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MODULES THAT SUBMODULES LIE OVER A
SUMMAND

KaNg-Joo MIN*

ABSTRACT. Let M be a nonzero module. M has the property that
every submodule of M lies over a direct summand of M. We study
some properties of such a module. The endomorphism ring of such
a module is also studied. The relationships of such a module to
the semi-regular modules, and to the semi-perfect modules are de-
scribed.

Through out this paper, rings are associative rings with identity, all
modules are unitary left R-modules, and module homomorphisms are
on the right of their arguments. We freely use terminologies and nations
of F. Kasch [2].

Let M be any module, a submodule K of M is said to be small in M
if K+ N # M for every submodule N # M. The Jacobson radical of
a ring R will be denoted by J(R) and it is easily verified that J(R)z is
small in M for each x € M.

The following submodules of M are equal :

(1) the intersection of all the maximal submodules of M,
(2) the sum of all the small submodules of M, and
(3) {x € M | Rz is small in M}.

This submodule is called the radical of M and will be denoted by
radM. If a« : M — N is an R-homomorphism, it is well known that
(rad M)aCrad N. A submodule N of a module M is said to lie over a
summand of M if there exists a direct decomposition M = P @ ) with
P C N and QN N small in M. A projective cover of a module K is a
R-epimorphism P — K — O with small kernel where P is projective.

(S) Let M be a nonzero module. Every submodule of M lies over a
summand of M.

Received November 9, 2007.
2000 Mathematics Subject Classification: Primary 16D25.
Key words and phrases: radical, lies over, semi-regular, self-projective.



570 Kang-Joo Min

If B = Endr(M), we say that M is self-projective, if M~y C Ma
v,a € E, implies that v € Ea. If M is a module, then M is quasi-
projective in case for each epimorphism ¢ : M — N and each homo-
morphism « : M — N, there is an R-homomorphism 3 : M — M
such that the diagram

M

commutes.

Let R be a ring and pM be a right R-module.
(a) M is called semi-perfect if M is projective and every epimorphic
image of M has a projective cover [1,2].
(b) M is called complemented if every submodule of M has an addition
complement in M [2].

THEOREM 0.1. A projective module M is semiperfect if and only if
M satisfies (S).

Proof. Assume that M is a semi-perfect module. Let N be a sub-
module of M and v : M — M/N a natural homomorphism. Let
Py — M/N be a projective cover of N. Then there exists a commuta-
tive diagram

M

a2

P, M/N o)

Since v is an epimorphism, we have Py = Ima+ ker f. Since ker f is
small in Py, Py = Ima, i.e., « is an epimorphism. Since Py is projective,
« splits

M = P, & ker .
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Then ay = a | Py : P1 — Py is an isomorphism. ker a;f = kervn Py
issmall in P;. NN Py issmallin M. M = P; @ P, where P, = ker a.
Py, =kera C kero=N. N lies over a summand of M.

Conversely assume that M satisfies (S). If N is a submodule of M,
then N lies over a summand of M. There exists a direct decomposition
M=P®Q with PC N and QNN is small in M. Let g: Q — M/N
be the natural epimorphism. Then @ is a projective cover of M/N.
Since every epimorphic image of M has a projective cover, M is semi-
perfect. ]

PROPOSITION 0.1.1. Let M be a module which satisfies (S). Then M
is complemented.

Proof. Let N be a submodule of M. There is a direct decomposition
M=A®B with ACN and BN N is small in M. Thus M = N+ B
and BN N is small in M. Therefore B is a complement of N in M. If
M has the largest submodule , i.e. a proper submodule which contains
all other proper submodules, then M is called a local module. Let M
be a non-projective local module. M satisfies (S) but M is not semi-
perfect. In this case rad M is small in M. Let N be a submodule of M.
Then N C radM. or N =M. If N C rad M, then M = 0® H and
MNN =N CradM. Since rad M is small in M, N is small in M. [

A module M is called a semi-regular module if Rz lies over a projec-
tive summand of M, for each z € M. Let © ¢ rad M and = € M where
M is the module above. Then Rz = M. Since M is not projective, M
is not semi-regular.

ProprosSITION 0.1.2. The following statements are equivalent:

(1) If N < M is a submodule, there exists v : M — N such that
72 =~ and N(1 — ) is small in M.

(2) N lies over a summand of M.

Proof. (1)=(2) M = M~y + M(1 —~). Let x € MynN M(1 — ).
Then 2 = miy = ma(l —7) m1y = m1y? = ma(l —v)y = 0. Thus
x = 0. Therefore M = M~ @® M(1 —~) and M~ < N. This means that
NNM(l—v)=N(1-—r)issmall in M.

(2)=(1). Let M = A& B, A < N and NN B be small in M.
Then v : M — N is the natural projection onto A. Therefore 4% = v
N(1—~)=NnNDBissmall in M. O

ProprosITION 0.1.3. Let M be a quaci-projective module. Suppose
M = A+ B where A and B are submodules and A is a direct semmand
of M. There exists a submodule () C B such that M = A ® Q.
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Proof. Let ¥2 = v : M — M be any projection with M~ = A. If
¢ : M — M/B is the natural map let o : M — M satisfy ayp = .
Define 6 = v+ (1 — v)ary. Then §2 = §, M6 = M~y = A and ker§ =
M(1—68) = MQ1-7)(1—-ay) < kere=DB. Let Q = kerd. Then
M=A®Q and Q < B.

The definition of o[M] projective module is in [4].

O]

PROPOSITION 0.1.4. Let M be o[M] projective module. M satisfies
(S) if and only if M is complemented.

Proof. The necessity of the condition is by proposition 2.

Conversely, let A C M be a submodule of M and K be a complement
of Ain M. Then A+ K = M. Since M is complemented, K has
a complement in M. So the argument in [2, p. 277] goes through to
show that K is a direct summand of M. K + A = M. There exits a
summand B < A such that M = K & B, AN K is small in M since K
is a complement of A. Thus A lies over a direct summand of M. O

The following is clear from definition.

PROPOSITION 0.1.5. If a module M satisfies (S), then every submod-
ule of M satisfies (S).

THEOREM 0.2. Let M be a module and let ¢ : M — M /radM be
the natural homomorphism.

if M satisfies (S), then

(1) M /radM is semi-simple.

(2) If M is quaci-projective, and M = A @ B , then there exists a
decomposition M = P @ @ such that Pp = A and Qp = B.

If M is quasi-projective and radM is small in M, then the converse
holds.

Proof. Let A be a submodule of M /radM. There exists a submodule
P of M such that Pp = A. Since M satisfies (S), there are submodules
C and D of M such that M = C & D where C < P and PN D is small
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in M. Then Cp = Pp = A and M/radM = Cp & Dp = A @ Dep.
A is a direct summand of M/radM. Thus M/radM is semi-simple.
Now assume that Mo = A ® B. Choose N such that No = A. Then
M = N + Byp~!. Since M satisfies (S), there exist submodules C' and
D of M such that M = C ® D where C < N and DN N is small in M.
Since DNN < radM, M = C + Byp~'. By proposition 4, there exists a
submodule @ C By~! such that M = C @ Q. Clearly Cp = Np = A
and Qp = B.

Conversely assume that (1) and (2) hold and radM is small. Let N
be a submodule of M. Then there exists a direct summand ) of M such
that My = No ® Q. Since radM is small, this means N N @ is small
and M = N + . By proposition 4, M = P ® () where P C N. O

ProrosiTiON 0.2.1. Let M be quasi-projective and M = M; & My
a direct sum of modules My, Mo. If Myand Mo satisfies (S), then so is
M.

Proof. Let N < M. We show that there exists a decomposition
M = A& B such that A < N and N N B is small in M.

Case(1). If My N (N 4+ Ms) = 0, then N < M,. Since My satisfies
(S), there exists By < N such that My = B; @ By and N N By is small
in Ms. Hence M = M, @® B1® By and NN By is small in Ms. So NN By
is small in M.

Case(2). If My N (N + M) # 0, then Mihas a decomposition M; =
A1 @ Ay such that A1 < M; N (N + MQ) and M7 N (N + Mz) NA; =
A2m(N+M2) issmallin M. Then M = A1 D As® My = N+(M2@A2)
Assume My N (N 4+ Az) = 0. Since N N Ay < Ay and Ajsatisfies (S)
by proposition 6, As has a decomposition As = C; & Cy such that
Ci<NNAyand NNAy;NCy = NNCy is small in My. Then M =
(A18C1)B(CodMy) = N+(Ca+Ms). Since M is quasi-projective, there
exists N’ < N such that M = N' & Cy & Ms. Since My N (N + Ay) =0,
we have N N (Cy @ My) = N N Cy is small in M.

Assume Mo N (N + Az) # 0. Then My has a decomposition My =
B1 @ By, such that By < Ma N (N + Ag) and By N (N + Ag) is small
in My. Then M = N + Ay + By = (Al D Bl) D (A2 D BQ) Since M
is quasi-projective, there exists N’ < N such that M = N’ & Ay & Bs.
Since Ba N (N + Ag) is small in M, N N (As @ Bs) is small in M. O

PROPOSITION 0.2.2. Let M be a module such that M # radM.

(a) M satisfies (S) and M is indecomposable if and only if M is local.

(b) moreover if M is self-projective and satisfies (a), then End(M) is
local.
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Proof. (a) assume that M is a local module. M has the unique max-
imal submodule radM. Since radM is small in M, M satisfies (S) and
M is indecomposable. Conversely M satisfies (S) and M is indecompos-
able. Let N be a proper submodule of M. Then M = A B, A< N
and BN N is small in M. Since A# M, B=M. N=BNN CradM.
radM is the unique maximal submodule of M. M is local.

(b) By (a), if x ¢ radM, then Rz = M.

Let A= {a€ EndM | Ma CradM}. A is an ideal of EndM. Let
B € EndM and 5 ¢ A, M3 =M.

M

1ym

M S MB=M

O

Since M is self-projective, 78 = 1ps. [ has a left inverse. Thus
EndM is a local ring. O

THEOREM 0.3. [3] Let M be a module. Write E = EndM and put
{a € E| M« is small in M}.

If M is direct-projective, then A C J(E), moreover F is semi-regular
and A = J(F) if and only if M« lies over a summand of M for all o € E.

COROLLARY 0.4. Let M be a direct projective module. If M satisfies
(S), then E = EndM is semi-regular and A = J(E).
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