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Abstract

We introduce the concept of intuitionistic fuzzy G-equivalence relations (congruence), and we obtain some results. Fur-
thermore, we prove that IFC(K) is isomorphic to IFN*(K) for any group K. Also, we prove that (IFCq,aum/ ~>*)

and (IFNG ,,)(K), o) are isomorphic.
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1. 0.Introduction

The concept of a fuzzy sets was introduced by
Zadeh[21] in 1965, and since then these has been a tremen-
dous interest in the subject due to its diverse applica-
tions ranging from engineering and computer science to
social behavior studies. In particular, many researchers
[7,17,19,20,22} applied the notion of a fuzzy set to rela-
tions and congruences.

As a generalization of fuzzy sets, the concept of in-
tuitionistic fuzzy sets was introduced by Atanassov(1] in
1986. After that time, various researchers [2-6,9-12,14]
applied the notion of intuitionistic fuzzy sets to relation,
group theory and topology. In particular, Hur and his col-
leagues [13,15] introduce the notion of intuitionistic fuzzy
congruences on a lattice and a semigroup, and investigate
some of it’s properties, respectively. Moreover, Hur and his
colleagues [16] studied intuitionistic fuzzy congruences in
the sense of lattice.

In this paper, we introduce the concept of intuitionistic
fuzzy G-equivalence relations (congruence), and we obtain
some results. Furthermore, we prove that I[FCg (K) is iso-
morphic to IFN*(K) for any group K, where IFCq(K)
[tesp. IFN*(K)] denotes the set of all intuitionistic
fuzzy G-congruences on K [resp. intuitionistic fuzzy
nonempty normal subgroups of GG]. Also, we prove that
(IFCq )/ ~,*) and (IFNG(y ,)(K), o) are isomor-
phic.
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2. Preliminaries

In this section, we list some basic concepts and one
result which are needed in the later sections.

Forsets X,Y and Z, f = (f1,f2) : X = Y x Z'is
called a complex mappingif f1 : X - Yand fo: X = Z
are mappings.

Throughout this paper, we will denote the unit interval
[0,1] as I.

Definition 2.1{1,5]. Let X be a nonempty set. A complex
mapping A = (ua,va) : X — I x I is called an intuition-
istic fuzzy set (in short, IFS) in X if pua(z) + va(z) < 1
for each z € X, where the mappings p4 : X — I and
va : X — I denote the degree of membership (namely
pa(z)) and the degree of nonmembership (namely v4(z))
of each z € X to A, respectively. In particular, 0. and 1.
denote the intuitionistic fuzzy empty set and the intuition-
istic fuzzy whole set in X defined by 0.(x) = (0,1) and
1.(z) = (1,0) for each z € X, respectively.

We will denote the set of all IFSs in X as IFS(X).

Definitions 2.2[1]. Let X be a nonempty set and let
A= (pa,va)and B = (up,vs)belFSsin X. Then:
(WACBiffus <ppandva > vp.
()A=Biff Ac Band B C A.
(3) A® = (va, pta).



4) ANB=(paAug,vaVus).
(5) AUB = (a V up,va Avg).

Definition 2.3[5]. Let {A;};c; be an arbitrary family of
IFSs in X, where A; = (pa,,v4,) foreach ¢ € J. Then:
M ﬂAl = (/\MANV VAi)'
(2) U A= (\/ KA /\ VAi)’

Definition 2.4[4]. Let X be a set. Then a complex
mapping R = (pg,vr) : X x X — I x I is called
an intuitionistic fuzzy relation (in short, IFR) on X if
pr(z,y) + ver(z,y) < 1foreach (z,y) € X x X, ie,
R e TFS(X x X).

We will denote the set of all IFRs on a set X as [FR(X).

Definition 2.5{4]. Let R € IFR(X). Then the inverse
of R, R~ is defined as by R~ (z,y) = R(y,z) for any
r,y € X.

Definition 2.6[4,6]. Let X be asetand let R, @ € IFR(X).
Then the composition of R and Q, @ o R, is defined as fol-
lows: For any z,y € X,

pQor(2,Y) = Ve xr(®: 2) A polz,y))
and

I/QOR(IE,Z/> = /\zGX[VR('TVZ) \ UQ(Z7y)]'

Definition 2.7[4]. An Intuitionistic fuzzy Relation R on a
set X is called an intuitionistic fuzzy equivalence relation
(in short, IFER) on X if it satisfies the following condi-
tions:

(1) it is intuitionistic fuzzy reflexive,

ie., R(z,z) = (1,0) foreach z € X.
(ii) it is intuitionistic fuzzy symmetric,ie., R™1 = R.
(iii) it is intuitionistic fuzzy transitive, i.e., Ro R C R.

We will denote the set of all IFERs on X as IFE(X).

Let R be an intuitionistic fuzzy equivalence relation on
aset X and let a € X. We define a complex mapping
Ra : X — I x I as follows: Foreachz € X,

Ra(z) = R(a,z).
Then clearly Ra € IFS(X). The intuitionistic fuzzy set Ra
in X is called an intuitionistic fuzzy equivalence class of R
containing a € X. The set { Ra : a € X} is called the intu-
itionistic fuzzy quotient set of X by R and denoted by X/ R.

Result 2.A[14, Theorem 2.15]. Let R be an intuitionistic
fuzzy equivalence relation on a set X. Then the followings
hold:
(1) Ra = Rbif and only if R(a,b) = (1,0) for any
a,be X.
(2) R(a,b) = (0,1) if and only if Ra N Rb = 0~
forany a,b € X.
(3) Upex Ra=1..
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(4) There exists the surjection p : X — X /R defined
by p(z) = Rz foreach z € X.

3. Intuitionistic fuzzy G-equivalence relations

Definition 3.1. Let R be an intuitionistic fuzzy relation on
aset X. Then R is said to be G-reflexive if forany z,y € X
with = # y,
@) pr(z,z) > 0 and vr(z,x) <1,
(i) pr(z,y) < 61(R) and vg(z,y) > d2(R), where
51 (R) = /\teX /.LR(t, t) and (52(R) = VteX I/R(t, t).

An intuitionistic fuzzy G-reflexive and transitive rela-
tion on X is called an intuitionistic fuzzy G-preorder on
S. An intuitionistic fuzzy symmetric G-preorder on X
is called an intuitionistic fuzzy G-equivalence relation on
X. We will denote the set of all intuitionistic fuzzy G-
equivalence relations on X as [F Eg (X).

Proposition 3.2. (1) If H and K are intuitionistic fuzzy
G-reflexive relations on a set X, then (K o H)(z,z) =
(HNK)(z,z)foreachz € X.

(2) If R is an intuitionistic fuzzy G-preorder on a set
X, then Ro R=R.

Proof. (1) Let z € X. Then
prox (x, 1) = Ve xlix (@,t) A pn(t, )]
= pg(z,2) A pg(z, ) (Since H and K
are intuitionistic fuzzy G-reflexive)
= pank (2, T)
and
VHOK(xv x) = /\teX[VK(xv t) A VH(ta l’)]
= vi(x,z) Ve (e, )
= VHOK(:L" 217)
Hence (K o H)(x,x) = H N K(x,z) foreach x € X.
(2) Since R is intuitionistic fuzzy transitive, RoR C R.
Let z,y € X. Then
ﬂROR(xa y) = \/teX[MR(x7 t) N ﬂR(tv y)]
> uglx,z) A prlz,y)(Since R
is intuitionistic fuzzy G-reflexive)
= ur(z,y)
and
VROR(xa y) = /\teX[VR(xa t) v VR(t‘» y)l
< vg(z,z)V vr(z,y)
= vr(z,y).
Thus RC Ro R. Hence Ro R=R. O

Proposition 3.3 If A and K are intuitionistic fuzzy G-
equivalence relations on a set X, then H N K issoon X.

Proof. It is clear that H N K is intuitionistic fuzzy G-
reflexive and intuitionistic fuzzy symmetric. Let 2,y € X.
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Then:

paNK(Z,Y)
= MH(:I"> y) A ﬂK(x’ y)
b /”'HOH(:ra y) A ﬂKOK(xv y)
(Since H and K are intuitionistic fuzzy transitive)
= (V.,exlpa(@, 21) A pm(21,9)])
AV e x i (T, 22) A e (22, 9)])
= \/(zl7z2)€X><X([/1'H(:E, z1) A H’H(zlv y)]
Alpr (x,22) A pxc (22, 9)])
> \/zleX([p‘H(xv Zl) A :LLH(Zlv y)]
ANpx (x,21) A p (21, 9)])
= V., ex(um (e, 210) A px (x, 21)]
N (z1,9) A pr (21, 9)))
= V., exlpank(z,z0) A prok (21, y)]
= ﬂ(HﬁK)o(HﬁK)(xa y)
and
VHNK (.’L’, y)
UH(mv y) \ VK(xv y)
vioH (Z,Y) V Vkok (2, Y)
(Asexva(e,210) Vvu(z1,9))
v(/\zgeX[VK(xv ZQ) v VK(z% y)])
= Noromyexxx (v (z, 21) Vvr (21, )]
V[vi (@, 22) V vk (22, )])
< /\zleX([VH(xa Zl) v VH(Zlv y)]
v[”K(‘T, 21) \ VK(Zlv y)])
= /\z16X([VH(m7 Zl) \4 VK(.Z‘, Zl)]
V[VH(Zla y) \% VK(Zla y)])
= N.exVank(z, 21) V vank (21,9)]
= V(HﬂK)o(HﬁK)(xz Y)-
Thus H N K is intuitionistic fuzzy transitive. Hence H N K
is an intuitionistic fuzzy G-equivalence relation on X. O

A Il

If H and K are intuitionistic fuzzy G-reflexive relation
on a set X, then K o H may not be intuitionistic fuzzy
G-reflexive.

Example 3.4. Let X = {a,b}. Let H and K be the intu-
itionistic fuzzy relations defined as follows:

H(a,a) = (1,0), H(b,b) = (%7 %)7
H(avb):(%’%)a H(b)a):(%7%)
and
K(a,a) = (1,0), K(bb)=(3,3),
K(a,b) = (3,3), K(ba)= (z 1)-

Then clearly, H and K are both intuitionistic fuzzy G-
reflexive on X. But
,LLKOH(OH b) = % > % = ,u’KOH(b7 b)
and
Vior (a,0) = 1 < 2 = vkon(b,b).
So K o H is not intuitionistic fuzzy G-reflexive on X.

Proposition 3.5. Let H and K be intuitionistic fuzzy
G-reflexive relations on a set X such that uy(z,y) V

pr(2,y) < 01(H) A6 (K) and vy (z,y) A vi(z,y) >
d2(H) V 62(K) for any x,y € X withz # y. Then K o H
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is intuitionistic fuzzy G-reflexive on X with 6;(K o H) =
(51(H) A 51(K) and (52(K o H) = 52(H) \Y (52(K)

Proof. Let x € X. Since H and K are intuitionistic
fuzzy G-reflexive, by Proposition 3.2(1), puxom{(x,z) =
pra(z, ) Apk(z,z) > 0and vgop(z, @) = va(z,z) vV
vi(z,z) < 1. Thus

61(K © H) = /\teX NKoH(tzt)
= Neexlur(t. ) A px(tt)]
= (/\teX pr(t, ) A (/\teX px(t,t))
=61 (H) N1 (K)
and
52(K o H) = Ve x vron(t,1)

= Viexlva(t,t) V vk (t,t)]
= Viexvu(t,1) V (Viex vi(t:1))
= 83(H) V §2(K).
Now let z,y € X with x # y, and let ¢ € X with
z # t # y. Since H and K are intuitionistic fuzzy
G-reflexive, pg(z,t) A pr(t,y) < §1(H) A 61(K) and
vi(x,t) Vk(t,y) > 62(H) V 62(K). Also, by the hy-
pothesis,
uH(fc z) A pk(x,y) < px(z,y)
< pu(®,Y) vV pk(z,y)
< 61(H) A 61(K),
vi(z, ) V vk (2,y) 2 vk (z,y)
2 v (z,y) Avk(@,y)
> 5,(H) V 65K,
and
m(zy) A k() < pa(z,y)
< pa(z,y) Vv pk(z,y)
< 61(H) A6y (K),
va(z,y) vV vi(y,y) > va(z,y)
> vy (x,y) A vk (z,y)

> 62(H) V §2(K).
So prom(z,y) < 01(H) A6 (K) = §(K o H) and
Vo (z,y) = 62(H) V 83(K) = (K o H). Hence

K o H is intuitionistic fuzzy G-reflexive with 6; (K o H) =
01(H) A 61(K) and §3(K o H) = §2(H) V 62(K). O

The following is the immediate result of Proposition
35.

Corollary 3.5. Let H and K be intuitionistic fuzzy G-.
reflexive relation on a set X with 6;(H) = §,(K) and
d2(H) = 63(K). Then K o H is intuitionistic fuzzy
G-reflexive with 6,(K o H) = §(H) = 6,(K) and

Propeosition 3.6. Let  and K be intuitionistic fuzzy sym-
metric relations on a set X. Then K o H is intuitionistic
fuzzy symmetric if and only if K o H = H o K.

Proof. (=): Suppose K o H is intuitionistic fuzzy sym-
metric and let x,y € X. Then
,LLKOH(ma Z/) - ,UHOK(xv y)



Hence Ko H = Ho K.
(«<): Suppose K o H = Ho K andlet z,y € X. Then
pror (T, y) = prok (2, y)

= V., esltr(z,2) A pw(z,y)]
= \/zES[IuK(Zv .’E) A ,UH(y, Z)}
=V.eslun(y, 2) A px(z,2)]
= pror (Y, )

and
vior (2, y) = viox (2, y)

Hence K o H is intuitionistic fuzzy symmetric. |

The following is the immediate result of Corollary 3.5
and Proposition 3.6.

Corollary 3.6. Let H and K be intuitionistic fuzzy G-
equivalence relations on a set X with 6;(H) = 41 (K) and
02(H) = 02(K) suchthat K o H = Ho K. Then K o H
is an intuitionistic fuzzy G-equivalence relation on X.

4. Intuitionistic fuzzy G-congruences on a
groupoid

Definition 4.1[15]. An IFR R on a groupoid § is said to
be:
(1) intuitionistic fuzzy left compatible if
pr(z,y) < pr(ze, zy) and vg(z,y) > ve(zx, 2y),
forany x,y,z € S.
(2) intuitionistic fuzzy right compatible if
pr(@,y) < pr(rz,yz) and vg(z,y) > ve(ez, yz),
forany z,y,z € S.
(3) intuitionistic fuzzy compatible if
,LLR(xa y) A /JR(Zv t) < ,U,R(-I'Z, yt) and
vR(T,y) V vg(2,t) > vr(zz,yt),
forany z,y,z,t € S.

Proposition 4.2. If H and K are intuitionistic fuzzy com-
patible relations on a groupoid S, then H N K is intuition-
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istic fuzzy compatible on S.

Proof. Let x,y,a,b € S. Then
prnk (za,yb) = pm(xa, yb) A ux(ra, yb)
> [/LH (3:7 y) A IUH<CL7 b)}
/\[“K (ZC, y) YIS e (a7 b)]
= [pa(2,y) N pxc(z,y)]
Nps(a,b) A px(a, b)]
= pank(,y) A prni(a,b)
and
vank (za, yb) = vg(za, yb) V vk (va, yb)
< [vu(z,y) Vvala,b)]
Vivg{z,y) vV vi(a, b))
= {Z/H(.QJ,y) \/I/K(CC,y)]
\/[VH((I, by v vk {a, b)]
" =vunx(z,y) Vveak(a,b).
Hence H N K is intuitionistic fuzzy compatible on S. O

Proposition 4.3. If H and K are intuitionistic fuzzy com-
patible relations on a groupiod S, then K o A is intuition-
istic fuzzy compatible on S.

Proof, Let z,y,a,b € S. Then
pron(za, yb)
= Vieslpn(za, t) A g (t, yb)]
> Vi olem(@a, ze) A pc (e, yb)]
> \/(z,c)GSXS'[MH (xa, ZC) A KK (207 yb”
> Vi oesxslim(@,2) Apr(a, e)) A (ur(z,y)
N (e, b))]
= v(z,c)eSXS[(/J‘H(xﬂ z) A px(z, y)) AMpr(a,c)
Nk (e, b))]
= (V,eslwu(z, 2) Apw (2, 9)])
A(\/ces[ﬂH (CL, C) A N’K(C: b)])
= uror (%, y) A pixon(a,b)
and
vkor(za, yb) ‘
~ Nreslva(za,t) V vic(t, yo)
< /\(z,c)ESXS[VH(ma’7 ze) V v (zc, yb)]
< /\(z,c)ESxS[(VH(xv Z) v VH(aw C)) v (VK(Zv y)
Vg (c,b))]
= /\(z,c)ESXS[(VH(x'/ 'Z) v VK(Zv y)) v (VH(a7 C)
Vg (c,b))]
= (Neslva(z, 2) Vvk(z,y)])
V(Aceslvula, o) V(e b))
=vrou(Z,y) V vion(a,b).
Hence K o H is intuitionistic fuzzy compatible. O

Definition 4.4. Let 1 be an intuitionistic fuzzy relation on
a groupoid S. Then R is called an intuitionistic fuzzy G-
congruence on S if R € IFE¢(S) and R is intuitionistic
fuzzy compatible.

We will denote the set of all intuitionistic fuzzy G-
congruences on S as IFCg(S).
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Example 4.4. Let K = {e, a,b, c} be the Klein 4-group,
where e is the identity. Let R = (ug, vg) be the intuition-
istic fuzzy relation on K defined as follows:
R(z,y) = (,1) forany z,y € K withz #£ y,
R(ava) = R(b7 b) = (%’ %),
R(c,c) = (1.4). Rle,c) = (1,0).
Then we can see that R is an intuitionistic fuzzy G-
congruence on K.

The following is the immediate result of Propositions
4.2 and 3.3.

Proposition 4.5. If H and K are intuitionistic fuzzy G-
congruences on a groupoid S, then H N K is an intuition-
istic fuzzy G-congruence on S.

The following is the immediate result of Corollary 3.6
and Proposition 4.3.

Proposition 4.6. Let H and K are intuitionistic fuzzy
G-congruences on a groupoid S with §;(H) = 6;(K)
and 02(H) = 03(K) such that K o H = H o K. Then
K o H is an intuitionistic fuzzy G-congruence on S with
51(KOH) = (51(H) = 51(K) and (52(KOH) = (52(H) =
33 (K). ‘

Definition 4.7. Let R be an intuitionistic fuzzy relation on
a groupoid S.
(1) R is said to beright conformable if for any a, b, ¢ €
S, nr(c,c) > pr(a,b) and vg(c, c) < vg(a,b)
imply pr(ac, bc) > pr(a,b) and vg(ac, be) <
vr(a,b).
(2) R is said to be left conformable if for any a, b, c €
S, pr(c,¢) > pr(a,b) and vg(c, ¢) < vr(a,b)
imply pr(ca,cb) > pr(a,b) and vg(ca, cb) <
vr(a,b).
(3) Ris called an intuitionistic fuzzy right [resp. left]
G-congruence if
(i) it is an intuitionistic fuzzy G-equivalence
relation,
(ii) it is intuitoistic fuzzy right [resp. left]
conformable.

The following is the immediate result of Definitions 4.1
and 4.7.

Proposition 4.8. Let R be an intuitionistic fuzzy relation
on a groupoid S.
(1) If R is intuitionistic fuzzy right [resp. left]
compatible, then it is intuitionistic fuzzy right
[resp. left] conformable.
(2) If R is both intuitionistic fuzzy reflexive and
intuitionistic fuzzy right [resp. left] conformable,
then it is intuitionistic fuzzy right [resp. left]
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compatible.

Proposition 4.9. (1) If R is an intuitionistic fuzzy compat-
ible relation on a groupoid S, then it is both intuitionistic
fuzzy right and left conformable.

(2) Let R be an intuitionistic fuzzy G-preorder on a
groupoid S. If R is both intuitionistic fuzzy right and left
conformable, then it is intuitionistic fuzzy compatible.

Proof. (1) Suppose pgr(c,c) > pr(a,b) and vg(e,c) <
vg(a,b) for any a,b, c € S. Since R is intuitionistic fuzzy
Compatiblev MR(acv bC) Z KR (0'7 b) A MR(Q C) = ;uR(av b)
and vg(ac,bc) < vg(a,b) V vg(e,c) = vr(a,b). Thus
R is intuitionistic fuzzy right conformable. Similarly, R
is intuitionistic fuzzy left conformable. Hence R is both
intuitionistic fuzzy right and left conformable.

(2) Leta,b,c € S. Since R is intuitionistic fuzzy tran-
sitive,

pr(ac,bd) > pror(ac, bd)

= Vieslir(ac,t) A pr(t, bd)]

> pr(ac,be) A pr(be, bd) (4.1)
and
vr(ac, bd) < vror(ac, bd)
= Neeslvrlac, t) V vr(t, bd)]
< vg(ac, bc) V vr(be, bd). (4.2)

Case (i): Suppose a # b and ¢ # d. Since R is intu-
itionistic fuzzy G-reflexive,
,UJR(Cy C) 2 'U'R(avb)’ VR(C7 C) < VR(a7 b)
and
ur(b,b) > pr(c,d), vr(b,b) < vr(c,d).
Since R is both intuitionistic fuzzy right and left con-
formable,

pr(ac,be) > pr(a,b), vg(ac,be) <vg(a,b)
and

pr(be,bd) > pr(c,d), vr(be,bd) < vr(c,d).

By (4.1) and (4.2), pr(ac,bd) > pr(a,b) A ugr(c,d) and
vr(ac,bd) < vr(a,b) V vg(c,d).

Case (ii): Suppose ¢ # b and ¢ = d. Since R is
intuitionistic fuzzy G-reflexive, ug(c,¢) > ur(a,b) and
vr(c,¢) < vg(a,b). Since R is intuitionistic fuzzy right
conformable,

,U,R(G,C, bd) = /,LR((IQ bc) 2 NR(Q, b)

= pr(a,b) A pr(c,c)
= pnr(a;b) A pr(c,d)
and

vr(ac,bd) = vr(ac,be) < vg(a,b)

= vg(a,b) Vvr(c,c)
=vr(a,b) Vvg(c,d).

Case (iii): Suppose a = b and ¢ # d. By the similar
arguments of Case (ii), we have the same result as Case (ii).

Case (iv): Suppose @ = b and ¢ = d. If ugr(a,a) >
pr(c,c¢) and vg(a,a) < vg(e,c), then, by intuitionistic
fuzzy left conformability, we obtain p(ac, ac) > ug(c,c)
and vg(ac,ac) < vg(c,c). If pr(c,e) > pr(a,a)
and vgp(c,c) < wvgr(a,a), then, by intuitionistic fuzzy



right conformability, we obtain 11 (ac, ac) > ug(a, a) and
vr(ac,ac) > vg(a,a). So
pr(ac,bd) = ugr(ac,ac)
= NR(a7 a’) A MR(Q C)
= /’LR(av b) A ,LLR(Ca d)
and
vr(ac,bd) = vg(ac, ac)
<vwvgla,a)Vvg(cec)
= Z/R(a, b) V l/R(C, d)
Hence R is intuitionistic fuzzy compatible. This completes
the proof. £l

Corollary 4.9. Let R be an intuitionistic fuzzy relation
on a groupoid S. Then R is an intuitionistic fuzzy G-
congruence on S if and only if it is both an intuitionistic
fuzzy right and left G-congruence on S.

5. Intuitionistic fuzzy G-congruences on a
group

Proposition 51. Let R be an intuitionistic fuzzy G-
reflexive relation on a group K.
(1) I R is intuitionistic right conformable,
then R(ac,bc) = R(a,b), whenevera # b, ¢ € K.
(2) If R is intuitionistic left conformable,
then R(ca, cb) = R(a,b), whenevera # b, c € K.
(3) If R is both intuitionistic right and left conformable,
then R(cad, cbd) = R(ad,bd) = R{ca, cb)
= R(a,b), whenever a # b, c,d € K.

Proof. (1) Leta # b, ¢ € K. Since R is intuitionistic
G-reflexive,
MR(C7 C) 2 ,uR(av b)’ VR(C? C) < VR(a7 b)
and
:U'R(C_la C_l) > /,LR(CLC, bC),
vr(c — 1,¢7 1) < wvg(ac, be).
Since R is intuitionistic right conformable,
pr(a,b) = prlacc™, bec™t) > pp(ac, be)
> p,R<(l, b)
and
vr(a,b) = vg(acc™ !, bec™) < vg(ac, be)
< vg(a,b).
Thus pr(a,b) > pr(ac,be) and vr(a,b) < vg(ac,be).
Hence R(ac,bc) = R(a,b).
The proofs of (2) and (3) are similar. O

Corollary 5.1. (1) If R is an intuitionistic fuzzy
G-congruences on a group K, then R(cad,cbd) =
R(ad,bd) = R(ca,cb) = R(a,b), whenever a # b,
c,de K.

(2) If R is an intuitionistic fuzzy G-reflexive and sym-
metric relation on a group K, which is both intuitionis-
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tic fuzzy right and left conformable, then R(a™1,671) =
R(a,b), whenevera # b € K.

(3) If R is an intuitionistic fuzzy G-congruences
on a group K, then R{a',b71) = R(a,b), whenever
a#beK.

Proof. (1) By Proposition 4.9(1), R is both intuitionistic
fuzzy right and left conformable. Hence, by Proposition
5.1(3), we get the result.

(2) Let a # b € K. Then, by Proposition 5.1(3),

R(a,b) = R(b7taa™t, b lba™l) = R(b a7 l) =
R(a=t,671h).

(3) It follows from Proposition 4.9(1) and Corollary
5.1(2). |

Example 5.2. Consider the intuitionistic fuzzy rela-
tion R given in Example 4.4. Then R is intuitionis-
tic fuzzy G-reflexive and right conformable on K with
R(ab,ab) # R(a,a).

Definition 5.3[9]. Let (S,-) be a groupoid and let A ¢
IFS(S). Then A is called an intuitionistic fuzzy sub-
groupoid (in short, IFGP) of S if for any z,y € S,
pa(@y) 2 paz) A pa(y)
and
va(zy) < valz)Vrvaly).

We will denote the set of all IFGPg of a groupoid S
as IFGP(S). Then it is clear that 0., and 1. € IFGP(5) .

Definition 5.4[10]. Let K be a group and let A €
IFGP(K'). Then A is called an intuitionistic fuzzy sub-
group (in short, IFG) of K if A(z™1) > A(x), ie,
palz™) > pa(z) and va(z~!) < wva(z), for each
z € K.

We will denote the set of all IFG g of K as IFG(K).

Result 5.A[10, Proposition 2.6]. Let K be a group and let
A € IFG(K). Then A(z™') = A(z) and pa(x) < pale),
va(z) > va(e) for each z € K, where e is the identity
element of K.

Definition 5.5[10]. Let K be a group and let A € IFG(K).
Then A is said to be normal if A(xy) = A(yx) for any
z,y € K.

We will denote the family of all intuitionistic fuzzy nor-
mal subgroups of a group K as IFNG(K). In particular,
we will denote the set {V € IFNG(K) : N(e) = (1,0)}
as IFN(K)).

Definition 5.6[15]. An IFER R on a groupoid S is called

an:
(1) intuitionistic fuzzy left congruence (in short, I F'LC)
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if it is intuitionistic fuzzy left compatible.
(2) intuitionistic fuzzy right congruence(in short,
ITFRC)1if it is intuitionistic fuzzy right compatible.
(3) intuitionistic fuzzy congruence (in short, I FC)
if it is intuitionistic fuzzy compatible.

We will denote the set of all IFCs [resp. IFLCs and
IFRCs] on a groupoid S as IFC(S) [resp. IFLC(S) and
IFRC(S)].

Result 5.B[16, Lemma 5.6]. Let K be a group and let
A € IFN(K). We define the complex mapping Ry =
(bRAsVR,) + K x K — I x I as follows: For each
(a,b) € K x K,

Ra(a,b) = A(ab™1).
Then R4 € IFC(K).

The following is the modification of Result 5.B.

Lemma 5.7. Let K be a group and let A be an intuition-
istic fuzzy nonempty normal subgroup of K. We define a
complex mapping R4 = (up,,vr,): K X K — I x 1 as
follows: For any a,b € K,

Ra(a,b) = A(ab™1).
Then R4 € IFCo(K).

Proof. Let a # b € K. Then clearly pg,(a,a) =
palaa™) = pa(e) > 0and vg,(a,a) = valaa™) =
va(e) < 1. On the other hand,

&1 (RA) = /\tGK HRA (ta t) = MA(e)
> palab™!) = pp,(a,b)
and
62(RA) = VtGK VR4 (ta t) = VA(e)

< VA(ab—1> = VR4 (a7 b)
Thus R4 is intuitionistic fuzzy G-reflexive. By Result
5.B, R4 is intuitionistic fuzzy symmetric and transitive.
Also, by Result 5.B, R 4 is intuitionistic fuzzy compatible.
Hence Ry € IFCq(K). O

Result 5.C[15, Proposition 2.18]. Let K be a group
and let R € IFC(K). We define the complex mapping
Ar = (pag,va,) : K — I x I as follows: For each
a €K,

Ag(a) = R(a,e)
Then Ar € IFN(K).

= Rc(a).

The following is the modification of Result 5.C.

Lemma 5.8. Let K be a group and let R € IFCg(K). We
define a complex mapping Ar = (ua,,va,) : K — IxI
as follows: For each z € K,

Ag(z) = R{x,e).
Then Apg is an intuitionistic fuzzy nonempty normal sub-
group of K.
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Proof. Let z,y € K. Since R is intuitionistic fuzzy com-
patible,
pag(xy) = pr(zy,e) = pr(zy,ce)
> /LR(:Ev 6) A UR(y) 6)
= prag () A HAR (y)
and
vag(zy) = vr(zy, €) = vr(zy, ce)
<vg(z,e)V gy, e)
= Vag (@) V VA, (y):
Thus, Ag € IFGP(K). Let ¢ # e. Then, by Corollary
5.1(3),
AR(x_l) = R(m_lve) = R(x,e)
So Ap € IFG(K

5.1(1),
An(zy) = R(zy,e) = Rz~ oye,a
= R(yz,e) = Ar(yz).
Thus Ar € IFNG(K). Moreover, p4,(e) = pr(e,e) >
0and v4,(e) = vr(e,e) < 1. So Ap # 0.. Hence
Apg is an intuitionistic fuzzy nonempty normal subgroup of
K. d

). Now let zy # e. Then, by Corollary

~lex)

Let K be any group. We define a relation ~ on
IFCq(K) as follows: Forany P, € IFCg(K), P ~ Q
if and only if P(z,y) = Qz,y) forall x # y € K
and P(e,e) = Q(e,e). Then clearly, ~ is an equiva-
lence relation on 1FCg(K), which partitions IFC¢(K)
into disjoint equivalence classes [R], R € IFCg(K). Let
IFCq(K)/ ~ be the family of all these equivalence classes
and let IFN™(K) denote the set of all intuitionistic fuzzy
nonempty normal subgroups of K.

Proposition 5.9. Let K be a group. Then, under the prod-
uct [P][Q] = [PNQ], P,Q € IFCq(K), IFC¢(K)/ ~
is a commutative monoid of idempotents.

Proof. We note that, by Proposition 4.5, IFCg(K) is
closed under the formation of finite intersections. For any
P,P,Q,0Q1 € IFCg(K), suppose P ~ Py and QQ ~ Q;.
Letx #y € K. Then
prn(z,y) = pr(®,y) A polz, y)
= Up (:L'7 y) A HQ, (IE, y)
= KkPinQ, (1‘, y)
and
veng(z,y) = ve(z,y) V vg(z,y)
= VPl(:E’y) N VQl(may)
= yPlﬂQl(‘T? y)
Thus (P N Q)(z,y) = (P N Q1)(z,y). Also, (PN
Q)(e,e) = (PLNQ1)(e,e). Thus PNQ ~ P, NEy. So
the product on TFC(K)/ ~ is well-defined. We can eas-
ily see that (IFCq(K)/ ~,-) forms a commutative semi-
group of idempotents. Now we define a complex mapping

€ = (pe,ve) + K x K — I x I as follows: For any
z,y € K, e(z,y) = (1,0). Then clearly ¢ € IFCg(K).
Moreover,

[R]le] = [R] = |¢][R] for each R € IFCg(K).



Hence [e] is the identity element of IFC¢(K)/ ~. This
completes the proof. a

Proposition 5.10. Let K be any group. Then
(IFN*(K),N) forms a commutative monoid of idempo-
tents.

Proof. We can easily prove that (IFN™(K),N) forms a
commutative semigroups of idempotents. It is clear that
1. € IFN*(K). Moreover, . NA = A = AnNl.
for each A € IFN*(K). So 1... is the identity element of
IFN*(K). O

Theorem 5.11. Let K be any group. Then IFCo(K) is
isomorphic to IFN*(K).

Proof. Consider the mapping ¥ : IFC¢ (K) — IFN*(K)
defined by T([R]) = Ag for each R € IFCg(K).
Then we can easily see that ¥ is well-defined. Let A &
IFN*(K). Then, by Lemma 5.7, R4 € IFCq(K). Let
z € K. Then Ag,(z) = Ra(x,e) = A(ze™) = A(x).
Thus Ag, = A. So W([R4]) = A. Hence W is surjective.
For any P,Q € [FCq(K), suppose U([P]) = U([Q]).
Then Ap = Ag. Thus P(z,e) = Q(x,e) foreachz € K.
Let z # y € K. Then, by Corollary 5.1(1),

P(z,y) = P(zy Le) = Q(zy ', e) = Q(z,y).
Thus P ~ @, ie., [P] = [Q]. So ¥ is injective. Now let
P,Q € IFCy(K) and let x € K. Then

HApng (:L') = MPQQ(% 6)

- ,uP(:L'v 6) A /,LQ(LL', 6)
= prap(2) A pag ()
= HApndg (I)
and
VApng (T) = VPng(z,€)
=vp(x,e)Vglz,e)
= VAp (I) V' Vag (33)
VAPQAQ (13)
Thus Ame =ApN AQ. So
Y(PQ]) = v ([PNa])
= Apng
=ApnN AQ
= U([P)) N ([Q)).
Moreover, U([e]) = A, = 1. Hence ¥ is a monoid ho-
momorphism. Therefore IFC(K)/ ~ and IFN™(K) are
isomorphic under . O

I

Proposition 5.12. Let K be a group. If P,Q € IFC(K)
such that §;(P) = 6,(Q) and §(P) = 62(Q), then
Po@ = QoPand Po@Q € IFCg(K) such that
51(Po @) = 01(P) = 61(Q) and 62(P 0 Q) = 62(P) =
52(Q).

Proof. Let x # y € K. Then
1Qopr(T,y)
= \/tEK[:uP (33, t) A [228) (t7 y)}
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= (Voprpylip(@,0) Aot y)l)
V(pp(z,2) A pgle,y) vV (pe(z,v) A pe(y,v))
= (Vyosrey tp (yt ™, y) A pgla, yt ')
Ving(z,y) A ey, y) V (pe(@, ) A pp(z.y))
(By Corollary 5.1(1))
= (Vgosraey lp (™2, y) A pg (e, yt " @)])
V(pp(z,2) A pole,y) Vv (pp(2,9) A pg(y, y)
(By Corollary 5.1(1)) (5.1
and
vQor(Z,Y)
— Nerclvr(@,t) v vo(ty)]
= (Npppylve(@, 1) Vgt,y)) A (vp(z, 1)
Vg, y)) A (ve(z,y) vV vo(y, )
= (/\I##y[up(yt’lx,y)\/uQ(x,yt’lx)})/\(l/p(a:,x)
Vig(a, y)) A (vp(z,y) vV vy, y)). (5.2)
Since §1(P) = §; (@), and P and () are intuitionistic fuzzy
G-reflexive,
pp(x, @) A po(e,y) = pelz, y)
= pg(@,y) A pp(y.y)
and
pp(z,y) A poly.y) = pe(z,y)
= po(x,z) A pp(z,y).
Since do(P) = 62(@), and P and @ are intuitionistic fuzzy
G-reflexive,
vp(e, 2) V vg(z, ) = volz. )
=vo(z,y) vV ve(y,y)
and
vp(z,y) Vvgo(y,y) = ve(z.y)
=vg(x,z) Vre(z,y).
Thus, by (5.1) and (5.2),
1qop (2, y)
= (Vyoprpy P (Wt~ 2, y) A g (@, yt ™ 2)])
V(pg (@, y) A pp(y,y) V (pele, ) A pe(z,y))
= Viex oz t) A pp(ty)]
= ppo@(T,y)
and
vQop (2. y)
= (Ngry vyt a,y) V vg o, yt ' 2)])
Awvg(z,y) vV ve(y,y) A (vo(e,z) Vvp(z,y))
= Niexlvo(z.t) v vp(t y)] = vroq(z, y)-
Hence P o ) = Q o P. Moreover, by Proposition 4.6,
PoQ € IFCq(K) such that 61 (Po @) = 61 (P) = 6:1(Q)

and 62(P o Q) = 62(P) = 02(Q). This completes the
proof. U
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6. The (), 1)-partition of / FCy(K)

Definition 6.1[9]. Let (X, -) be a groupoid and let 4, B €

LFS(X). Then the intuitionistic fuzzy product of A and B,

Ao B, is defined as follows: For each z € X,
(Vyemalta() A up(z)],

(AoB)(z) = Nyz=alvaly) V va(2))),

(0, 1)if z is not expressible as = = yz.

Result 6.A[9, Proposition 2.3]. Let (X, -} be a groupoid.
If “-” is a associative [resp. commutative], then so is “o” in
IFS(X).

Result 6.B[10, Proposition 2.4]. Let A be an IFG of a
group G. Then Ao A = A.

Result 6.C[10, Proposition 3.2]. Let K be a group, let
A €IFS(K) and let B € IFNG(K). Then Ao B = Bo A.

Result 6.D[10, Proposition 3.4]. Let K be a group and let
A, B € IFNG(K). Then A o B € IFNG(K).

For a group K and for each (A, ) € (0,1] x [0,1) with
A4 p <1, let
IFCG7()\7M)(K) = {R S IFCG(K) : 51(R) =A

and d2(R) = p}.

We define a relation ~ on IFCg (5 ,)(K) as follows: For
any P,Q € IFCG,()\,[L) (K),

P ~ Qif and only if P(z,y) = Q(z,y),whenever
r#y€ K,and P(e,e) = Q(e, e).
Then we can easily prove that ~ is an equivalence rela-
tion on IFCg,( ) (K). For each R € IFCg » 4 (K),
let [R](x 4 be the equivalence class in IFCg (5 ,,)(K)
containing R. Let IFCg (5 ,)(K)/ ~ be the family
of all these equivalence classes. If 0 < A < s < 1
and 0 < ¢t < p < 1 such that A + p < 1 and
s+t < 1, then IFCG7(,\’”)(K) N IFCG’(SJ)(K) =0
and IFCG&/\’#)(K)/ ~ ﬂIFC’G’(s’t)(K)/ ~= (). Fi-
nally, let IFNG 5 ,\(K) = {A € IFNG(K) : pa(z) <
A< pale)and vya(e) < p < va(z), e #z € K} if
K+ (e) and et IFNG 3,y (K) = {(€) a0} if K = (e).

Proposition 6.2. Let K be a group and let (A, u) €
(0,1] x [0, 1) with A+ p < 1. Then (IFCg (z ) (K), 0) is
a commutative semigroup of idempotents.

Proof. By Proposition 5.12, (IFCg (5 ) (K), o) is a com-
mutative groupoid. Moreover, by Result 6.A it is clear that
o is associative. On the other hand, by Proposition 3.2(2),
each member of IF'Cy (5 ,)(K) is an idempotent. Hence
(IFCg,(a,u)(K),0) is a commutative semigroup of idem-
potents. O

Lemma 6.3. Let K be a group and let (\, u) €
[0,1) with A + p < 1.

(0,1] x
We define a binary relation
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* on IFCgq (x,)(K)/ ~ as follows: For any P,Q €
LFCq (a0 (K),

[Pl * Qo = [P o Qo w)-
Then (IFCg () (K)/ ~, *) is a commutative monoid of
idempotents.

Proof. Suppose K = (e). Then IFCq (5, (K)/ ~=
{[R»,n) = {R}}, where R(e,e) = (A, p). Thus the
lemma is trivially true in this case. Suppose K # (e).
We are obliged to prove that * is well-defined. Let
P, Pl,Q, Ql < IFCG,(A,;;,)(K) such that P ~ P, and
Q~ Q. Letz #y € K. Then
HQopr (2, Y)
= Viexlur(z,t) A pg(t,y)]
= (Vm;ét;éy [/.LP(Z‘, t) A RQ (tv y)])
V(up(z, @) A po(@,y)) vV (1p(z,y) A ug(y,y))
= (Vx;ét;éy [ep (2,t) A pg, (t,y)])
Vug(z,y) V pp(z,y)
= (\/x;ét;éy [up, (2, t) A g, (8, 9)])
V(pp, (2, 2) A pg, (z,9)) V (ke (2,9) A kg, (4, y))
= \/tEK[:u’Pl (l‘, t) A pQ, (t7 y)] = HQioP; (!E, y)
and
VQOP(:U; y)
= MNeexlvp(@, ) Vgt y)]
= (ANgrenylvr(@,t) Vg (t,y)])
Avp(z, z) V vg(z,y)) A (vp(z,
(/\x;ét;éy [I/PI (CL’ t) Vg, (t7 y)])
Avg(z,y) Avp(z,y)
= (Nasiny lvr (2, 1) V vig, (£,9)])
/\(VPI (CC, .T) Vg, (mv y)) A (Vpl (:Ea y) Vg, (yv y))
= /\tEK[VPI (33', t) \ VQl (t’ y)] = VQ10P1 (I7 y)
On the other hand,
Haor(e,¢) = ip(e, ) A pigle, )
= pp,(e,€) A pg, (e €)
= HQi0p (67 6)

y) Vro(y,y)

and
vQop(e,e) = vp(e,e) Vig(e,e)
=vp (e, e) Vg, (e e)
= vQ,or (€, €).
Thus Qo P ~ Q1 o P;. So * is well-defined. Moreover, by
Proposition 6.2, we can see that (LFCg 5 ,,)(K)/ ~, ) is
a commutative semigroup of idempotents.
Now we define a complex mapping E : K x K — Ix1
as follows: Forany z,y € K,

(1,0) if z=y=ce,
E(z,y)=4¢ (\p) if z=y#e,
(0,1) if z#4y.

Then we can routinely prove that £ € IFCq (5 ,)(K) and
that Eo R = Ro E ~ R for each R € IFCq¢ (5 ,)(K).
Thus
[Eloam * (Rl = [E 0 R
[R] (Zu)
{R o} E]()\ 1)

R](Ayu [E ](Mt)'



So [E](x,p) is the identity element of IFC (5 ) (K)/ ~.
This completes the proof.

Proposition 6.4. Let K be a group and let (A u) €
(0,1] x [0,1) with A + p < 1. Then (IFNG, ,,0)
is a commutative monoid of idempotents.

Proof. Let A,B € IFNG,
6D, Ao B € IFNG(K).
A, B €IFNG ) (K),
pa(z) < X< pale).
and
pe(r) <A< puple), vp
Then pa(zt=1) A pp(t) < A
foreach t € K. Thus
paoB(z) = Ve g lpalat™) A pp(t)] < A
and
vao() = Nerela(et )V vs (] > p.
Moreover, paople) = pale) Auple) > Aand vaople) =
vale) Vvg(e) < p. So Ao B € IFNGy, ,,)(K). On the
other hand, by Results 6.C and 6.B, Ao B = B o A and
Ao A = A. Furthermore, by Result 6.A, o is associative.
Hence (IFNG , ,)(K),0) is a commutative semigroup of
idempotents. Finally, consider the intuitionistic fuzzy point
e(1,0) of K. Then clearly, e(; oy is the identity element of
IFNG () (K). This completes the proof. O

) (K). Then, by Result
Let z # e € K. Since

vale) <p <wa(x),

(e)
and

Proposition 6.5. Let P and (Q be intuitionistic fuzzy G-
reflexive relations on a group K such that 6,(P) = 6,(Q)
and 62(P) = 82(Q). If P is intuitionistic fuzzy right con-
formable, then Agop = Ap 0 Ag.

Proof. Let x € K. Then
HApoAg (.I,‘)

= \/tGK[:u’AP (xt_l) A HAq (t)]

= Viexlup(@t ! e) Aug(t,e)l

= (Vg lup(@t™" e) A pg(t,e)])
(/LP(@ 6) A MQ(‘CK 6))

= Vt;é:c [N’P (z, ) A HQ (ta 6)}
V{pp(@, ) A pole, e))

= Viexlup(@,t) A pglt,e))]

- ,U'QOP( )

e
= HAg.p\T ( )
and

(By Proposition 5.1(1))

VApog(T)

= Neex[Vap(@t™") Viag(t)]

= Niexlvp(at™ e} Vvg(t.e)]

= (/\t;éz[yp(mt_lv e) Vg (tv 6)])
Nup(e e) Vvg(z,e))

= (Aszolvp(m,t) Vgt e)])
Nuplz,x) Vvg(z, e))

= /\teK[VP(xvt) \ VQ(tv e))]

= Z/QOP(.’E,B)

= VAgep (%)
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Hence Agop = Ap o Ag. O

Corollary 6.5. Let K be a group and let (A, ) €
(0,1] x [0,1) with A + p < 1. If P,Q € LFCg (x .y (K),
then APoQ =Apo AQ S IFNG(A,N)(K)'

Proof. Let P,Q € IFCg (x,,)(K). Then, by Proposition
512,Qo P =PoQ €lFCg ) (K). Thus, by Lemma
5.8, Apog € IFNG(y ) (K). Hence, by Propositions
5.122and 6.5, Apog = Ap o Ag. 0

Theorem 6.6. Let K be a group and let (A, p) €
(0,1]%[0, 1) with A4z < 1. Then (IFCez (5 (K)/ ~, *)
and (IF NGy ) (K), o) are isomorphic.

Proof. Suppose K = (¢). Then IFCq x.)(K)/ ~
and IFNG, ;) (K) are trivially isomorphic, since both
are singletons. Suppose K # (e). We define a mapping
v IFCG"(/\#)(K) — IFNG()HM)(K) by \II([R]()\N)) =
Ap for each R € 1FCg (,)(K). Then, as in the proof
of Theorem 5.11, we can show that ¥ is a well-defined
injection. Let [E](y,,) be the class which occurs in the
proof of Lemma 6.3. Then clearly [E](y,,) is the iden-
tity element of IFC¢ (x4 (K ). Moreover, we can easily

see that W([E](\ ) = Ap = eq). Now let P,.Q €
IFCG,()\.,,U,) (K) Then
\Ij([P]()\,u) * [Q](A,u))
=U([PoQ]w)
= Apog = Apo Ag (By Corollary 6.5)

= U([Ploaw) o U([Qlam)-
So ¥ is a monoid homomorphism. Let A €
IFNG» ,,)(K). Then, by Lemma 5.7, R4 € IFCq(K)
We define a complex mapping P = (up,vp) : K x K —
I x I as follows: Forany z,y € K,
RA<x7y> if x 7é Y,
Play) = { (Ap) if z=y#e
and
pp(e.e) = pir,(e e) = pale) = A,
vp(e,e) =vg,(c,e) =vale) < .
Then clearly P € 1FR(K). Moreover, P is intuitionistic
fuzzy G-reflexive and symmetric. Now let z # y € K.
Then
ppop(Z,y)
= Viexlur(@,t) A pp(ty)]
= (V.o i (0.0) A () V ar(.0)
z#t;ﬁy[MRA (z, t) N iR, (f y)l) Vpga (T, y)
= HRa0R4 (l y)
< UR, (I> y)
= pp(z,y)
and
vpop(Z,Yy)
= /\teK[VP(]"v t) v Z/p(t, y)]
— PNzl (@, )V ve(t, ) Avp(a.y)
= (/\gp;ét;ﬁy[VRA (Iv t) V VR, (tv y)D NVR, ((L'., y)
= VRyoR4(Z,Y)
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2> VR, (1‘7 y)

= vp(z,y).

Thus P o P C P. So P is intuitionistic fuzzy transitive.
Hence P € IFEq(K).

Now we show that P is intuitionistic fuzzy right con-
formable. For any a,b,c € K. Suppose pp(c,c) >
pp(a,b) and vp(c,c) < vp(a,b).

Case (i): Suppose a # b. Since R, is intuitionistic
fuzzy G-reflexive, pgr,(c,c) > ug,(a,b) andvg, (c,c) <
vr,(a,b). Also, by Proposition 4.9(1), R 4 is intuitionistic
fuzzy right conformable. Thus

Hp ((LC, bC) = KR4 (CLC, bC) 2 KR4 (a, b) = H’P(aa b)
and

vp(ac,be) = vg,(ac,bec) < vg,(a,b) = vp(a,b).

Case (ii): Suppose a = b. If ¢ = e, then P(ac,bc) =
P(a,b). If ¢ # e, then

ILLP(GC, bC) = HP (ac, (IC) A= MP(C7 C) > pp (a” b)
and

vp(ac,be) = vp(ac,ac) < p = vp(c,c) < vp(a,b).
So, in all, P is intuitionistic fuzzy conformable. By
the similar arguments, we can see that P is intuitionistic
fuzzy conformable. Hence, by Proposition 4.9(2), P
IFCq (xu)(K). Letz € K. Then

Ap(x) = P(z,e) = Ra(z,e) = A(z).

Thus ¥([P](5 .)) = Ap = A. So ¥ is surjective. Hence ¥
is a monoid isomorphism. Therefore IFC¢ (5 ) (K)/ ~
and IFNG (), (K) are isomorphic monoids under .
This completes the proof. O

Corollary 6.6. Let K be a group. Then the semi-
group (1FCg,(1,0)(K), o) is isomorphic to the semigroup
(IFNG(LO) (K), O). In fact, IFCG,(l,O) (K) = IFC(K)
and IFNG(, o) (K) =1FN*(K).

Proof. It is clear that [R](1 0y = {R} for each R €
1FCg,1,0)(K). Then (IFCg 1,0)(K),0) can be identi-
fied with (IFCg (1,0y(K)/ ~, *). Hence, by Theorem 6.6,
(IFCg (1,0)(K), ) is isomorphic to (IFNG( 0y (K),0)
as semigroups. Moreover, IFCg (1,0)(K) = IFC(K) and
IFNG10)(K) = IFN*(K). O
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