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WEAKLY STABLE CONDITIONS FOR EXCHANGE RINGS

HuANYIN CHEN

ABSTRACT. A ring R has weakly stable range one provided that aR +
bR = R implies that there exists a y € R such that a + by € R is right
or left invertible. We prove, in this paper, that every regular element
in an exchange ring having weakly stable range one is the sum of an
idempotent and a weak unit. This generalize the corresponding result of
one-sided unit-regular ring. Extensions of power comparability and power
cancellation are also studied.

1. Introduction

A ring R is said to be an exchange ring if for every right R-module A and
any two decompositions A = M ® N = P,.; A;, where Mp = Rp and I is a
finite index set, there exist submodules A; C A; such that A = M & (@;; A}).
It is well known that regular rings, 7-regular rings, unit C*-algebras of real
rank zero, semiperfect rings, left or right continuous rings and clean rings are
all exchange rings. For general theory of exchange rings, we refer the readers
to [10]. Following Wei and Tong (cf. [11]), a ring R is said to have weakly
stable range one provided that aR + bR = R implies that there exists a y € R
such that a + by € R is right or left invertible. Weakly stable range one is a
natural generalization of stable range one (cf. [10]). The class of rings satisfying
weakly stable range one is very large. It includes rings having stable range one,
one-sided unit-regular rings (cf. [3]), exchange rings satisfying comparability
axiom, etc. By [12, Theorem 3.4], an exchange ring R has weakly stable range
one if and only if every regular element in R is one-sided unit-regular. Clearly,
a regular ring has weakly stable range one if and only if it is one-sided unit-
regular. Many authors have studied exchange rings of weakly stable range one,
for example [8] and [11-13].

An element a € R is regular if there exists a € R such that a = aza. In this
paper, we investigate regular elements in exchange rings having weakly stable
range one. For such exchange rings, we proved that every regular element is the
sum of an idempotent and a weak unit. This gives a nontrivial generalization
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of [1, Theorem 1]. A ring R is said to satisfy power comparability provided
that aR 4+ bR = R with a,b € R implies that there exist a positive integer n
and a Y € Mu(R) such that al, + bY is right or left invertible (cf. [9]). Let
R be an exchange ring satisfying power comparability. Furthermore, we show
that for any regular a € R, there exist a positive integer n, an idempotent
(€ij) € Mn(R) and a weak unit (u;;) € M, (R) such that

cotuy={ o 157

R 0, i#].

A ring R is said to satisfy power cancellation provided that aR + bR = R with
a,b € R implies that there exist a positive integer n and a Y € M, (R) such
that al, + bY is invertible. Many authors studied such exchange rings(cf. [6]
and [14]). We also extend the previous result to exchange rings satisfying power
cancellation.

Throughout, all rings are associative with identity. We use M,(R) to denote
the ring of all n x n matrices over the ring R and N to denote the set of all
natural numbers. The notation A <% B means that A is isomorphic to a
direct summand of B. We say that u € R is a weak unit in case lL.ann(u) =0
or r.ann(u) = 0.

2. Weakly stable range one

A ring R is a unit-regular ring provided that for any a € R, there exists
an invertible u € R such that a = aua (see [7]). In [1, Theorem 1], Camillo
and Khurana proved that every element in a unit-regular ring is the sum of an
idempotent and an invertible element. We now extend this result to exchange
rings having weakly stable range one by a new route.

Theorem 2.1. Let R be an exchange ring having weakly stable range one.
Then for any regular a € R, there exist an idempotent e € R and o weak unit
u € R such that x = e + u.

Proof. Since a € R is regular, there exists a z € R such that a = axa. Hence,
R =Ima® (1 —az)R = zaR & Kera. Since R is an exchange ring, so is
Endgr(Ima) by [10, Theorem 29.2]. Thus, we have right R-modules X;,Y;
such that R = Ima & X; & Y7 with X; C Kera and Y; C zaM. Clearly,
Kera =KeraN(X; ®#Imad Y;) = X1 & X5, where X5 = KeraN(Ima @ Y3).
Similarly, there exists a right R-module Yz such that zaM = Y; ®Y3. It is easy
to see that R = Ima & X; &Y, = 2aR & X; & X,. Clearly, ¢ : Ima = zaR
given by w(ar) = zar for any r € R. As aresult, Ina® X; = zaR® X;. Thus,
we see that X, <P Y] or Y7 <9 X,

Assume that Xz <® Y;. Then there exist ¢ : Xo — Y7 and 9 : ¥; — X5 such
that Yo = 1x,. Let k: X; & Xo — X1 ®Y; given by k(z; + z2) = 71 + ¢(z2)
for any x; € X1,22 € Xo. Let [ : X1 ®Y) — X1 & Xo given by l(z1 + y1) =
z1+ () forany z1 € Xi,y1 € V1. Let b - M = X1 0 X Y10 Ys —
X181 @ Xo @Yo = M given by h(z1 + 2 + 41 + y2) = k(z1 + 22) + 31 for
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any 21 € X, 0 € Xo,pn €V, pp €Y. Letv : M =X18Y106 X Ys —
X18Xo0Y10Ys = M given by v(z1 +y1 + 22 +y2) = (@1 4+11)+ ¢(xz) for any
T € X9,y1 € Y1,72 € Xo,y2 € Yo. For any 21 € X1,22 € Xa,11 € V1,2 € Vs,
we have

hoho(zy + 23+ 1 +4) = hoh(l(@ + 1) + d(z2)
= hvo(kl(z1 4+ y1) + é(z2)
= h(Ikl(z1 + y1) + 16(z2))
= klkl(z1 +y1) + ¢vo(x2)
= kl(z1+y1) + ¢(z2)
= hv(m +xo+uy1 + y2)'

Thus, we see that hv = hvhv. Set e = hv. Then e € R is an idempoteht.

Assume that (a — hv)(z1 + y1 + 22 +y2) = 0 for any z; € Xy, € V1,20 €
X2,y2 € Ya. Then a(y1 + y2) = kl(z1 + y1) + 6(22) = 21 + ¢9(y1) + d(a2) €
Iman (X, ©Y1) =0, and then z; = ¢o(y1) — ¢(x2) € X1 NY; = 0. It follows
from a(y; +y2) = 0 that y; +y» € (X, B X2)N(Y1 DY) = 0; hence y; +y2 = 0.
This infers that y; = —y; € Y1 N Y, = 0, and then y; = yo = 0. Furthermore,
we have that ¢(z2) = 0. As ¢ = 1, we get £ = 0. Thus 21 +y1 + 22 +y2 = 0.
Let u=a —e. Then a = e + u with r.ann(u) = 0.

Assume that ¥; <% X5. Then there exist ¢ : X, — ¥; and ¢ : Y1 — X, such
that ¢y = 1x,. Let k: X; & Xo — X1 @ Yy given by k() + 22) = 21 + ¢(x2)
forany 1 € X1,20 € Xp. Let 1 : X181 — X1 8 Xo given by l(x1 +y1) =
T1+Y(y) forany 71 € X,y € Vi Let h - M = X109 X078 Y, —
X10Y1 © X2 @Yo = M given by h(z1 + 2 + 1 + v2) = k(21 + 22) + 11 for
anyr1 € X,z € Xoopn €Y, pea. Letv - M=X1016X0Ys —
X18Xo0Y10Ys = M given by v(z1 +y1 + 22 +y2) = l(x1 + 1) +é(x2) for any
T € Xl,yl €Y,z € Xo,y2 €Y5. For any 1 € X1,22 € Xo,y1 € Y1,y2 € Y3,
we have

hvhv(zy + 22 +y1 +y2) = hvh(l(z1 +y1) + ¢(z2))
= hvo(z1 +y1 + ¢(z2))
= h(l(m1 +y1)+ l¢($2))
= x1+y1+ d(xa)
= hv(z1+z2+y1 +y2)

This implies that hv = hvhv. Set e = hv. Then e € R is an idempotent.

Given any w + z; + y; € R with w € Ima,z; € X1,y; € Y1, we can find
some y; € Y1,y5 € Y2 such that w = a(y} + v5). Choose z}, = —x;. Since ¢
is a R-epimorphism, there exists a x5 € X, such that ¢(xh) = —y; — ;. Tt is
easy to verify that

(@ - ho)(a] +y1 + 2 +y3)

a(yy +va) — 21 — y) — B(xh)
= w+r +y1.

Thus a — hv : R — R is a R-epimorphism. Since R is a projective right R-
module, a — hv splits. Let v = a — hv. Then a = e + u with l.ann(u) = 0. In
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any case, we can find an idempotent e € R and a weak unit © € R such that
a = e + u, as asserted. O

Corollary 2.2. Let R be a one-sided unit-regular ring. Then for any a € R,
there ezist an idempotent e € R and a right or left invertible v € R such that
a=e+u.

Proof. Since R is a one-sided unit-regular ring, it follows by [12, Theorem 3.4],
R is an exchange ring having weakly stable range one. Let a € R. In view of
Theorem 2.1, we can find an idempotent e € R and a weak unit u € R such
that a = e + u. Since R is regular, there exists a v € R such that u = uvy;
hence, either u(1—vu) =0 = (1—uv)u. Asr(u) =0or l(u) =0, we get vu = 1
or wv = 1. Thus, u € R is right or left invertible, and therefore we complete
the proof. O

Theorem 2.3. Let R be an exchange ring having weakly stable range one. Then
for any regular a € R, there erist weak units u,v € R such that 2a = u + v.

Proof. Let a € R be regular. Then there exists a x € R such that ¢ = aza. As
in the proof of Theorem 2.1, we have right R-modules X1, Y7, X3 and Y3 such
that R = Ima & X; ®Y; with X; C Kera and Y7 C zaM. Furthermore, we
have R=Ima@® X; 9Y; =zaR® X; & X5, and so X2 <P Y; or Yy <°® X,.
Assume that X5 <% Y;. Then there exist ¢ : Xo — Y; and ¢ : Y1 — X5 such
that ¥v¢ =1x,. Let k: X1 ® Xp — X; @Y given by k(z1 + z2) = 71 + ¢(x2)
for any 21 € Xy,20 € Xo. Let | : X1 ©Y; — X1 @ X5 given by l(z1 + 1) =
1 +¢Y(@pn) forany z; € Xy,yp1 €Y1, Let h - M =X1 6 X201 6Y, —
X191 @ Xo 8 Yy = M given by h(zy + x2 + y1 + y2) = k(z1 + 22) + 31 for
any 1 € X1,22 € Xo,hs €Y1, € Yo, Let v . M =X,V X2 0 Y; —
XieoXonY10Y, =M given by 'U(:L‘l +y1 +Z‘2+y2) = l(.f(}l +y1)+¢(1‘2) for any
T1 € X1,91 € Y1,22 € Xo,y2 € Ya. For any 21 € Xy,22 € Xo,y1 €Y1,12 € Y5,
we see that hv € R is an idempotent. As in the proof of Theorem 2.1, we show
that a + hv € R is a weak unit. Analogously to the previous discussion, it is
easy to verify that a — hv € R is a weak unit. Therefore 2a = (a— hv)+ (a+hv)
is the sum of two weak units, as asserted. 0

Corollary 2.4. Let R be a one-sided unit-reqular ring. If % € R, then for any
a € R, there exist right or left invertible u,v € R such that a = u + v.

Proof. Let R be a one-sided unit-regular ring with % € R. By Theorem 2.3, we
can find two weak units u,v € R such that 2a = u+v, and therefore a = 5+3,
as desired. O

Lemma 2.5. If R is an exchange ring having weakly stable range one, then so
is Mp(R) for alln > 1.

Proof. Given M = A1 ®B = A, & C with A; ¥ nR= Ay, wehave M = A1 &
QA DB = A ®- - - ® A2, DC with A;; € R Ay, for alli. As Endg(R) =
R, Endgr(R) has weakly stable range one. Hence, we can find some D1, E; C M
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such that M = Dl@El@(Alg@' . @AlnEBB) = DlEB(Agz@' . @Agn@C) or
M=D19(A129 - - ®41,9B)=D10E 1 ®(A22®-- - ® A2, ®C). Thus we get
M = (El @Am)@(Am@' . '@Aln@B@Dl) = Agg@(Azg@' . '@Agn@C@Dl) or
M = A126(A139 - A1, ®BDD1) = (E1®A22)D(A23®- - - DA ®CHD4). As
aresult, M = A}, ®(A13®-- - DA, DBDD;) = ALy ®(A23®- - B A2, ®CHD1),
where A/12 = FE1PA;por A/12 = A and A/22 = Agg or AI22 = F1® Ayy. Clearly,

12 = A= A}, By [3, Proposition 2] again, we can find Dy C M such that
M = A;30(Aud- - - ©A1,8BdD16D;y) = Aps®(A2s®: - B A2, 9COD10D3)
with A}y = A = A);. Continuing in this way, we get D3,...,Dn,_1 C M
such that M = A}, @ (D1 ® Dy & ---® Dy_1 @ B) = Ay, & (D1 ® Dy ®
< ® Dy ® C) with A}, % A = A}, . Thus we can find D,,E C M such
that M = (D1 ®D;®---®D,)dE®B=(D19D:8--®Dy,)®C or
M=([D1®D;&---9D,)®B=(D1®D2®---® D,)® E®C. Therefore
M, (R) = Endgr(nR) has weakly stable range one. 0O

Theorem 2.6. Let R be an exchange ring having weakly stable range one.
Then for any reqular A € M, (R), the following hold:

(1) There exist an idempotent matric E € M, (R) and a weak unit U €
M(R) such that A=E+U.
(2) There exist weak unit U,V € M, (R) such that 2A=U + V.

Proof. In view of Lemma 2.5, M, (R) is an exchange ring having weakly stable
range one. Therefore we complete the proof by Theorem 2.1 and Theorem
2.3. a

Corollary 2.7. Let R be a one-sided unit-regular ring. If % € R, then for any
regular A € My(R), there ezist right and left invertible U,V € M,(R) such
that A=U+V.

Proof. Since R is a one-sided unit-regular, it is an exchange ring having weakly
stable range one. By virtue of Theorem 2.6, there exist weak unit U’,V’ €
M,,(R) such that 24 = U’ +V’; hence, A = U’ + 1V". Therefore we complete
the proof. O

3. Power stable ranges

It is well known that an exchange ring R satisfies power comparability if
and only if R = A; & By = As & By with A; = A implies that B <® B? or

B3 <® BT for some n € N. In this section, we extend Theorem 2.1 to exchange
rings satisfying power comparability.

Theorem 3.1. Let R be an exchange ring satisfying power comparability. Then
for any regular a € R, there exist a positive integer n, an idempotent (e;;) €
M, (R) and a weak unit (u;;) € Mp(R) such that

a, t=73;
e"j+“"j:{ 0, i#j.
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Proof. Since a € R is regular, there exists a € R such that @ = axa. Hence,
R = Ima @ (1 — az)R = zaR @& Kera. Since R is an exchange ring, we
have right R-modules X4,Y; such that R = Ima © X1 ® Y; with X; C Kera
and Y1 C zaM. Obviously, Kera = Kera N (X; ¢ Ima & Y1) = X; & Xy,
where Xy = Kera N (Ima & Y3). Similarly, there exists a right R-module Y5
such that xaM =Y ®Y;. Thus, R=Ima® X; Y7 = zaR ® X, ® X, with
¢ :Ima = zaR, where w(ar) = zar for any r € R. Thus, Ina®X; = 2aR®X;.
Clearly, Endr(Ima & X;) satisfies power comparability. Hence, there exists
some n € N such that X7 <® Y" or Y7* <% X7

Assume that X7 <% Y*. Then there exist ¢ : X — ¥* and ¢ : Y{* — X7
such that ¥¢ = 1xp. Let k : XI' ® X3 — X7 @ Y given by k(z; + z2) =
T1 + ¢(x2) for any z; € X,z € X5, Let | : XP @Y — X7 @ X7 given
by l(z1 +y1) = 21 + ¢¥(y1) for any 21 € XT,y; € Y*. Let h : M" = X' &
X3 @YY = X[ Y ® X7 &Yy = M™ given by h(z1 + 22 +y1 +12) =
k(zy 4 @2) +yy for any 1 € X, 20 € XP,y1 € Y, yo € YJ. Let v : M =
XToY"eX7eY]! - X7 XIaY"®YS = M™ given by v(z1 +y1 +T2+1y2) =
I(z1 + 1) + ¢(x2) for any 1 € X791 € Y, 22 € XF,y2 € Y3*. As in the
proof of Theorem 2.1, we see that e : R* — R™ is an idempotent. Assume that
(aln —hv)(x1+y1+ 22 +y2) =0 for any 73 € XT,y1 € Y, 22 € XF,y2 € Y
Also we have x1 + y3 + 22 + y2 = 0. Let u = al, — e. Then al, = e + u with
r.ann(u) = 0.

Assume that Y1 <® X,. Then there exist ¢ : Xo — Y7 and 9 : Y7 — X3 such
that ¢y =1x,. Let k: X7 ® X} — XT @ YT given by k(z1 + x2) = z1 + ¢(z3)
for any 71 € XT', 22 € X3 Let [ : X7 @ Y* — X]' & X7 given by I(z1 + 1) =
1 +Y(y) forany 2 € XP,p €Y. Let h . M" =X XP O Y DY) —
XToY"® XTI @Y = M™ given by h(z1 + 22 +y1 +y2) = k(z1 +x2) + 141 for
anyr; € X722 € XF, 1 €Y' ye €Y. Letv: M =XYoo XJ0Ys —
XTOXTRYBYS = M™ given by v(z1+11+x2+y2) = l(x1+y1)+¢(z2) for any
1 € X{'y1 € Y*,mp € X3, ys € Y'. Similarly to the previous consideration,
e € R — R" is an idempotent. Furthermore, al, — hv : R* — R" is a R-
epimorphism. Since R" is a projective right R-module, al,, — hv splits. Let
u = al, — hv. Then al,, = e+u with l.ann(u) = 0. Therefore we complete the
proof. O

Corollary 3.2. Let R be a regular ring satisfying power comparability. Then
for any a € R, there exist a positive integer n, an idempotent (e;;) € My(R)
and a right or left invertible (u;;) € M, (R) such that

=] @ =T
G s {o,i¢j
Proof. Let a € R. It follows by Theorem 3.1 that we can find a positive integer
n, an idempotent (e;;) € M,(R) and a weak unit (u;;) € M, (R) such that

a, @=7j;
WM 0, i)
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Since R is regular, we can find a V € M,(R) such that (u;;) = (ui;)V (ui;). As
(uij) € My, (R) is a weak unit, we deduce that (u;;)V = I, or V(u;;) = I, and
therefore we complete the proof. 0

The following lemma gives a generalization of [5, Lemma 3.1].

Lemma 3.3. Let R be an exchange ring. If for any regular x,y € R, there
ezistn € N and A € M, (R) such that zI,, — A is an idempotent and a one-sided
unit, and that I, — yA € GL,(R), then R satisfies power comparability.

Proof. Given ax + b = 1 with a,z,b € R, then we can find an idempotent
e € R such that e = bs and 1 — e = (1 — b)t by [10, Theorem 1], where
s,t € R. Since art+e = (1—-b)t +e =1, we have (1 — e)azt(l —e) + e = 1.
In addition, we see that (1 — e)a € R and 7t(1 — €) € R are regular. Thus,
we can find n € N and A € M,(R) such that (1 — e)al, — A = EU and
I, —zt(1—e)A € GL,(R), where E € M, (R) is an idempotent and U € M,,(R)
is a one-sided unit. This implies that I, — zt(1 — e)A € GL,(R), and so
I, — Azt(1 —e) =V € GL,(R), i.e., EUzt(1 — e) + eI, = V. Furthermore,
VTEUzt(1 — €) + V~tel, = I,. Obviously, V-'EU € M,(R) is a one-
sided unit. In view of [2, Lemma 1], there exists a Y € M,(R) such that
zt(l—e)I, + ZV~'e € M,(R) is one-sided unit. By using [2, Lemma 1] again,
we can find a Z € M, (R) such that (1 — e)al, + eZ € M,(R) is a one-sided
unit. Consequently, al,+e(Z —al,) = al, +bs(Z —al,) € M,(R) is one-sided
unit, as required. O

Following Li and Tong, a ring R is a one-sided unit 7-regular ring provided
that for any a € R there exist a positive integer n and a right or left invertible
u € R such that a™ = a"ua™ (cf. [8]).

Theorem 3.4. Let R be a one-sided unit w-regular ring. Then for any regular
a € R, there ezist a positive integer n, an idempotent (e;;) € M,(R) and a
weak unit (u;;) € My (R) such that

- _ ) e i=7;

Proof. Let z,y € R be regular. Then we have some m € N such that ™ =
z™uz™, where u € R is a one-sided unit. In view of 11, Lemma 3.3], 2™ is
the product of an idempotent e € R and a one-sided unit u € R. Let

m—1

0

0 0 0
1 0 0

x e 1‘
1
A= . L. , B=

1
0
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ym_l y 1
1 . 0 0
C= ) . .. | € Mn(R).
0 10
Clearly,
0 0 z™m
-1 0 =
B(xly, — A) = : : ,
0 z
0 -1
0 --- 0
1 -~ 0
Cllm—ya)=| ¥ = 0

Obviously, B,C € GL,,(R); hence, I, — yA € GL,,(R). Furthermore,

0o .. 0 g™
tln, —A=B"! :
0 z *
0 -1 %
Since 2™ = eu, we get
e O 0 0 0 wu
01 0 -1 0 =
zl, — A= B! :
0 0 0 0 T ok
00 1 0 -1 =

Let E = B~'diag(e,1,--- ,1)B. Then B~ 'diag(e,1,---,1) = EB~! with

E = E%. Asu € R is a one-sided unit, we see that s, 1 |isa
0 T *
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one-sided unit, and so

0 0 u
-1 0 =
B .. 1 | eMuR)
-0 T %
0 -1

is a one-sided unit. In view of [11, Lemma 3.3], I, — A is the product of
an idempotent and a one-sided unit. Hence, R is an exchange ring satisfying
power comparability by Lemma 3.4. Therefore we complete the proof from
Corollary 3.2. a

Corollary 3.5. Let R be a one-sided unit m-regular ring. Then for any a € R,
there erist a positive integer n, an idempotent (e;;) € Mn(R) and a right or
left invertible (u;;) € M, (R) such that

S B
Proof. Since R is a regular ring, so is M,(R) by [1, Theorem 1]. In view of
Theorem 3.4, there exist a positive integer n, an idempotent (e;;) € My(R)
and a weak unit (u;;) € M,(R) such that
a, i=7j;
Clearly, we have a (v;;) € M,(R) such that (u;;) = (us;)(vsj)(us;). It follows
that (u;;) € R is right or left invertible, as required. O

Theorem 3.6. Let R be an exchange ring satisfying power cancellation. Then
for any regular a € R, there exist a positive integer n, an idempotent (e;;) €
M, (R) and an invertible (u;;) € M,,(R) such that

€ 1y = { 0 ird
Proof. Since a € R is regular, there exists a € R such that ¢ = aza. Asin
the proof on Theorem 2.1, we seethat R=Ima® X, Y1 =zaR® X1 8 X,
with Ima & X; & zaR @ X;. Since R satisfies power-cancellation, so does
Endp(Ima & X1). Thus, we get ¢ : X3 = Y for some n € N. Thus, we have
YY" — X7 such that ¢ = 1xp and ¢ = 1yp. Let k: XT®XF — XTOY
given by k(z1 +22) = z1+¢(x2) for any z1 € X7, 22 € XZ. Let | : XT Y —
XT @® X3 given by l(z1 + y1) = z1 + ¢¥(y1) for any 1 € X7, y1 € Y. Let
h:R = X!oXP oYY > XP oY ® X &Y = R given by
h(zi+zo+y1+y2) = k(z1+22) +y1 for any o1 € X, 20 € X3, y1 €Y', 2 €
YP. Letv:RP=X'@Y @ XP QY] —» XI @ XP® Y ® Y = R" given
by v(z1 +y1 + 22 + y2) = l(z1 + 11) + ¢(x2) for any z; € X,y1 € Y%, 20 €
X3, y2 € Y". As in the proof of Theorem 2.1, we see that e : R* — R"
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is an idempotent. Assume that (al,, — hv)(z1 + y1 + z2 + y2) = 0 for any
z1 € X7,y € Y', 23 € X,y € YJ'. Also we have z; + 31 + 22 + 32 = 0.
Furthermore, al, —hv : R* — R™ is a R-epimorphism. Since R™ is a projective
right R-module, al, —hv splits. Let u = al,,—hv. Then u € M, (R) is invertible
and al,, = e + u, as asserted. (]

Corollary 3.7. Let R be an exchange ring satisfying power cancellation. Then
for any reqular a € R, there exist a positive integer n and invertible (u;;), (vi;) €
M, (R) such that

| 2a, =17
"”*“j‘{o, i#]
Proof. Let a € R be regular. By virtue of Theorem 3.6, there exist a positive
integer n, an idempotent (e;;) € M,(R) and an invertible (u;;) € M,,(R) such
that
a, i=7j;
Furthermore, we have (v;;) € M, (R) such that

a, =7,

analogously to the consideration in Theorem 3.6. Thus we complete the proof.
O

Recall that a ring R is a unit 7-regular ring provided that for any a € R
there exist a positive integer n and an invertible v € R such that a™ = a™ua™.

Corollary 3.8. Let R be a unit m-regular ring. If % € R, then for any regular
a € R, there ezist a positive integer n and invertible (u;;), (vij) € Mn(R) such
that

a, t=7j;

Proof. Since R is a unit 7-regular ring, it is an exchange ring. In view of 5,
Theorem 3.2], it satisfies power cancellation. Let a € R be regular. According
to Corollary 3.6, there exist a positive integer n and invertible (ui;), (vi;) €
M, (R) such that
b a =7
G g {mi¢j
Let
. _Ja i=7;
eij Tty {O,i#j
Then the result follows. O
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