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GENERALIZED HARMONIC NUMBER IDENTITIES AND A
RELATED MATRIX REPRESENTATION

G1-SANG CHEON AND MoAawwaD E. A. EL-MIKKAWY

ABSTRACT. In this paper, we obtain important combinatorial identities
of generalized harmonic numbers using symmetric polynomials. We also
obtain the matrix representation for the generalized harmonic numbers
whose inverse matrix can be computed recursively.

1. Introduction and preliminaries

The ordinary harmonic numbers are denoted by H,, and are defined as

n
1
Hy=0 and anzg, n=12,....
k=1

The first few harmonic numbers are 1, 3, 4L 25 137 These harmonic num-
bers were studied in antiquity and are important in various branches of number
theory and combinatorial problems. They are closely related to the Riemann

zeta function defined by
o0 1 el
C(S):ZE:HO—P )7
n=1 P

where the product is over all primes p, and appear in various expressions for
various special functions. It is well known that

" g s 1)
n!
where s(n, k) denotes the Stirling numbers of the first kind defined by
() = H(x —r+1) =Y s(n k)zk.
r=1 k=0

For a notational convenience, we denote c(n, k) = |s(n, k)|, i.e., c(n, k) is the
unsigned Stirling number of the first kind which counts the permutations of n
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elements that are the product of & disjoint cycles. Further, It is known [9] that

(k+1)=>" %
n=k '

In many recent works (see for example [1]-[5],[7]-[10]), the harmonic numbers
have been generalized by several ways and the related identities were obtained.
Our observations suggest that the generalized harmonic numbers can be viewed
combinatorially.

For instance, the generalized harmonic numbers H,(,T) of order r are defined
to be partial sums of the Riemann zeta function:

"1
2 H? =0 and HO =S =, nr>1
() 0 n k:1kr -

It is known (p.217 in [6]) that the numbers H{ and ¢(n,r) are connected by

efn+1,1) = nl,
e(n+1,2) = nlH,,
|
efn+1,3) = %—'(Hg—Héz)),
!
c(n+1,4) = %(Hg — 3H,H® + 2H®),

and so on. In [1], Adamchik obtained the general formula for ¢(n,m) in terms
of generalized harmonic numbers Hff):

(n—1)!
(m — 1)!w

where the w-sequence is defined recursively by

(3) c(n,m) =

(n,m —1),

3

4) whn,0 =1, wnm)= (=1)*(m — 1)kH,(Lk_+11)w(n,m -1-k).

n—-1 n-1 n—1 m'
w(n’m)zz Z z i i
i1=lig=iz+1  im=im_1+l L2 ™

In [5], Chu and Donno defined the generalized harmonic numbers Hy,(r) by

1
k+r’

(5) Hy(r)=0 and H,(r)= i n>1,
k=1

and they obtained several striking identities on the ordinary harmonic numbers.
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For the rising factorial [z], = z(z + 1) ---(x + n — 1) (n > 1), by writing

[T—]i: as the sum of p + 1 partial fractions we obtain:
P (p)
Ay 1 ( 1)k
6 —
© i (e

where AP = 1/ [T0_o(t — k), t # k. It is easy to show that (6) can also be
obtained by using the fact that

1 1 n!
A=) = (E - 1)™(2) = (=)™ ,
(3)=E-1(G) = (17—
where A and E are the forward and the shift operators with unit step, re-
spectively. The rising factorial [r],.1 satisfies the following identity, typically
proved by induction or telescoping sums [11]:

n (n+p) 1

(7 Z

Sl pe)(57)

Using (6) and (7), we can establish an interesting identity for the generalized
harmonic numbers H,(r):

f(—w(f)m(r) - %

r=0 p

p=>L

Besides, in [2], Benjamin et. al. showed that the generalized harmonic
numbers H "> defined by

(8) H> = 1 and H "™ = ZH;T_D, n,r > 1
n

can be expressed in terms of r-Stirling numbers. In 1997, Santmyer [10] defined
the generalized harmonic numbers H,, , of rank r by

1
(9) Hn,T = Z —_—Q n>1,r> 0.
kot +kp<n koky -+ kr

Note that these generalized harmonic numbers Hy’, H,, (r), HX"> and H, »
reduce to the ordinary harmonic numbers H, when r = 1 or r = 0.

In this paper, we define other generalized harmonic numbers
en+1,r+1)

n!
which are direct generalization of (1). The purpose of this paper is to obtain

some interesting identities involving H(n,r). These results are derived from
symmetric polynomials. Further, we give a matrix representation for H(n,r).

H(n,r):=
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2. Symmetric polynomials

In this section, we are going to consider the so-called symmetric polynomials
which are not only important tool in mathematics but also play considerable
roles in computer science, physics and statistics.

A polynomial P(zi,z3,...,2,) in the variables x1,x2,...,2, is called a
symmetric polynomial or symmetric function if it is invariant under all possible
permutations of the variables 1, z2,...,z,. Especially, important symmetric
polynomials that will be considered in the current paper are the elementary
symmetric polynomial U;Cn), the complete symmetric polynomial T;cn), and the

power sum symmetric polynomial S,(Cn) on the variables z1,%3,...,2,. These
polynomials for integers n, k with n > k > 0 are defined by:
(10) .0'5:’)(331,1‘2,...,1?") = Z Lry Ty Ty
1<r < <r<n
(11) ° Tgc”)(xl,xz, ey @) = Z Ty Ty Ty
1< < <rp<n
™
(12) ° ,(c")(xl,xg,...,xn) =Zx',f,
r=1
where cr((,")(zl,acg, .oy Zp)=1and Tg")(ccl,zg, cesTp) =1,

Lemma 1. (Newton-Girard identity [13]) For positive integers m,n such that
1 < m < n, the following holds:

m o (x4, ..., )

(13) = Y (=)™ @y, wn)o (2, ).
It is worthy to mention that two polynomials U,(c") and T;cn) can be written
through multiple sums as follow:

14) (21, 20,...,20) =

M:

DR

’I"2—1

) Z LpyTrg =+ Trys
r1=1

n

E Ly Lpy * " Ly,

1re=r TE=Tk—1

3
)
|I

I
M:

(15) T,(c") (21,22, ..., %n)

I

1

It is known that two generating functions E(t) and F(¢) for cr,(c")

given respectively by

(n)

and 7, are

n n

(16) Elt) = H (1 + z;t) Z Nx1, 22, .- - T )t
i=1
n oo

(17) F(t) = H ]_—:L‘l Z x1,$2,...,$n)tr.

i=1
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These functions satisfy E(t)F(~t) = F(t)E(—t) =1 and

(18) S (1)o@, = 6

m=0

for specific non-negative integers n and r such that 0 < r < n, where 0,4
is the Kronecker symbol. The unsigned Stirling numbers of the first kind
c(n, k) and the Stirling numbers of the second kind S(n, k) defined by z" =
S r o S(n, k) (@) are related to o{™ and (™ by

(19) e(n, k) = ("_1)(1,2,...,71—1),
(20) St k) = ¥ (1,2,...,k).

Before we consider more generalized harmonic number identities it may be
useful to give the following result.

Lemma 2. For all nonzero real numbers x1,zs,...,ZT, and for all nonnegative
integer i, we have

1 1 1
21 o™ — e, =)= 12y T )
(21) g; (901 s T, TT - T 0pi(@1, T2 n)

Proof. Replacing each z; by I% in (16) gives:

1 1
E (”)——...—t’"-———”t+i-
a 1 T o) (t+2:)

In T1X2 " Tp

r=0 i=1
Hence
i ny,1 1 1
n i i
o, (—,—,...,— )t = — " on (@1, 22, ..., )t
; e ) T12s - Z ' )
The result follows. 0
As a direct consequence of Lemma, 2, we see that for specific positive integer
n, the special case z; = i for each i =1,2,...,n yields:
w1 w
(22) o; (1,2,...,n)— = noi(1,2,...,n).

Lemma 3. For integers n,m with n > m > 2, we have

-1 1 1
(23) c(n,m):(n-1)!0;;‘_3(1,5,...,”_1).
Proof. With the help of (22) and (19) we obtain
C(’I‘L, m) _ 1 (n—1) _ . (n—-1) il_ 1
1) (n—l)!an_m (1,2,...,n—1)=0,,1’(1, 2,...,n_l),

which proves (23). O
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From Lemma 3 and (3), we immediately obtain a simple representation for
the w-sequence:

1 1
24 =mlo (1, 5, ... :
(24 wimm) = mloi (1,5, —)
Further, using the recurrence relation (25) enables us to compute the numbers
w(n,w) recursively as follows:

wi, ) = wi - 1Lj)+ =gw@E-1j-1), i22;j>1

so that w(i,i) = 0 and w(:,0) =1 for 4 > 0, and w(¢,1) = H;_q for ¢ > 1.

3. Generalized harmonic numbers H(n,r)

We begin with the recurrence relation for the unsigned Stirling numbers of
the first kind ¢(n,r) in [6]:

(25) cn,ry=cn—1Lr—-1)+(n—1lcn-1r), nr>1

with ¢(n,0) = po,c(n,n) = 1,¢(n,1) = (n — 1)! for n > 1. The relation (25)
also gives ¢(n +1,2) = ¢(n, 1) + ne(n, 2). Dividing both sides by n! taking into
account the fact that ¢(n, 1) = (n — 1)!, we obtain

1
(26) g(n) = ~+g(n-1), nz21,
where g(n) = ¢(n+1,2)/n!. Since H, = £ + H,_1,n > 1, from (26) we obtain
g(n) = H,, which proves (1).
More generally, we may rewrite the recurrence relation (25) in the form:

cn+l,r+1) 1 ¢n,r)  clnr+1)

27 = .
(27) n! n(n—1)! (n—1)!
Let us define the generalized harmonic numbers H(n,r) by

c(n+1,7+1)

(28) H(n,0)=1 and H(n,r)= n,r > 1.

bl

n!
First note that from (27) the numbers H(n,r) satisfy the recurrence relation:

(29) H(n,r) = Hin—1,r) + ~H(n—1,r - 1).
n

Theorem 4. The generalized harmonic numbers H(n,r) satisfy

1
(30) H(n,r)= —_

1<k, Sk, cn F1R2 T R

Proof. From Lemma 3, we have

1

=g ey =)
H(n7r) UT (]‘? ’ 7n)

DO =
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Hence using (10) yields
1
A= 2 R

1<k < <kr<n
This completes the proof. O

The formula (30) can be used to find a formula for coefficients of powers of
m in the Stirling numbers S(m + n,m) of the second kind (see [8]).

At this stage it is convenient to obtain a generating function for the gener-
alized harmonic numbers H(n,r). From (16), we obtain

k1% "
(31) Zggzn—)'r‘(xl»x%-“)xn)tr = H(t+$1)
=0 i=1
Setting @, = m for each m =1,2,...,n in (31) gives

Sol 2,0t =T+ 9.
r=0 i=1

Thus from (19) we have

(32) > e(n+Lr+ Dt =[]t +9).

r=0 i=1

Using (28) together with (), = n!(%) and (32) proves that the generating
function we are looking for is given by

(33) ;H(n, - (" N t).

n
Since H(n,7) = Lw(n+1,r), the generating function for w(n, k) in (3) can be
easily obtained.

The Bernoulli polynomials B, (z) defined by

B,(z) = i (:) Bp_pz*

k=0

are important in obtaining closed form expressions for sum of powers of integers
[11] such as

(34) > k= k+lBk+1(n+1) Byi1), k>0,

=0
where B,, = B,,(0) is the n-th Bernoulli number.
Theorem 5. The generalized harmonic numbers H(n,r) satisfy the following
identities:

(i) 27:1 H(n’ T) =n,
(i) o (D)™ H(n,r) =1,
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(i) 7, sH(G - 1,7 —1) = H(n,r),

(iv) e o(-1)" H( ) (Bryi(n+1) - m) =1,
(V) Yr—g H(n,7)(Bry1(n+1) = Brp) -1 = (37,
() T rH ) = (n+ 1) (Hpp 1),

(vii) o (2" — 1) H(n,r) = ("}).

Proof. Putting ¢t = 1 in (33) and taking into account the fact that H(n,0) =1
gives (i). Similarly putting t = —1 in (33) yields the identity (ii). To prove
(iii), since

_em L Ly 1
H(n,r) =o' (1,2’.."”)_1§k1<Z~<kT§nk1k2”.kr7
applying (14) gives
n k-1 ka—1 1
Himn) krzzzrkr_lzr—l fmn Fka ke
] =l kel k-1 1
o Z kikg - kr1

ka—1

1
T, Z Z Z klkg

kpo1=r—1ky_2=r—2

rll k:zl

+$z > Y e

—1=r—1k,_ o=r—2 k=1
1
= —-H{r—-1,r— _— — 1)+
- (r T 1)+r+1H(r,r )+

1
+-H(n-1,r—1)
n

n

1
= Y -H(j-1r-1),
—J
=T
as required. To prove (iv), putting m = n and x; = k foreach k =1,2,...,n
in (13) gives
mn
no((1,2,...,n) = 3 (=)™ (1,2,...,n)e((1,2,...,n).
r=1

Hence we get

So(=nyrtism(,e,. 0yl (1,2, ,n) S = n.
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Consequently, by using (34) and (13) we obtain

n

1
(35) ;(~1)T+1H(n7 M (Bre1(n+1) = Brya) —5 =n
The identity (35) can also be written in the form:
n , 1
;0(—1) H(n,7)(Bry1(n+1) = Brya) — = 1.
To prove (v), from (33) we have
S = (") =
~ n n!
Hence
D ILTETES SN SRS ol () B G
t=0 r= r=0 t= t=0

n

ZH(”ar)(BT+1(n+1)_BT+1) 1 (2n-|—1>7

= r+1 n

which is the required result. To prove (vi), using (33) we obtain

n

(37) ZH R RO y NS

n! n!
r=1

Differentiating both sides of (37) with respect to ¢ gives

n

(38) S rH(n,r)r! = (” + t) :1 — - <" N t) (Hpst — Hy).

r=1 =

Putting t = 1 in (38) yields
ZTH('I’L,T) =(n+1)(Hps1 — 1),

as required. To prove (vii), by using the forward operator A with unit step,
then (37) yields

n

A Hm, ) = A

)-

Hence

S H(n A = %A((t +1)n).
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Consequently, we have

(t+n%_1:<n+¢>‘

r=0
Setting t = 1 in (39), we obtain
= T n+1\ (n+1
Z;@-—nﬂmﬂq_(n_l)_( ) )

This completes the proof of the theorem. O

We list more new identities for the generalized harmonic numbers H(n,r)
without proofs.

(i) H(nr) = 3%, ()H(n -1,k 1),
(1) Srog Hn,r)S(r+1,k+1) = (3) i,
(i) Ypoo(~1)*+ H(n, k)Bry1 = 25,

(iv) Tyt He=pr=l) = rH(n, 7).

4. Matrix representation

For the generalized harmonic numbers H(n, k) defined by (28) we define the
n x n matrix H = [hi;li<i j<n as follows:

B = H(i,j) if @ >3,
10 if <.

For example, the 5 x 5 matrix H is given by
[1 0 0 0 0

1
5 3 0 0 O
1 1

H=| ¥ 1 § 0 0
25 3% 5 1
12 24 12 24

17 15 17 1 L
L 60 8 24 8 120 J

Here the elements of the matrix H are computed recursively using (29). Using
(18) we see that the inverse matrix @ = [g;j]1<s,j< of H is given by

G = (10t e, 1) i i,
“ 0 if ©<j.
Using (21) yields

(DS + 1,5 +1) i P>,
W10 if i< j.
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For example, we obtain the 5 x 5 matrix Q as follows:

1 0 0 0 0
-3 2 0 0 0
Q= 7 -12 6 0 0
-15 50 —-60 24 0
31 180 390 360 120

It is worthy to mention that the elements of the inverse matrix ¢} can also be
computed recursively using the recurrence relation

Gj = Jqi-1,-1— (G +Dgi—1y, 1=3,4,...,n;5=2,3,...,1—1,
with
gy = (12— 1) for i>1;, ¢;=14 for i>1

Due to the identity (i) of Theorem 5, the product DH is a stochastic matrix,
where D = diag(1, 1y

I IEERE Y

We conclude this paper by describing that the matrix representation for the
generalized harmonic numbers may be used to get more identities and some
combinatorial connections with other combinatorial numbers.
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