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A NOTE ON CYCLOTOMIC UNITS IN FUNCTION
FIELDS

HwaNYUP JUNG*

ABSTRACT. Let A =TF4[T] and k = Fq(T'). Assume ¢ is odd, and fix
a prime divisor £ of ¢ — 1. Let P be a monic irreducible polynomial
in A whose degree d is divisible by £. In this paper we define a
subgroup Cr of Of which is generated by Fj; and {7)71 :0<i <
¢—1} in F = k(¥/P) and calculate the unit-index [0} : Cr] =
¢*=2h(OF). This is a generalization of [3, Theorem 16.15].

1. Introduction and statement of result

Let A = Fy[T] and k = Fy(T). Assume ¢ is odd, and fix a prime
divisor ¢ of ¢ — 1. Let P be a monic irreducible polynomial in A whose
degree d is divisible by ¢. Let Kp be the P-th cyclotomic function
field, which is a finite cyclic extension of k. The Galois group Gp :=
Gal(Kp/k) is isomorphic to (A/PA)*. For any A € (A/PA)*, write
o4 for the automorphism in Gp characterized by og4(\) = pa(\) for
any P-torsion point A of the Carlitz module p. We write A := p4()\)
for simplicity. Let K; be the maximal real subfield of Kp, so that
Gal(Kp/K}) = F}. Set

Mp:={0# A€ A:deg(A) < deg(P)}
and
M} = {A € Mp: Ais amonic}.
Then, as in the proof of Lemma 16.13 in [3], we have
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AeM}

d_y
—1

P=(-1)4
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where Ap is a primitive P-torsion point of the Carlitz module p. We fix

VP = (—1)433—11)( I1 Aé)q;.

AeM},

Let F = k(v/P), which is the unique cyclic extension of k of degree ¢
inside K}, (see Lemma 2.1), and OF the integral closure of A in F. For
any polynomial A € A with P { A, write A for the unique element of
Mp such that A = A mod P and sgnp(A) for the leading coefficient of
A. Also, (A/P); denotes the unique element of F} such that

q?-1

A 7T =(A/P)ymod P.

Let R be any complete set of representatives of (A/PA)*/F;. Define

_ (Tacro AB/sgne(Arp)’
‘ [Tacr Ap/sgnp(A)Ap

where Rg = {A € R : (A/P)y = 1}. This unit 7 is independent of the
choice of R and is an element of F' (see Lemma 2.3). Let Cp be the
subgroup of OF. generated by F; and {nTi :0<i<{—1}, where T is a
generator of Gal(F/k).

The main result of this paper is the following theorem.

THEOREM 1.1. Let ¢ be a prime divisor of ¢ — 1. Let P be a monic
irreducible polynomial in A whose degree d is divisible by £. Then {n™ :
0 < i < ¢—2} forms a basis for the non-torsion part of C r and the index
ofC~F in the full unit group O} is given by

(0% : Cp] = (=2 - 1h(OF),
where h(OF) is the ideal class number of Op.

REMARK 1.2. Write R, for the regulator of the set {nfi 0 < <
¢ —2}. Then we have

}%
R(O)’

(OF : Cr] =

where R(Of) is the regulator of Ok. Thus, we may regard Theorem
1.1 as a generalization of [3, Theorem 16.15].
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2. Proof of Theorem 1.1

To give the proof of Theorem 1.1, we need some lemmas.
LEMMA 2.1. F = k(VP) C K}.

Proof. Since Gp is a cyclic group of order ¢% — 1, there is a unique
cyclic extension of k of degree ¢ inside Kp. By Lemma 3.2 in [2], k(v/P)
is contained in Kp. Since d = deg(P) is divisible by ¢, so is |G 5| = %.
Thus k has a cyclic extension of degree ¢ inside K;. By the uniqueness,
it must be k(v/P). O

Fix a primitive root Q € Mp of P. For any B € A with P { B, write
dg(B) for the index of B relative to Q.

LEMMA 2.2. Let B be a polynomial in A such that P { B. Then
op € Gal(Kp/F) if and only if (B/P)y = 1.

Proof. Note that the restriction of o to F' is a generator of Gal(F/k).
Thus op € Gal(Kp/F) if and only if 6g(B) = 0 mod ¢, which is equiv-
alent to (B/P); =1 by Proposition 3.1 in [3]. O

LEMMA 2.3. (i) n is independent of the choice of R.
(ii) n € OF.
Proof. (i) Let Y = {A € Mp : 0 < 6g(A4) < (¢ —1)/(qg — 1)}
It is easy to see that Mp is the disjoint union of « - )Y, where «

runs over all elements of Fy. Thus, ) is a complete set of represen-
tatives of (A/PA)*/F;. Let R be any complete set of representatives of
(A/PA)*/F;. For any A € R, there exist unique AcYandce [y such
that A = ¢cA mod P. Thus we have

A g A

sgnp(A)Ap  sgnp(cA)Ap  sgnp(A)Ap
Also, (A/P); = (A/P)y, since (¢/P); = 1 by Proposition 3.2 in [3]. Thus

we have

(TTaer, X2/s9nP(A)AP)
[Tacr Ap/sgnp(A)Ap

_ (HAeyo )‘é/SQ”P(A)
[Tacy Ap/sgnp(A)

L
Ap)
Ao
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(ii) Recall that Yo = {A € Y : (A/P), = 1}. Note that \3/\p lies
in K;; for any A € Mp. Thus, it suffices to show that n°2 = 5 for all
B € ). For any B € ), we have

o _ (HAeyo )\éB/Sgnp(‘A))\]B;)z
! [Tacy AP [sgnp(AAE
(2.1)= (ITacy, )‘ﬁB/SgnP(AB))\P)E _ (ITacy, SQ”P(AB)/SQTLP(A))E
' [Tacy A8 /sgnp(AB)Ap [Tacy sgnp(AB)/sgnp(A)

Since B € )y, dg(B) = nl for some 0 < n < ﬂ%%). Then we have

q?-1

1 '
11 sgnp(AB) Z(qﬁ sgnp (@)

Y14
Acy sgnp(A) i=0 sgnp(Q’F)
n—1 =14
I sgnp(Q 7 77)
[17=5 sgnp(Q7)
(2.2) = ()"
qd—l
where ¢ is the unique element of F such that ¢ = @ ¢ mod P.

Similarly,we have

d

=1
sgnp(AB) "t sgnp(QH)
};Iy sgnp(4) ]11) sgnp(Q7)
I sgne(@TT )
175" sgnp(Q9)
(2.3) = (CO)M.

Since W = {AB : A € Y} is also a complete set of representatives of
(A/PA)*/F; and Wy = {AB : A € Yo}, by (2.1), (2.2) and (2.3), we

have 1?8 =7, which completes the proof. O
We set
1 *
g = T\/PNKP/F()\P) S OF'

—1
PRrROPOSITION 2.4. an =c.
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Proof. By taking R = M}, we have

¢
- (HAGMJIQ,(A/P)lzl ng)

/]’] =
HAeMlt Aé’
Since
Nkp/r(Ap) = H H g
AEMF(A/P)=1CcEF]
d_ -1
=t (I )"
AeMPE,(A/P)=1
we have
qdfl
-1 (=1)%D Ny p(Ap)
77 [ 7 =g,
q%—1
(—1) i@ Y/P
which completes the proof. O

Now, we give the proof of Theorem 1.1. Let Cr be the subgroup of
Oj, generated by F; and {¢™ : 0 <i < £—1}. It is known ([1, Theorem

3.4]) that {7 : 0 < i < ¢ — 2} forms a basis for the non-torsion part of
Cr and

-1 /—1
(2.4) [O% : Cp] = @E) h(Op).
By Proposition 2.4, Cr is contained in Cp and
~ — 1o
(2.5) Cr:cr) = (1)

Thus {n™" : 0 < i < £ — 2} forms a basis for the non-torsion part of Cp
and, by (2.4) and (2.5), we have

(O3 : Cr] = 172 H(OF),
which completes the proof of Theorem 1.1.
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