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Abstract

The aim of this paper is to characterise regular duo ring R by using the concept of intuitionistic fuzzy left(right,bi,quasi)

ideals of R.
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1. Introduction

The theory of fuzzy set was initiateed by Zadeh[14]
and so many researchers were conducted on the general-
izations of the notion of fuzzy sets. The idea of intuition-
istic fuzzy set was first published by Atanassov [2,3] as a
generalization of the notion of fuzzy sets. In [5], Banerjee
and Basnet applied the concept of intuitionistic fuzzy sets
to the theory of rings, and introduced the notions of intu-
itionistic fuzzy subrings and intuitionistic fuzzy ideals of
aring. In [7], Hur et al. introduced the notions of intu-
itionistic fuzzy (completely) prime ideals and intuitionistic
fuzzy weak completely prime ideals in a ring. Present au-
rhor [11] introduced the notions of intuitionistic product of
intuitionistic fuzzy ideals ,and characterizations of regular
rings are proved. In this paper we introduc the intrinsic
product of intuitionistic fuzzy sets and intuitionistic fuzzy
left(right,bi,quasi) ideals in a ring. The aim of this paper is
to characterise regular duo ring R by using the concept of
intuitionistic fuzzy left(right,bi,quasi) ideals of R.

2. Preliminaries

In this section, we introduce some definitions and lem-
mas which will be used in this paper. For more details we
refer to [5],[10],[11] and [12]. Let R be aring. Let A and
B be subsets of R. Then the multiplication of A and B is
defined as follows:

AB:{Zaibi{aieA,bieB}

finite

HEUXL 20064 102 182
2rEYUxt: 2006 118 27

An additive subgroup @ of a ring 2 is called a quasi-ideal
of Rif QRN RQ C @, and an additive subgroup B of a
ring R is called a bi-ideal of Rif BB C Band BRB C B.

As an important generalization of the notion of fuzzy
sets in M, Atanassov [2,3] introduced the concept of an
intuitionistic fuzzy set defined on a non-empty set M as ob-
jects having the form

A= {<ma:U'A(:C)77A(x)> | S M}7

where the functions 14 : M — [0,1] and v4 : M — [0,1]
denote the degree of membership (namely p4(z)) and the
degree of nonmembership (namely 4 (x)) of each element
x € M to A respectively, and 0 < pa(x) + valz) < 1for
allx € M.

Such defined objects are studied by many authors (see
for example two journals: 1. Fuzzy Sets and Systems and 2.
Notes on Intuitionistic Fuzzy Sets) and have many interest-
ing applications not only in mathematics (see Chapter 5 in
the book [4].

For the sake of simplicity, we shall use the sym-
bol A = (ua,va) for the intuitionistic fuzzy set A =

{(z, pa(z),va(z)) | = € M}.

Definition 2.1. ([2])Let A = (p14,74) and B = (up,v5)
be intuitionistic fuzzy sets in a set M.

(1. ACB & (Ve e M) {(palz) < pplz), yalz) >
VB(T))-

2. A=B & ACBand BC A
(3). ANB={(uaApp,vaVB)-

4. AUB = (paV up,v4aAYB).



(5). 0~ =1(0,1)and 1. = (1,0).

Definition 2.2. ([5,10]) An intuitionistic fuzzy set A =
(1a,74) in aring R is called an intuitionistic fuzzy sub-
ring of R if it satisfies the following conditions:

(). (Vz,y € R) (pa(z -
(2). (Vz,y € R)
3). (Va,y € R)
4). (Vz,y € R)

(pa(z—y) = minfpa(z), pa(y)}).
(palay) = min{pa(e), pa(y)}).
( y) < max{ya(x),74(y)})-
( max{va(z),va(y)})-

YAT —

(
yalzy) <

Definition 2.3. ([5,10]) An intuitionistic fuzzy set set A =
(a,v4) in a ring R is called an intuitionistic fuzzy left
(resp. right) ideal of R if it satisfies the following condi-
tions:

(D). (Vz,y € R) (pa(z —y) > min{pal(z), pay)}).
2. (Vz,y € R) (valz — y) < max{va(z), va(y)}).
(3). (Va,z € R) pa(az) > pa(z)(va(za) < va(x))

If A= (ua.7va) is both an intuitionistic fuzzy left and in-
tuitionistic fuzzy right ideal of aring R, then A = (A, v4)
is called an intuitionistic fuzzy ideal of R.

Definition 2.4. ([11]) Let A = (pa,v4) and B =
(#B,yp) be intuitionistic fuzzy sets in aring R. The intrin-

sic product of A = (p4,v4) and B = (pp, vp) is defined
to be the intuitionistic fuzzy set A * B = (pavp, v4-5) in
R given by
paxp ()
. ; palar), palaz), -, palam),
= min 3
Y b)), s ()
T Z a;b;
finite
Ya«B(7)
,_ valar), valas), - valam),
= max
o z/:\ wibs { VB (01); 7B (b2), -+, ¥8(bm)

finite

if we can express z = aiby + agsby + -+ + ayb,, for
some a;,b; € R and for some positive integer m where
each a;b; # 0. Otherwise, we define A x B = 0., ie.,
,U,A*B(.’E) = (0 and 'yA*B(x) =1.

Definition 2.5. ([11]) An intuitionistic fuzzy set 4 =

{(tt4,7v4) in aring R is called an intuitionistic fuzzy quasi-
ideal of R if
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(D). (Vz,y € R) (pale —y) = min{palz), pa(y)}),
(2). (Va,y € R) (valz —y) < max{va(z),7a(y)}),
(3). (Ax1.)n(1.*A) CA.

Definition 2.6. ([11]) An intuitionistic fuzzy set A =
(114,v4) inaring R is called an intuitionistic fuzzy bi-ideal
of Rif

(D). (Vz,y € R) (pa(r —y) = min{pa(z), pa(y)}),

(2) (Vw,y S R) (VA(Z‘ - y) A(y)})a
3. Ax ACAand Ax 1. %

max{y4(z),
ACA

Lemma 2.7. ({11]) For an intuitionistic fuzzy set A =
{(t44,7v4) in a ring R, the following assertions are equiv-
alent:

(1). A= {ua,v4)Iisan intuitionistic fuzzy subring of R.

(2). A = (pa,v4) is an intuitionistic fuzzy subgroup of
the additive group (R, +) and 4 * A C A.

Lemma 2.8. ([11]) An intuitionistic fuzzy set A =
(ta.v4) in a ring R is an intuitionistic fuzzy left (resp.
left) ideal of a ring R if and only if

(1). palr—y) >min{pa(z), pa(y)} and ya(z —y) <

max{v4(z),v4(y)},
2). 1.oxAC Aresp. Ax1. C A).

Lemma 2.9. ([11]) Every intuitionistic fuzzy left (resp.
right, two-sided) ideal of a ring R is an intuitionistic fuzzy
quasi-ideal of R.

Lemma 2.10. ([11]) Any intuitionistic fuzzy quasi-ideal of
aring R is an intuitionistic fuzzy bi-ideal of R.

For a subset X of a ring R,we denote X =
{{@, uz(@).75(x)) | = € R} defined by

(2) = 1 ifzeX

FIW) =9 0 otherwise
and

R R

YIS 1 otherwise

for all x € R. For the sake of simplicity, we
shall use the symbol X = (nz,v5) for the X =

{(z, pz (@), v5(2)) |2 € X}
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Lemma 2.11. ([11]) Let A and B be any subsets of a ring
R. Then we have

(1). Ax B = AB.
2. AnNB=ANB.

Lemma 2.12. ([11]) Let A be a nonempty subset of R,
Then the following holds assertions.

(1). Ais asubring of aring R if and only if Ais an intu-
itionistic fuzzy subring of R.

(2). A is a left(right) ideal of R if and only if A is an
intuitionistic fuzzy left(right) ideal of R.

(3). Ais a quasi ideal of R if and only if A is an intu-
itionistic fuzzy quasi ideal of R.

3. Regular duo ring

Recall that a ring R is said to be duo if every one-sided
ideal of R is a two sided ideal. A ring R is called fuzzy in-
tuitionistic duo if every one-sided intuitionistic fuzzy ideal
of R is a two-sided intuitionistic fuzzy ideal. Recall that a
ring R is said to be regular ring if every each element a of
R there exist elements x of R such that ¢ = aza

Lemma 3.1. ([13]) For a ring R, the following assertions
are equivalent:

(1). Ris aregular duo ring.

(2). AN B = AB for every left ideal A and every right
ideal B of R.

(3). Q?* = Q for every quasi-ideal of R.

4). EQE = EnN( for every two-sided ideal E and ev-
ery quasi-ideal @} of R.

Proposition 3.2. Let R be a regular ring R. Then R is duo
if and only if R is intuitionistic fuzzy duo.

Proof. Assume that R is a duo ring. Let A = (p4,7v4)
be any intuitionistic fuzzy left ideal of R, and a and b any
elements of R. Then we have Ra is left ideal of R. By
the assumption, Ra is a two-sided ideal of R. Since R is
regular we have a € aRa. It follows that

ab € (aRa)b = {(aR)a}R C (Ra)R C Ra.
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Thus there exists an x € R such that b = za. From
this and A is a intuitionistic fuzzy left ideal of &, we have
pa(ab) = pa(za) > pa(a) and y4(ab) = vya(za) <
~va(a). Hence A is a intuitionistic fuzzy right ideal of R. It
can be seen in a similar way that any intuitionistic fuzzy
right ideal of R. Therefore R is intuitionistic fuzzy duo
ring. Conversely, suppose R is intuitionistic fuzzy duo
ring. Let A be any right ideal of R. By Lemma 212 A
is a intuitionistic fuzzy fuzzy right ideal of R,and so A is
a intuitionistic fuzzy two-sided ideal of R by the assump-
tion. Then it follws from Lemma 2.12 that A is a two sided
ideal of R. Similarly, we can see that any left ideal of R is
two-sided. Therefore R is duo ring. O

Lemma 3.3. Let R be a ring and let A = (ua,va)
be an intuitionistic fuzzy bi-ideal of a ring 2. Then we
have pa(aza) > min{ua(a), ua(b)} and ya(azxa) <
max{ya(a),v4(b)} for all a, b and x of R.

Proof. Let a,b, and x be any element of R. Then since
ADAx1.,x A, we have

pa(axh)
> HAxt, xA (amb)
_ . ,U/A(al)a"'muA(a'm)’
B axb=\z/: ab; o lj‘lN*A(bl)?'”’M1~*A(bm)
finite
min{pa(a), p1_.a(xb)}

v

min{u4(a), V min{1(p1),- -+, 1(pm),

zb= 3" pias

palar), -+ nalgm)}}
> min{pa(a), min{1(z), na(b)}}
= min{u(a), min{1, na(b)}}
= min{yua(a), pa(b)}}

and

v4(azb)
S ’YA*IN*A(awb)
’VA(al)a T 7PYA(G’WL)7
axb= /i a;b; max{ 71~*A(b1)7 o 771~*A(bm)

finite

< max{ya(a), 1. .a(zb)}
= maX{’)/A ((1), /\ maX{O(pl)y e 70(pm)7
rb= Z Pigi
’ Ya(q1), -+, valgm) }}
< max{y4(a), max{0(z), va(b)}}

= max{y4(a), max{0,v4(b)}}
= max{ya(a),va(b)}}. .



Proposition 3.4. Any intuitionistic fuzzy fuzzy bi-ideal of
a regular intuitionistic fuzzy duo ring R is a intuitionistic
fuzzy tuzzy two-sided ideal of R.

Proof. Let A = (pa,~va) be any intuitionistic fuzzy fuzzy
bi-ideal of R, and a and b any elements of R. Then Ra is
a left ideal of R. Then,since R is duo by Lemma 3.2, Ra
is a right ideal of R. since R is regular we have a € aRa.
Hence

ab € (aRa)b C a{(Ra)R} C aRa.

This implies that there exists an element « in R such that
ab = azxa. Then,since A is a intuitionistic fuzzy bi-ideal
of R, by Lemma 3.3, we have pa(ab) = pa(aza) >
min{pa(a), pa(a)} = pa(a), and v4(ab) = va(aza) <
max{ya{a),va{a)} = ya(a), and s0 A = (p4,v4)isa
intuitionistic fuzzy fuzzy right ideal of R. It can be seen in
a similar way that A is a intuitionistic fuzzy fuzzy left ideal
of R. Therefore A is a intuitionistic fuzzy fuzzy two-sided
ideal of R. This completes the proof. |

Lemma 3.5. ([11]) A ring R is regular if and only if
A x B = AN B for every intuitionistic fuzzy right ideal
A = (pa,va) of R and every intuitionistic fuzzy left ideal
B = (up,vg)of R.

Proposition 3.6. For aring R, the following assertions are
equivalent:

(1). R1is aregular duo ring.
(2). R is aregular intuitionistic fuzzy duo ring.

(3). Ax B = AN B for all intuitionistic fuzzy bi-ideals
Aand B of R.

(4). AxB = AN B for every intuitionistic fuzzy bi-ideal
A and every intuitionistic fuzzy quasi-ideal of R.

(5). A% B = An B for every intuitionistic fuzzy bi-ideal
A and every intuitionistic fuzzy right-ideal of R.

(6). A+ B = AN B for every intuitionistic fuzzy quasi-
ideal A and every intuitionistic fuzzy right-ideal of
R.

(7). Ax B = AN B for every intuitionistic fuzzy left-

ideal A and every intuitionistic fuzzy right-ideal of
R.

Proof. (1) = (2). From Lemma 3.2 ,it follows that (1) and
(2) are equivalent.

(2) = (3). Assume that R is a regular intuitionistic
fuzzy duo ring. Let A and B be any intuitionistic fuzzy bi-
ideal of R. Then it follows from Proposition 3.4 that Ais a
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intuitionistic fuzzy right ideal of R and B is a intuitionistic
fuzzy left ideal of R. Since R is regular, it follows from
Lemma35thatA*B ANB.

(3) = (4) = (5) = (6) = (7). Straightforward.

(7)) = (1. Assume that (7) holds. Let A and B
be any left ideal and any right ideal of R, respectively.
Then it follows from Lemma2.12 that A = (p7,7v5) and

B= (1 77 B) are a intuitionistic fuzzy left ideal and a in-

tuitionistic fuzzy right ideal of R. Leta € AN B. Then,
we have

= p1,5(0)

= (pz A pg)a)

= min{uz(a), uz(a)}
min{1,1}

=1

1apa)

and
=755
= (vzVz)a)
= max{y5(a),v5(a)}
= max{0, 0}
=0
andsoa € AB. Thus ANB C AB.
In order to see that the converse inclusion hold, le a be
any element of AB. Thus

min{puy(a), pzla)} = (uzApg)a)
= (py*pg)(a)
= pugpa)
=1

and

max{v;(a),7z(a)} =17V )@
= (vz*7g)(a)
=730

=0

This implies that @ € A and ¢ € B. Thus we have
a € AN B, and AB C An B. Therefore, we have
AB = AN B. Then it follows form Lemma3.1 that R
is regular duo ring. O

Proposition 3.7. For aring R, the following assertions are
equivalent:

(1). Risaregular duo ring.
(2). Ris aregular intuitionistic fuzzy duo ring.

(3). AxB = AN B for all intuitionistic fuzzy quasi-ideals
Aand B of R.

(4). Every intuitionistic fuzzy quasi-ideal of R is idem-
potent.
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Proof. (1) = (2). From Proposition 3.2 ,it follows that (1)
and (2) are equivalent.

(2) = (3) = (4). Straightforward.

(4) = (1). Let Q be any quasi-ideal of R, and a any el-
ement of ). By Lemma 2.12, @ is an intuitionistic fuzzy
quasi-ideal of R. Then we have yag(a) = ua*a(a) =
ppla) = 1and y5:(a) = v5,5(a) = v5(a) = 0 and
soa € @2, thatis, Q C Q2. Since the reverse inclusion
always holds, we obtain Q? = Q. It follows from Lemma
3.1, Ris aregular duo ring. O

Recall that a ring R is said to be intra-regular ring if
every cach element of R ,there exist elements x; and y; of
Rsuchthata = Y7 | z;a%y;.

Lemma 3.8. ([11]) For aring R, the following conditions
are equivalent:

(1). R is both regular and intra-regular ring.

(2). Ax A = A for every intuitionistic fuzzy bi-ideal A
of R.

(3). Ax A = A for every intuitionistic fuzzy quasi-ideal
Aof R.

Corollary 3.9. For a regular ring R, the following condi-
tions are equivalent:

(1). Ris aintra-regular ring.

(2). Risaduoring.

Proof. 1t follows from Lemma 3.8 and Propostion 3.6 [

Proposition 3.10. For a ring R, the following conditions
are equivalent:

(1). R is regular duo ring

(2). AxBxA = BN A for every intuitionistic fuzzy two-
sided ideal A and every intuitionistic fuzzy bi-ideal
Bof R.

(3). AxBxA = Bn A for every intuitionistic fuzzy two-

sided ideal A and every intuitionistic fuzzy quasi-
ideal Bof R

116

Proof. (1) = (2). Assume that (1) holds. Let A =
(a,v4) and B = (up,yp) be any intuitionistic fuzzy
two-sided ideal and any intuitionistic fuzzy bi-ideal of R,
respectively. Then we have

AxB*xAC(Ax1)*x1.CAx1.CA

andsoA*BxACBNA

Let a be any element of R. Since R is regular, there
exists an element = in R such that ¢ = aza(= azaza).
Then we have

HAxBxA (a)

\/ min MA(a1)7...7/'1’A(am)7
a:Z aib; MB*A(bl)"“7uB*A(bm)

finite

> min{pa(az), pp.alaza)}
= min{ua(azx), V min{us(p1),- -,
aﬂca:ﬁ%zequ'
//'B(pm)7 MA(QI)v o nuA(qm)}}
> min{pa(az), min{up(a), pa(za)}}
= min{pa(a), min{pp(a), na(a)}}
= min{pa(a), up(a)}t}
= (pa) A us)(a)
and
YAxBxA (a)
= A max{ va(a1), - valam), }
- Z oty ¥B+a(b1), -+, YBxA(brm)
> max{1a(az), Ve (0za)}
= max{ya(az), V max{yp(p1),---,
azazﬁge Pit
YB(Pm);valqr), -, valgm)}}
max{va(azr), max{yp(a),va(za)}}

1Y

max{vya(a), max{vp(a),va(a)}}
max{va(a),vs(a)}}
(va A vB)(a)

and so we have AN B C A« B * A. Thus we obtain
that Ax Bx A=ANB.

(2) = (3). Straightforward.

(3) = (1). Let U and V be any twosided ideal and
quasi-ideal of R. By Lemma 2.12, U is an intuitionistic
fuzzy two-sided ideal and V is an intuitionistic fuzzy quasi
ideal of R. Let a be any element of U N V.

tiv (@)

= H,77.5(@)

= (ug A pg)(a

= min{uz(a), py(a)}
= min{1,1}

=1



and

Yovp (@)

= 15.7.5(0)

= (75 Vgp)la)
max{uz(a), pr(a)}
= max{0, 0}
=0

andsoa € UVU. Thus U NV C UVU. To see that the

converse inclusion holds, let a be any element of UVU.
Then we have

ti (@)
= (uz A pg)la)

andsoa € UNV. Thus we obtain that UVU C UNV,
and so UVU = U N V. Then it follows from Lemma 3.1
that R is regular duo ring.

O
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