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Abstract - A topology optimization methodology, named "smooth boundary topology optimization,is proposed to overcome 
the shortcomings of ceU-based methods. Material boundary is represented by B-spline curves and their control points are 
considered as design variables. The design is improved by either creating a hole or moving control points. To determine which 
is more beneficial, a selection criterion is defined. Once determined to create a hole, it is represented by a new B-spline and 
recognized as a new boundary. Because the proposed method deals with the control points of B-spline as design variables, their 
total number is much smaller than cell-based methods and it ensures smooth boundaries. Differences between our method and 
level set method are also discussed. It is shown that our method is a natural way of obtaining smooth boundary topology design 
effectively combining computer graphics technique and design sensitivity analysis.
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1. Introduction

The concept of topology optimization is motivated to 
determine the layout of a structure by changing the number 
of holes and the boundary shape. This research area began 
with a cell-based approach where the parameters of each 
design cell (which is often represented by a finite element) 
are determined Bendsoe and Kikuchi utilized a homogenization 
method for structural optimization [4], This method competes 
the macroscopic material properties by changing the para­
meters of lhe size and the orientation of each microvoid. 
Yang and Chaung [36] described a relationship between 
the density and elastic modulus using an empirical formula 
which is known as solid isotropic material with penalization 
(SIMP) [5,24]. An approach that removes design cells in a 
structure was also proposed. One of the simple ways is to 
remove the finite elements iteratively where the minimum 
stress values are detected. Xie et al. [7,18,31,35] introduced 
this methodology with the name, "evolutionaiy structural 
optimization (ESO).'' Another method that removes finite 
elements based on the sensitivity analysis was also attempted. 
A topological sensitivity was introduced by Sokolowski and 
Zochowski [27]. An infinitesimal hole is introduced in a 
domain and a topological sensitivity defined as the perturbed 
amount of a cost function divided by the volume of the 
infinitesimal hole. The "hard kill” method was proposed 
[22] by eliminating finite elements with small topological 
sensitivities. Oflier ways of defining topological sensitivities 
were h기나nd in Novotny et al. [22] and Garreau et al. [11].

Even though the cell-based topology optimization has 
been attractive as a working tool for structural optimization, 
an extra work is needed to obtain smooth boundaries for 
practical applications. Several techniques of postprocessing 
the cell-based result to obtain a structural model with para­
meterized boundary are found in [19,3이. Several methods 
of topology optimization dealing with smooth boundaries 
have been performed, including the "bubble method,, by 
Eschenauer etal. [10]. They defined a charac-teristic fianction 
to determine the optimal position of a hole which is rendered 
by a geometric function. The level set method [26], the 
technique to represent the propagation of boundaries at the 
zero-level of a level set fiinction in a Hamilton-Jacobi type 
equation, was utilized for shape optimization [1,34]. Recently, 
the level set method is successfully combined with the 
topological derivative so that a topology change (hole 
generation) can be evoked [1-3, 6, 21, 26, 34]. Because 
these methods deal with the change of the boundaries, 
the result ensures smooth boundary and uniform density, 
which are strong points.

In this paper, a new version of topology optimization 
using explicit boundary representation and a new criterion 
for hole generation is proposed for similar motivation. The 
idea is simple combining smooth boundary representation 
and hole generation capability utilizing topological sen­
sitivity. Shape optimization with B-spline curves is the 
basic scheme for boundary evolution. The topology is 
improved by either creating a hole in the domain or merging 
any two holes as shown in Fig. 1. After an optimization is 
complete, one has parametric information (location of the 
control points) allowing smooth boundary. Therefore, it is 
named ''smooth boundary topology optimization (SBTO).”

Because SBTO is proposed 니nder the same motivation 
with the level set method, the optimization results look similar.
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Fig. 1. Basic concept of SBTO.

The difference between them is discussed in Section 5. The 
content of this paper is as follows: In Section 2, the main 
concept of the proposed topology optimization is explained. 
In Section 3, several imple-mentation issues are discussed, 
such as constructing finite element model and setting up 
the move ranges of control points in shape optimization 
procedure. The feasibility of the methodology is 아lown in 
Section 4 with two examples.

2. Method

The main procedure is basically shape optimization using 
B-spline. All control points of B-spline are free to move in 
an achievable zone (D in Fig. 2 (a)). uNonpenetrating zone 
(£)')” is a zone where no entrance of a control point is allowed 

and indicated by a cross-hatched area. The procedure brings 
in a new topology when (1) a hole is generated or (2) any two 
bo니ndaries merge and thus the number of design variables 
changes. For the second case, one can change the topology easily 
by checking intersection; if any two boundaries intersect, the 
control points of the overlapped part are wiped out and a 
new boundary is reformed as shown in Fig. 2 (c). For the 
first case (hole generation, Fig. 2 (b)), however, a quantitative 
scheme is necessary to compute the influence of making a hole 
on the design performance. A selection criterion, SC, is introduced 
for this purpose which is explained in the following section.

2.1. Selection criterion
In a minimization problem with one inequality constraint, 

a selection criterion (SC) is defined as the sensitivity of 
the objective function divided by the sensitivity of the 
constraint with respect to design variable 加 as follows:

SCi=_뽀 .

g',

V L and g'k are the design sensitivity of the objective 
function and the inequality constraint, respectively. SC, 
indicates the ratio of the improvement in 1he objective fimction 
to the sacrifice in the inequality constraint due to a change 
in design variable bj. In most normal cases, inequality 
constraints and the objective function behave in opposite 
direction, and SC normally has a positive value: In the 
case of the compliance minimization, for example, the 
objective function (compliance) increases and the constraint 
(typically volume) decreases when material is removed.

A physical meaning of SC is illustrated in Fig. 3. The 
horizontal axis is for design variable, b, and the vertical axis 
for function values. The origin of the graph indicates the current 
design. The function values of the objective function and the 
constraint may be different but are drawn at the same position. 
The angle between the horizontal axis and the arrow indicates 
the sensitivity value of the objective function and tiie constraint,
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Fig. 3. Physical concept on selection criterion.

marked by z- and g'\z, respectively. In Fig. 3 (a), for any 
two design variables (但 and 居),the case where gr\z = gf\j 
and 屮'£ v W L is investigated. In the minimization problem, 
we must avoid a rise of * and bj is taken as a better way of 
design improvement (SCZ < SC；). In the case of
and gr\i> g'\j (Fig. 3 (b)), on the other hand, we take bj 
because a drop of g is the beneficial decision when the 니pper 
limit for the constraint exists (the volume must be less than a 
specified quantity, for example). In this case, SCZ > SC7. To 
summarize, the smaller SC is taken for design improvement in 
both cases.

Consider a finite element model composed of M internal 
finite elements and its design boundary using a set of control 
points of B-spline (the sum of total degrees of freedom 
is NDV, the number of design variables). An internal finite 
element denotes a finite element not connected to the design 
boundary. Every iteration two kinds of SCs are calculated 
as follows: 

including the two-dimensional elasticity system [27] and 
three-dimensional elasticity system [28]. Recenfly, an alternative 
way is proposed to compute the topological derivative based 
on the shape sensitivity analysis concepts in [22,23]. These 
studies mainly focus on the topological derivative with respect 
to a void, which provides information about the variation 
of the shape fonctional due to creation of a small hole. The 
topological sensitivity can be also proved with the help 
of a domain truncation technique [11]. In this paper, the 
topological sensitivity formulation in [23] is taken among 
them and the topological sensitivity for compliance (or 
total potential energy) in two-dimensional elasticity system 
is given as follows (Neumann boundary condition on the 
boundary of the hole):

= •으-b£ + 'll 打p.trs 
1+v 2(l-v2)

(3)

m = 1,...』么

i=JN)V, ⑵

where band fare stress and strain tensor, and vPoisson5s ratio.
The shape sensitivity with respect to a B-spline control 

point is obtained by replacing the velocity field in the 
sensitivity formulation with the curve change ofB-spline. A 
j?th-degree B-spline curve is defined as follows [25]:

SC**  and SC-hape refer to the topological sensitivity ratio 

when a new hole is generated at the m-th element and the sh叩e 
sensitivity ratio when the z-th design variable from control points 
moves, respectively. Because the smaller SC is taken for abetter 
design, SCmin =mmm(SCm ) andSCz 三min^SC, ) 
are compared If SC籍* 〉SC言1휘了, aboundaiy modification is 

regarded as the more advantage。니s way. In this case, one 
does not change the topology and continue shape optimization 
with the given control points. If 麗鷲< 睫二芝,however, 

it is judged that making a new hole is the more advantageous 
way which changes the topology of the domain.

2.2 Sensitivity analysis
During the optimization procedure of SBTO, two kinds 

of design sensitivities are calculated: the topological sensitivity 
and the shape sensitivity with respect to the B-spline's 
control points. The sensitivity for compliance in two-dimensional 
elasticity system is mainly concerned in this paper.

A topological sensitivity is introduced in [27], and derived 
by an application of the asymptotic analysis in singularly 
perturbed geometrical domains for a class of elliptic equations

C3)=£Nk,p(M)Pk 
阵0

where Pk are the control points, NkjP(u) are the pth-degree 
B-spline basis fiinctions (p = 2 is chosen in this paper), 
and u is knot variable. Let U = ｛以o,.. be a nondecreasing
sequence of real numbers, i.e. ur < 佑+i, r = 0, m - 1. 
The ur are called knots, and U is a knot vector. The 
direct differential of Eq. (4) is substituted for the velocity 
field in the shape sensitivity formula from [12], and the 
shape sensitivity with respect to the B-spline control point 
is obtained as follows [17]:

中'或，N项丿血SPk

k=0_ 〔芍=1 丿 -

where J is Jacobian (dx/du), uQ and ue are knot variables 
corresponding to the starting and end point, respectively.

2.3 Optimization procedure
The optimization steps are summarized as follows: 
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Step 1: Represent the initial design domain with several 
control points of the B-spline boundaiy.

Step 2: Select design variables (movable control points).
Step 3 : Assign move ranges of the design variables.
Step 4 : Perform an iteration of shape optimization (by 

sequential quadratic programming, SQP) to find 
the new locatior^ of tfe control points elected in 
Step 2.

Step 5 : If any two separate boundaries interfere, perform 
merge operation and go to Step 2. Otherwise, go 
to Step 6.

Step 6: Calculate design sensitivity and compare SChoIe 
and SC血吧 If SC鷲 <SC普了，create a new hole 

with a new set of control points and go to Step 2 
(see Fig. 2 (b)). CMierwise, go to Step 7.

Step 7: Check coiwergence and side constraints (move 
ranges). Go to Step 3 if the optimization is not 
conveiged or there exists an active side constraint 
that does not meet a non^netrating condition 
(the case that additional design improvement is 
possible.). Terminate the optimization otherwise.

3. Issues for implementation

3.1 Fixed grids
The finite element model of ufixed 序ids” is us^l instead 

of automatically genaated mesh, The unifonnly distributed 
squares which cover the design domain (Q) form the finite 
elements as shown in Fig. 4. For the element that overlaps 
a boundary, the concept ofTNIO element" in FG ESO [15] 
is 냐配d; the demity pis designated usin혐 the ^uadons in Fig. 
4 where is tfe material density of internal elements. The 
fixrfgrid has Hie advantage that it tekes less time to generate a 
finite element model than an automatic mesh generation.

3.2 Move ranges setting
Much literature is fb니nd on the use ofB-splines for shape 

optimization; nevertheless, they are mainly concerned with 

the movement of a few control points or only the change of 
a segmented boundaiy. In this j^per? however, the sensitivity 
of every control point is investigated so that a drastic and 
overall change of the domain shape is possible. The problem 
during the shape optimization is that the design boundaiy 
of the B-spline could get entangled while 魂ch control point 
is seeking for an optimal position. In order to prevent this, 
move ranges are assigned for every control point (Step 3 
in Section 2.3).

Fig. 5 shows a way to set up move ranges adopted in this 
paper. The control points are divided into groups, each of 
which represents a separate closed B-spline. A move range 
of a control point (R)) is assigned, after finding the closest 
control point in the same group (R in Fig. 5 (a)), with a 
side length of

£o=&xmax(| sin이」cos涉 ). (6)

R is the distance between the current control point (Po) and 
the closest control point (Pi), and 0is the angle between 
the horizontal line and the line Some move ranges 
are shown in Fig. 5 (b). The control points in the same 
group are considered finding the closest one (F\) because 
this bound is only for prevention of any entangling. The 
move range for point R is repeatedly updated eveiy iteration 
according to the following equation:

Pl^=P^-0.5xLi,Puf=P-+0.5xLi,

where P： and P： are the x andy coordinated/^ and Pu： 
the lower and upper bound of P：, and Pl： and Pig the lower 
and upper bound of P[. In the case that a move range 
partly includes a nonpenetrating zone (Dc), it is reduced so 
that it does not penetrate Dc. For example, the move ranges 
for and P6 in Fig. 5 (b) eg•廊 Dc, and they reduce along x 
and y direction accordingly. It is noted that, for simplicity

J 쓰—盘

Fig. 4. Density for element overl^)ping boundary.



Soobum Lee et al. Smooth Boundary Topology Optimization Using B-spline and Hole Generation 15

Fig. 5. Setting up move ranges.

of numerical implementation, any confliction of the nonpenetration 
constraint is checked by the nonpenetration of a control 
point instead of the curve itself.

4. Examples

The finite element analysis is done with ANSYS and 
PLANE42 element is chosen, and SQP algorithm in DOT 
[32] is used.

4.1 Short cantilever
The first example is design optimization of a short 

cantilever. The compliance is to be minimized and the 
volume is constrained to be less than 50% of its initial 
value. The left wall is fixed and a force of 100 N is applied 
downward at the center of the right edge as shown in 
Fig. 6 (a). The left wall is assigned as a nonpenetrating 
zone as shown in Fig. 6 (b). Two control points close to 
the loading point are fixed (black spots in Fig. 6 (b)), 
and they are not used as design variables. The control 
points attached to the left wall are restrained such that 
they can move only along the vertical direction. In this 
problem, a total of thirty five control points (total degrees 
of freedom is 51) with a 60 x 30 mesh are used in the 
initial model. The design optimization history is shown 
in Fig. 7.

In the beginning, a small hole near the middle of the 
left edge is created and soon merged with the left edge. 
Because only the left wall is designated as a nonpenetrating 

zone, control points can move anywhere except beyond 
this wall and the optimal design is obtained expanding out 
of the initial design domain, resulting in two bar truss 
structure with the volume constraint satisfied. The objective 
function, compliance, is reduced from 3.750 to 1.710 J.

Fig. 7 (b) shows the optimization history chart. The vah니e 
of the objective fiinction (compliance) and the constraint 
(volume) together with the number of design variables 저re 
shown in this chart. The objective function refers to the 
percentage value with respect to the initial volume. The 
constraint is divided by its initial value and 1 is subtracted, 
and the constraint is violated if this value is positive. 
DOT recognizes a constraint to be violated numerically 
if its value exceeds a prescribed tolerance of 0.003 [32], 
which is indicated as the dotted horizontal line in the chart. 
The 이니ves for the objective function and the constraint are 
disconnected in the pivot phases, where a new hole is 
generated, or any two holes are meiged (Step 5 and 6 in Section 
2.3). In this case the number of design variables changes. 
The otyective function and constraint lines are also discon­
nected when the move ranges are reset after the shape 
optimization is converged (Step 7 in Section 2.3). In this 
case the number of design variables does not change. 
Initially the number of design variables is 51, reaches 
up to 152, and finally ends up with 59. The optimization 
process is converged to have 45.6% of its initial compliance 
with the constraint satisfied after 46 pivot phases.

For this problem, a hole size of a finite element is a possible 
choice; One can find from the chart that there is little change

(a) (b) (c)

Fig. 6. Cantilever problem, (a) boundary condition, (b) nonpepentrating zone set 1, (c) nonpepentrating zone set 2.
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on the fonctional values when a hole is generated (maximum 
change on the objective function is 0.13% at the 71st step.). 
At the 104th step, several holes are merged at the same 
time with about 6.6 % of the change on lhe objective function, 
which is the maximum among hole-merging cases.

The same problem is solved with a different setting of 
nonpenetrating zone: the upper and lower walls are added 
as non-penetrating zones (Fig. 6 (c)). In this problem, 
the compliance is increased to 5.158 J. This shows that 
the volume is constrained but there is little allowance for 
better arrangement of the material to reduce the compliance 
lower than the initial. The design procedure and the optimi­
zation history chart are shown in Fig. 8. At the beginning, 
it follows almost the same history as the first half of the 
first problem and converges at 138% of the initial objective 
function value with 118 design variables. The computation 
is done with an Intel Pentium 4 processor (2.40 GHz), and 
the total calculation time is 70 and 28 minutes, respectively.

4고 Hip prosthesis stem design
Ibpology optimization of hip prosthesis stems is motivated 

as a practical case. Stress shielding is an important factor 
for stem design. This often occurs in the cortical bone 
adjacent to the femoral stem due to the difference in the 
elastic moduli of bone and prosthesis. Any large diflference 
in stiffness causes a reduction of the tension/compression 
load or bending moment to the part of the bone and decreases 

bone masses [2이. This weakens fixation between the bone 
and prosthesis, and can be a cause of a revisiting surgeiy. 
Even after titanium was introduced as a biocom-patible 
excellent material, there is still the problem of finding an 
optimal shape of hip prosthesis to reduce the stress shielding 
[13,14,16]. Huiskes and Boeklagen [13] performed numeric^ 
shape optimization on an artificial hip joint, to reduce a 
weighted sum of strain-eneigy density (SED) along lhe cement/ 
bone interface.

Topology optimization is now proposed as a new design 
concept. For the stem, holes should be allowed. This can 
enhance fixation due to the cement filled in the holes. 
Reflecting this purpose, a new optimization formulation 
is made considering the following two aspects: Tb generate 
holes to enhance fixation, and to reduce the volume for light 
structure.

4.2.1 Problem definition
Three diflferent loading cases for hip prosfliesis are described 

by Kowalczyk [16] which are a stance phase of gait and 
two extreme situations during normal activities. In the 
simplified model, only the joint head force is considered 
which is applied at the head pin. The joint force data are 
summarized in Table 1 and Fig. 9 (b).

The hip replacement model with cement is usually composed 
of three different paHs: hip prosthesis stem, the cement 
layer, and the cortical bone. In order to use the sensitivity 
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formulation of Eq. (3) and Eq. (5), however, only the 
stem part is modeled replacing the others with some 
equivalent boundary conditions. Considering each loading 
case, the bo니ndary condition is fb니nd by trial and error 
such that the distributions of von-Mises stress/strain and 
shear stress/strain remain similar. In the present paper, it is 
determined so that tiie stem has bending almost the same as 
the original model; all the j-directional nodal displacements 
at the bottom and the x-directional displace-ment at the 
midpoint of the right edge are fixed as shown in Fig. 9 (b).

For the new hip prosthesis to be designed, generation of 
holes should be included to enhance fixation. The stiffness 
of the structure need not be large because biomechanical 
alloys 이e adequately stiff compared with bone. Therefore, 
instead of minimizing compliance as done for usual formulations 
of structural design, the optimization problem is now defined 
to minimize volume (to induce hole generation) while keeping 
the compliance to be less than its initial vahie:

min 中=Volume

Table 1. Numerical data for loads; angle is measured from the 
horizontal axis

Loading cases -
Joint force

Value (N) Angle (deg)

Stance phase (Fi) 2317 -104

Extreme case 1 (F2) 1158 -75

Extreme case 2 (F3) 1548 -146

(a) (b)

Fig. 9. Initial model and boundary conditions.

s. t, g = Compliance < go
where go is the initial compliance of the structure.

4.2.2 Model description
Fig. 9 (a) shows the initial model for the topology 

optimization. A total of 38 control points are used to render 
the initial design boundary. Because it is desired to retain 
a wide proximal part in order to prevent stress shielding 
[13, 14, 16], 11 control points around the head pin and 
the proximal part are fixed. The 14 control points in the 
distal part are also fixed to maintain its tapered shape which 
enables an easy insertion of the stem and prohibits unexpected 
air insertion [9]. The initial move ranges for the 13 movable 
control points are set by Eq. (7). In this problem, a non­
penetrating zone as shown in Fig. 9 (a) is assigned in the 
cortical bone; the design boundary is not allowed to 
penetrate this region. The three loading cases (Table 2) 
are used in this optimization.

4.2.3 Results
Fig. 10 (a) shows the optimization history for the first 

loading case, Fb The value of the objective function (volume) 
and the constraint (compliance) together with the number 
of design variables are shown in this chart. Initially the 
number of design variables is 26, reaches up to 52, and finally 
ends up with 48. The optimization process is convened to 
have 85.4% of its initial volume with the constraint 
satisfied after 15 pivot phases. The total calculation time 
is 29 minutes under the same computation environment 
with Section 4.1.

The results for different loading cases are shown in 
Fig. 10 (b). In the second example, the direction of the 
rib is almost coincident with the loading direction to 
support bending. In the third example, however, no hole 
is generated and the bellied shape in the middle part is 
obtained to support the axial load. It is shown that the 
hip prosthesis with holes is obtained when loads unparallel 
to the head pin are considered.

4.2.4 Discussion
To obtain meaningful results, varying loading conditions 

must be considered with more elaborate model of the 
total hip. The results obtained here have demonstrated 
feasibility of the SBTO as an applicable tool for complex 
systems. Also it is interesting to obtain a hip prosthesis 
with at least two holes as a new design.

Table 2. Comparison of SBTO and Level set method on shape optimization

Factors SBTO (by B-spline) Level set method
Updated information B-spline's control points Level set function value

Data sampling nonunifbrm uniform
Optimization engine SQP Level set equation
Updated information B-spline's control points Level set function

Re-initialization No Yes
Insertion of soft material [6, 21]

Hole generation Comparison of SCs Adding a forcing term [3] 
Generating hole(s) periodically [2]
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Fig. 10. Optimization result of hip prosthesis, (a) optimization history for the first loading case, (b) Comparison of the design for each loading case.

5. Comparison with the level set method

The excellence of the level set method to structural design 
problems has been reported in the literature [1-3, 6, 21, 
26, 34] and it is worthwhile to compare with SBTO in 
this section for the following aspects: (1) boundaiy represen­
tation, and (2) combining with topological sensitivity.

5.1 Boundary representation
SBTO uses the parametric infonnation (control points of 

B-spline) whereas the level set method represents the 
boundary implicitly by interpolating the level set function. 
In [8], the respective advantages and disadvantages of 
the two approaches of parametric and implicit contour 
representation are compared in terms of image process. Note 
that SBTO corresponds to the parametric representation. The 
main advantage of the implicit representation is obviously 
its ability to change automatically the contour topology 
during the deformation. This property makes it well-suited 
for ira)nstructing contours of complex geometry. Furthermore, 
on implicit contours the data-sampling is uniform and the 
resolution is constrained by the resolution of a regular grid.

One of the required steps in the level set method is 
the update of a narrow band around each contour. In 
fact, the update requires periodical re-initialization of 
the level set contour [1] to ensure that the level set 
function stays well-behaved; the level set function often 
becomes too steep to have a good approximation of the 
normal direction or of the curvature. A widely used way 
to this was given by [29]. Consider the partial differential 
equation

S=SZ加(0)(1-|V0|), (9)

where sign{(/>) gives the sign of the level set function, Q 
Given any initial data forsolving the above equation 
to steady-state provides a new value for 0 with the property 
that |V^|= 1, since convergence occurs when the right­
hand side is zero. The net effect is to “straighten out” the 
level set on either side of the zero level set and produce a 
0 function with |V0| = 1 corresponding to the signed- 

distance function. One potential disadvantage of the above 
scheme is that considera미e motion of the zero level set 
can occur during the re-initialization [26], since the sign 
function is difficult to pinpoint the exact location of the 
front. Moreover, the frequency of the re-initialization is 
another issue to be determined, which may also affect 
the optimization result [33].

On representing boundary change using SBTO, the 
number and the location of control points can affect the 
result. In the current version, a “su伍cient" number of control 
points are assigned in the initial model. When any two 
approach each otiier within the distance of a finite element 
size; the two points are considered as one. That is, one 
of them is taken out. Although only the meaningful control 
points remain and the others are "filtered out” through 
this elimination, a vertex sampling may not be uniform 
because no additional reallocation step is provided. There­
fore, this number needs to be chosen ratiier carefully, to 
sufficiently represent boundary with appropriate DOF 
and not to spend too much time in optimization.

5.2 Hole generation
Recently, the generation of a hole is equipped in the level 

set method by combining with a topological sensitivity. Mei 
and Wang [21] incorporated the level set method and 
the multi-material topological sensitivity. In their research, 
the topological sensitivity describes the relative change ratio 
of the objective function when material is substituted in 
one point of the design domain. A similar 叩proach is shown 
in [3], where the insertion of a soft material is considered in 
order to simulate a void. Buiger et al. [6] included a forcing 
term in the Hamilton-Jacobi type equation in order to cause 
negative values of the level set function if it is favorable 
to add a hole at this position. The forcing term is chosen to 
be linearly dependent on the topological sensitivity, such 
that the topological sensitivity has higher influence where 
the topological sensitivity is negative in material. Allaire et 
al. [2] perform the hole generation from time to time 
and showed the frequency of the hole generation affects 
the optimization results.

In this paper, SC is introduced to decide the time for a 
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hole generation, which is defined by the ratio of the sensitivity 
of the objective function to the sensitivity of the constraint. 
Because SChole and SCshape is compared every iteration, 

no user-defined parameter on the frequency of hole generation 
is required as used in the level set method. These points 
are summarized in Table 2.

6. Conclusion

A concept of topology optimization named SBTO was 
presented. The main point is that one can do topology 
optimization not by finding the optimal density of each 
finite element but by finding the optimal location of 
each control point and creating a hole if decided beneficial 
by comparing SC values. This guarantees uniform density 
through the whole design domain and smooth boundary 
during and after optimization. Using this methodology, neither 
separate filtering nor image processin응 is necessary because 
there is no zigzag boundary or checkerboard pattern. Moreover, 
no 니ser-defined parameter such as the frequency of re­
initialization or hole generation is needed The SBTO approach 
was successfidly applied to two topology optimization problems, 
showing the attractiveness and the elegance of the new method.

A hole created with a small radius grows in most cases, 
but takes too much time. An idea of overshooting for a 
faster growth may be helpful. This is a future topic of 
research to make the method practically applicable.
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