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FREE ACTIONS ON THE
3-DIMENSIONAL NILMANIFOLD

MYUNG SUNG OH* AND JOONKOOK SHIN**

ABSTRACT. We study free actions of finite groups on the 3-dimensional
nilmanifold and classify all such group actions, up to topological conjugacy.
This work generalize Theorem 3.10 of [1].

1. Introduction

The general question of classifying finite group actions on a closed 3-
manifold is very hard. However, Free actions of finite, cyclic and abelian
groups on the 3-torus were studied in [4], [5] and [6], respectively. It is
known ([3; Proposition 6.1.]) that there are 15 classes of distinct closed 3-
dimensional manifolds M with a Nil-geometry up to Seifert local invariant.
It is interesting that if a finite group acts freely on the 3-dimensional nilman-
ifold with the first homology Z?2, then it is cyclic [2]. Free actions of finite
abelian groups on the 3-dimensional nilmanifold with the first homology
72 & 7, were classified in [1].

Let ‘H be the 3—dimensional Heisenberg group; i.e. H consists of all 3 x 3

real upper triangular matrices with diagonal entries 1. That is,

1 =z =z
H= 0 1 y| :xy,zeR5.
0 0 1

Thus H is a simply connected, 2-step nilpotent Lie group.
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For each integer p > 0, let

1 1 %
Pp: 01 m
0 0 1

Then I'; is the discrete subgroup of H consisting of all integral matrices and

l,m,nEZ}.

I', is a lattice of ‘H containing I'y with index p. Clearly

Hi(H/Tp; Z) =1 /1y, T'p] = AK: Lip.
Note that these I')’s produce infinitely many distinct nilmanifolds A, =
H /T, covered by Nj. Free actions of finite groups on the 3-dimensional nil-
manifold which yield an orbit manifold homeomorphic to H /7 were classified
in [7], where m = (t1,ta,ts3,]| [t2,t1] =15, [ts,t1] = [ts,t2] = 1).

In this paper, we shall find all possible finite groups acting freely on each
N, by utilizing the method used in [1] and classify all such group actions,
up to topological conjugacy. We shall use all notations and most of the
Introduction, Section 2 and Section 3 of [1]. This work generalize Theorem
3.10 of [1].

Let m; = (t1,t2, t3, | [ta, t1] =t [ts, 0] = [ts, t1] = [ts, 2] = 1,

atia™ = tity, atsa™t =171, b =),

1 0 —L 1 _
0 0 1

where 1 < i < 4, K = 6n for the cases of m; and w3, K = 6n — 2 for
the case of mp and K = 6n — 4 for the case of my; j = 1 for the cases of
w1 and 7o, and j = 5 otherwise, be an almost Bieberbach group and N be
a normal nilpotent subgroup of 7; with G = m;/N finite. For the almost
Bieberbach group m;, we find all normal nilpotent subgroups N of m;, and

classify (N, ;) up to affine conjugacy.

2. Free actions of finite groups on the 3-dimensional nilmanifold

In this section, we shall find all possible finite groups acting freely (up
to topological conjugacy) on the 3-dimensional nilmanifold N, which yield
an orbit manifold homeomorphic to H/m;. This was done by the program
MATHEMATICA[8] and hand-checked.
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LEMMA 1. Let N be a normal nilpotent subgroup of an almost Bieber-
bach group m;(i = 1,2,3,4) and isomorphic to I',. Then N can be repre-

sented by one of the following sets of generators

d d Kdqdg d J Kdqdo Kdqdg

_ 14mM 2 P _ 14mM 2 2p P

N1_<t1 tzv t2 ’ t3 >a N2—<t1 t27 t2 t3 ’ t3 >’
Kdjdg Kdydg Kdydg Kdydg Kdydg

N3 = <t§l1t;nt3 * ) t?? lg g >7 Ny = <t(111t72nt3 * ) tgzt?, B y Us g >7

m(m—d;

where Z—; + —ia ) € 7Z and d; is a common divisor of m and ds.

Proof. Let N be a normal nilpotent subgroup of 7;(i = 1,2,3,4) and
isomorphic to I',. Then by Proposition 3.1 in [1],

Kdydgy

N = (et 3248 ¢, 7 ), (0<m<d2,0<£,r<

Kdldg)

where K =6n fori=1,3, K =6n — 2 for i =2 and K = 6n — 4 for ¢ = 4.

Since N is a normal nilpotent subgroup of m;, the following two relations

d{—m Kdjdg
At 5 ) ot = (tita) D (175 = (19 4545) T (1) (8, 7 )Y €N,
doyry  —1 —do 1 d1ym 4l ) doyr\ - Kd;dz z
a(ty’ty)a™ =t; Pty = (t]'ty't3) @ (t57t5) 9 (13 )FEN

show thacg ( a) p
1 m{m — ax m 2
=+ ="z —€Z, =€l
;U d2 * d1d2 < ’ d1 < ’ dl <

Thus d; is a common divisor of m and ds.

Let 8 = o?. Then the following two relations

Kdjdo

BT ts) B = (t{15't5) " (ty )T €N,

Kdjdy
Bltgt5)B~" = (132t5) "(t; © )V €N
show that
2pl —d 2

R S R
Kdids do dids Kdidy  d;

must be integers. Therefore we can get Kiﬁ le € Z and K2dp1 ‘5; € Z. Since

0<,r< %, we have [ = 0 or Kg;dQ and r =0 or %}zd?. Therefore we

have proved the lemma. O



226 Myung Sung Oh and Joonkook Shin

THEOREM 2. Let N™ and N™ be normal nilpotent subgroups of m;

whose sets of generators are

Kdqdo
N™ = (t, Bl 122t 1, 7 ),

’ / ’ ’ Kd1d2
N™ = (6Dt 1824 b, 7).

If m # m/, then N™ is not affinely conjugate to N™.

Proof. By applying the method used in Theorem 3.3 of [1], we can find

the normalizer Nag1)(m;):

sa= ([ 3] ([ 2 4)

where x € Z, y€ Z, z€ R and
a b _ 1 -1 0 1
@ dfemen=([1 3] T 3))
Note that [rﬂ € Aut(H) can be evaluated respectively by the elements of

Z¢ X Zs. More precisely, the values of [Z] € Aut(H) are
1 L 0 0
i) )BT 6] 18]

For example, we can find
1 oo 2 11 [-1 o
1,-) = 0 N i)
:u(xayvza 72) ([O 21/]7 <|:;:|7|:_1 1:|) € AH(H)(W)

Assume that N is affinely conjugate to N ™" Then there exists

”:<[é i 1{] ([u]- ZD)eNAwm)

satisfying either
(+) pltr Bt = 1 ™t (gt = 15y

[y
(@] NI

[ ]
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or
() plti Bt ) = 15707, p(tgty) " = ¢ ™t

From (), we obtain the following relations:
bdy =0, ddy =dy, ady+bm =d;, cdl—i—dm:m'.

Thus we have
b=0, d=1, a=1, cdy=m'—m.

a b| _[1 0
[c d]_[c 1]626%22’

we have ¢ = 0 and m = m/, which is a contradiction. However in (xx), we

Since

obtain the following relations:
bdy = dq, ddQZm/, ady +bm =0, cdi +dm =ds.
The relation ddy = m’ < ds induces m’ = 0 and d = 0. Since

cdy = chdy = dy, be =1, [‘;‘ Z]—[g g]ezng,

we have a = 0 and so m = 0, which is a contradiction. Therefore we

complete the proof. O

In the following theorem, we show when affine conjugacy occurs among

4 types of normal nilpotent subgroups N;(j = 1,2,3,4).

THEOREM 3. Let N;(j = 1,2,3,4) be a normal nilpotent subgroup of
mi(i = 1,2,3,4) and isomorphic to I',. Then we have the following:

(1) Ny ~ N3 if and only if m =0, d; = ds.

(2) Ny » No, Ny~ Ny, Ns oo Ny.

Proof. (1) Suppose that N, is affinely conjugate to N3.  Then there

“:<[é g l{] (HEE Z}))eNAff(H)(m)

exists
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satisfying either
Kdydsy

Kdjdo
(*) ptr Bt = th ™y T gty P )t =132,
or
(**) (t dlt m) -1 __ tdz (tthK(é;dQ) -1 __ tdlt mt — Kdyids
pltr™ e )~ =15%, ity s oo =Tty T

From (x), we obtain the following relations:

bdy =0, ddy =dy, ady+bm=dy, cdi+dm=m.

d 0 1 2p°
p. Since p € Nag(r)(mi), we have z =

Thus we have [CCL b] = [1 0} and z = 2L, Note that d; is a divisor of

di
2p

However in (%), we obtain the following relations:

€ 7, which is a contradiction.

bdo =di, ddo =m, ady +bm =0, cdi+dm=ds.

The relation dds = m < ds induces m = 0 and d = 0. Thus we have a = 0
and b = ¢ = 1. Therefore we have d; = dy and m = 0.

Conversely, suppose that m = 0 and d; = d3. Then Ny ~ N3 by using

(1588 (12 ) emnco

(2) Suppose that N; is affinely conjugate to Ny. Then there exists u €
Nasi(r) (i) satisfying either

Kdydgy

(*) plt ™ ™t = ™, p(g )t = 1%ty T

or
Kdydo

(o) p(ta Tt Tt =152t T gt = 1™

From (%), we obtain that

a bl _ |1 0 x——ﬂ . m
c d| |0 1] B 2p’ vy= 2p

Since p1 € Nag(y) (i), we have x = —g—; € Z, which is a contradiction.

From (%), we obtain the following relations:

bdo =dy, ddo=m, adi +bm =0, cdi+dm=ds.
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The relation ddy = m < ds induces d = 0 and m = 0. Thus we have

d
a=0, b=c=1, r=——1t.
2p
Since p1 € Nager)(mi), we have x = —g—; € 7Z, which is a contradiction.

Therefore Ny is not affinely conjugate to Ns.

The other cases can be done similarly. g

Note that m; /N is abelian if and only if N D [m;, 7] = (t1, t2, t£), where
K=6nfori=1,3 K=6n—2fori=2and K =6n—4 for i =4. Thus

we obtain the following result, which is the same as Theorem 3.10 of [1].

COROLLARY 4. The following table gives a complete list of all free ac-
tions(up to topological conjugacy) of finite abelian groups G on N,, which
yield an orbit manifold homeomorphic to H/m;, (i = 1,2,3,4).

Group G AC classes of normal nilpotent subgroups

K

Zox % eN N = <t17 ta, t3?>

|
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