQF) x E; — Ej such that F'j' ~ V(eV f). Let G =
peF : XQFE, x B — X. Then Gj ~ V(ppoeV pgo f), where j :
YOFE, V E; — YQFE, x E; is the inclusion. Since G has a lifting F, by
Lemma 2.12, we know that kG ~ *. On the other hand, suppose there
is a map G : XQFE, x E; — X such that Gj ~ V(pgoeV ppo f) and
kG ~ %, where j : XQF, V By — XQF), x E; is the inclusion. Since
kG ~ %, there is a map H : XQF, x E; — FE; such that p.H ~ G.
For maps e : ¥QFE;, — Ej, and f : E; — Ej, we can easily know that
peHsoE, ~ proep, and PkH|El ~ pr o f. Thus we have, from Lemma
2.13, that there is a map F' : XQFE), x E; — Ej. such that ka = ppH
and ﬂEQEk ~ e and FEZ ~ f. Thus we know that Ej, is a T/- -space for

fEl_)Ek: D

Now we can obtain the converse of Theorem 2.14 under some condi-
tions as follows;

THEOREM 2.18. Suppose that there are maps s, : X — Ej and
sy A — Ey such that pgsy ~ 1x and pis; ~ 14. If there exists a T/
structure F : YXQF, x By — Ej on Ejy such that the following diagram
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is homotopy commutative;

SOE, x B, —— B,

XQpi Xp; J/ Pk l

SOX x A 1 X,
then X is a T -space with T/ -structure F : QX x A — X.

Proof. Since Ej, is a Tf-space for f : E; — Ej, there is a map G :
YQFE, x E; — X such that Gj ~ V(pxoeV pgpo f) and kG ~ =,
where j : XQF, V B} — YQF, x Ej is the inclusion. Consider the
map F = G(XQs x s7) : XQX x A — X. Then Fj’ ~ V(eV f) and
kF(XQpy x p;) ~ *, where j' : ¥QX VA — QX X A is the inclusion.
Thus we know that X is a T-space with T/ -structure F : QX x A —
X. O

3. Extending co-TY9-structures

Let g : X — A be a map. A based map f: X — B is called g-coclic
[12] if there is a map 0 : X — AV B such that the following diagram is
homotopy commutative;

x %, AvB

2| |
X xX MAXB,

where j : AV B — A x B is the inclusion and A : X — X x X is the
diagonal map. We call such a map 6 a coassociated map of a g-cocyclic
map f.

In the case ¢ = 1x : X — X, f : X — B is called cocyclic
[15]. Clearly any cocyclic map is a g-cocyclic map and also f : X —
B is g-cocyclic iff g : X — A is f-cocyclic. The dual Gottlieb set
DG(X,g,A; B) for a map g : X — A is the set of all homotopy classes
of g-cocyclic maps from X to B. In the case g = 1x : X — X, we
called such a set DG(X, 1, X; B) as the dual Gottlieb set, denoted by
DG(X; B), that is, the dual Gottlieb set is exactly same with the dual
Gottlieb set for the identity map. In particular, DG(X, g, A; K (7, n))
will be denoted by G"(X,g, A;m). Haslam [5] introduced and studied
the coevaluation subgroups G™(X;m) of H"(X;7). G™(X;m) is defined
to be the set of all homotopy classes of cocyclic maps from X to K (m,n).
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In general, DG(X;B) C DG(X,g,A;B) C [X, B] for any map g :
X — B and any space B. However, there is an example in [18] such
that DG(X, B) # DG(X, g, A; B) # [X, BJ.

The next proposition is an immediate consequence from the defini-
tion.

ProposITION 3.1.
(1) Forany mapsg: X — A, h: A — B and any space C, DG(X, g, A; C)
C DG(X, hg, B; C).
(2) DG(X, B) = DG(X,1x,X; B) C DG(X, g, A; B) C DG(X, *, A; B) =
[X, B] for any spaces X, A and B.
(3) DG(X,B) = N{DG(X,g,A;B)|lg : X — A is a map and A is a
space}.
(4) If h : A — B is a homotopy equivalence, then DG(X,g,A;C) =
DG (X, hg, B;c).
(5) For any map k:Y — X, k#(DG(X,g,A; B)) C DG(Y, gk, A; B).
(6) For any map k:Y — X, k*(DG(X;B)) c DG(Y,k,X; B).
(7) For any map s : B — C,s4(DG(X,g,A;B)) C DG(X,g,4;C).

It is well known [5] that G™(X;7) is a subgroup of H"(X ;7). More-
over, it is also shown [10] that if B is an H-group, then DG(X, B) is a
subgroup of [X, BJ.

But we do not know whether DG(X, g, A; B) is a group.

A space X is called a co-T-space [16] if ¢’ : X — QXX is cocyclic. The
following proposition says that co-T-spaces are completely characterized
by the dual Gottlieb sets.

PROPOSITION 3.2. [16] X is a co-T-space if and only if DG(X,QB) =
[X,QB] for any space B.

Now, for a map g : X — A, we would like to introduce new spaces
which can be characterized by the dual Gottlieb sets for a map g : X —
A.

DEFINITION 3.3. A space X is called a co-TY9-space for a map g :
X — A if there is a map, a co-T9-structure, 6 : X — QXX V A such
that j0 ~ (' x g)A, where j : QXX V A — QXX x A is the inclusion
and A : X — X x X is the diagonal map.

The following proposition says that co-T9-spaces are completely char-
acterized by the dual Gottlieb sets for a map g: X — A.

PROPOSITION 3.4. [18] X is a co-TY9-space for a map g : X — A if
and only if DG(X, g, A; QB) = [X,QB] for any space B.
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It is clear, from Proposition 3.1(2) and the above propositions, that
any co-T-space is a co-T9-space for any map g : X — A. It is known [18]
that if X dominates A and X is a co-T-space, then A is a co-T-space.
This fact can be generalized as follows;

COROLLARY 3.5. Let X be a co-T"-space for a mapr : X — A.
(1) If r : X — A has a right homotopy inverse i : A — X, then A is a
co-T-space.
(2) If r : X — A has a left homotopy inverse i : A — X, then X is a
co-T-space.

Proof. (1) Let B be any space. It is sufficient to show that [A, QB] C
DG(A,QB). Since X is a co-T"-space for amap r : X — A, we have that
DG(X,r,A;QB) = [X;QB]. Thus we know, from Proposition 3.1(5),
that [A, QB] = i#[X,QB] = i* DG(X,r, A;QB) C DG(A,ri, A;QB) =
DG(A,1,A;QB) = DG(A,QB). (2) For any space B, we can obtain,
from Proposition 3.4 and Proposition 3.1(1), that [ X, 2B] = DG(X,r, A;
OB) ¢ DG(X, ir, X;QB) = DG(X, 1, X;QB) = DG(X, QB). O

Given maps g : X — A, ¢ : X' — A', let (s,7) : ¢ — g be a map
from ¢’ to g, that is, the following diagram is commutative;

/

X A

I

X -4 A
It is a well known fact that Y - ¢Y — XY is a cofibration, where
t(y) = [y,1]. Let i, : X — C, be the cofibration induced by r : X' — X
from tx : X' — ¢X'. Let iy : A — Cs be the cofibration induced by
s: A" — Afrom 1y : A’ — cA’. Then there is a map g : Cy — C such
that the following diagram is commutative

x -9

C: L’ Cs,
where Cp = ¢ X' 11 X/[2/,1] ~ t(2'), and Cs = cA'TT A/[d,1] ~ s(d’), G :
Cy — Cs is given by g([2',1]) = [¢(2), 1] if [+/,1] € X" and g(z) = g(x)
ifreX,i(x)==x, is(a) =a.
DEFINITION 3.6. Let X be a co-T9-space with co-TY9-structure 0 :
X — QXX V A. Then a map (s,r) : ¢ — g is called a co-T?-primitive
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with respect to 0 : X — QXX V A if there is a coassociate map 0’ :
X' — Q¥ X'V A’ of €'-cocyclic map g’ such that the following diagram
is homotopy commutative;

x L anx'v A

TJ( QET‘VSJ{

X %, ouxvA

The following lemmas are standard.

LEMMA 3.7. Let f : X — B be a map. Then there is a map h : C, —
B such that hi,. = f if and only if fr ~ x.

LEMMA 3.8. [17] Let g, : C, — By(t =1,2) and g : C, — By V By a
map such that p;jgix ~ giir(t = 1,2), where j : B1 V By — By X By is
the inclusion and p; : By X By — By,t = 1,2 are projections. Then there
is a map h : C, — By V Bg such that gi, = hi, and p;j'h ~ g(t = 1,2),
where j' : BV By — By x By is the inclusion.

THEOREM 3.9. If X is a co-TY9-space with co-TY-structure 6 : X —
QXX V A and (s,r) : ¢ — g is a co-T9-primitive with respect to 0,
then there exists a co-T9-structure 0 : C,, — QXC,. V Cy on C, satisfying
commutative diagram

c. —% . axc, v,

i,«T QEiT»VisT

X %, axxvA.

Proof. Since (s,r) : ¢' — g is a co-T9-primitive with respect to 6, then
there is a map 0’ : X' — QX X’V A’ satisfying commutative diagram

x L anx'v A

TJ( QZ’I’VSJ{

X % axxvA.

Then we have that (QXi, V is)fr ~ (QXi, Vis)(Q3r V 5)0" ~ (QX(iy o
r) Visos)d ~ x. Thus we know, from Lemma 3.7, that there is a
map 0 : C, — QXC, V Cy such that 0i, = (Q%i, V is)0. Then p;jli, =
P1J (2%, Vig)0 ~ p1 (i, xis) (e xg) A ~ e oi and P2j0i, ~ po(Qi, %
is)(e' X 9)A ~is0g = goi,. Thus we have, from Lemma 3.8, that there

is amap 0 : C, — QXC, V Cy such that 6i, = 0i, = (%4, V is)0
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and p1j0 ~ €', p2jl ~ g, where j : QXC, vV Cy — QXC, x Cj is the
inclusion. ]

Taking g = 1x, ¢’ = 1xs and s = r, we can get the following corollary.

COROLLARY 3.10. Let X and X' be co-T-spaces with co-T'-structures
0: X —>Q¥XXVX andf : X' — QX X'V X' respectively. If r : X' — X
is a map satisfying (QXr vV r)§ ~ 0r : X' — QXX vV X | then there is
a co-T'-structure 0 : C, — QXC, V C, on C,. such that (QXi, V i,)0 ~

fi,. : X — QXC, V C,.

In 1959, Eckmann and Hilton [2] introduced a dual concept of Post-
nikov system as follows; A homology decomposition of X consists of a
sequence of spaces and maps {X,, qn,i,} satisfying (1) ¢, : X, — X
induces an isomorphism (gn)« : Hi(X,) — H;(X) for i < n. (2)
in : Xn — Xp41 is a cofibration with cofiber M (H,,4+1(X),n)( a Moore
space of type (Hn+1(X),n)). (3) ¢n ~ @qnt1 © in. It is known by [6]
that if X be a l-connected space having the homotopy type of CW
complex, then there is a homology decomposition {X,,qp,i,} of X
such that i, : X,, — Xp,41 is the principal cofibration induced from
t: M(Hpy1(X),n) —» cM(Hp+1(X),n) by amap r: M(H,41(X),n) —
X,, which is called the dual Postnikov invariants.

From Theorem 3.9, we have the following corollary.

COROLLARY 3.11. Let X and A be spaces having the homotopy type
of 1-connected countable CW -complexes, and {X,,, qn,i,} and {A,,q,,
i,,} be homology decompositions for X and A respectively. If X is a
co-T9-space with co-TY9-structure 8 : X — QXX V A and for each n > 2,
the pair of r daul invariants (r',r%) : g« — gn are co-T9"-primitive
with respect to 0, : X,, — QX X, V A,, where g, : M(H,41(X),n) —
M(Hyp+1(A),n) and g, are induced maps from g : X — A, then there
exists a co-T9n+1-structure on Xy such that (i}, 1,ins1) © Gn — Gnt1
is a co-T9+1-primitive with respect to 0, : X,, — X, V A,.
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