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GROWTH NORM ESTIMATES FOR § ON CONVEX
DOMAINS

HoNG RAE CHO AND ERN GUN KwoN

ABSTRACT. We consider the growth norm of a measurable function f
defined by

Ifll-o = ess sup{6p(2)°[f(z)| : = € D},
where ép(z) denote the distance from z to 8D. We prove some kind of
optimal growth norm estimates for § on convex domains.

1. Introduction and statement of results

Let D be a bounded domain in C* with C? boundary. For z € D let
dp(z) denote the distance from z to dD. For a > 0 we define a measure dV,,
on D by dV,(z) = dp(2)*"1dV(z) where dV(z) is the volume element. For
0 <p,a <oolet ||f|lp« be the LP-norm with respect to the measure dV, and
we define LP*(D) = {f : || fllp,a < o0}. Let AP*(D) = LP*(D)NO(D), where
O(D) is the space of holomorphic functions on D. We will denote the usual
Hardy space H?(D) by AP°(D), and the associated norm by || f|lp.0. We can
identify AP°(D) in the usual way with a subspace of LP(8D : do). For a > 0
and 0 < p < 0o we have (see [6])

(1) sup{0p(2) "7 |f(2)| : 2 € D} S ||fllpa for [ AP*(D).

By using the estimate (1.1) we can prove embedding theorems among the
weighted Bergman spaces (see [2], [3], [5], [7], and [6]). The estimate (1.1) moti-
vated the author to consider the growth norm for general measurable functions.

Let 0 < 0 < 0o0. For a measurable function f on D we define the growth
norm

| fll=s = ess sup{dp(2)?|f(z)| : z € D}.
Let
L77(D) = {f : f measurable, || f|l-- < co}.
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For 0 = 0 we let L=°(D) = L*>(D). Then growth spaces L7 (D) are Banach
spaces, and we have the inclusion

L=°(D) c L7 (D) for o<d
Sobolev type growth spaces L;7(D),k =0,1,2,... are defined by

L°D)y={feLl™D):D°f e L77(D) for |a] <k}
The corresponding norm is given by
”fH—a,k = Z ||Daf”-a'
| <k

We denote by A, (D) the Lipschitz space of order 0 < o < 1 and by BMO(D)
the BMO-space on D. By the classical Hardy-Littlewood lemma, we have

L7°(D)Cc Mi-s(D), O<o<]l,

12 LTY(D) c BMO(D).

Let L(_O”l)(D) be the Banach space of (0,1)-forms whose coefficients belong

to the L~7(D) space.

Theorem 1.1. Let D = {p < 0} be the bounded convex domain of C* class
in C2. There is a bounded linear operator S such that (Sf) = f for all
fe L(_O‘,’l)(D) n 0(10’1)(D) N L%o,l)(D) with 8f = 0 and this operator satisfies
the following estimates.
(i) Foro =0,
IS fllBrrooy S 1 fllzee(p)-
(ii) For 0 < o < o0,

15fll-o S N1f)l-o-

Remark 1.2. The same estimate (i) in Theorem 1.1 was proved by Range (see
[10]). For 1 < p < oo, LP estimates for 0 on convex domains in C? was
proved by Polking [8]. Moreover, Ahn-Cho [1] proved L! estimate and by
using the estimate they characterized zero sets of holomorphic functions in the
Nevanlinna type class on convex domains in C2.

2. Construction of the integral solution formula

One of the crucial points to prove Theorem 1.1 is to construct a certain
weighted solution formula. We define

2
- ap
$(¢,2) =Y 2 (G — 2) — p(O)-
il
The following is a well-known consequence of the convexity of D :

2Re (¢, 2) > —p(¢) —p(z) forall ¢,ze D.
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For any r > 1 we can define a kernel

K (G, 2) meny e 00l = o A B2 <F
+e p(Q ! a<|§—212/\3510g_—1“

PTIC = 2PR(¢, 2)m p(¢)

which induces a solution operator
Sf(z) = FONK"((,2), 2z€D
¢eD
such that
f=0(Sf),

for a continuous (0,1)-form f in D with df = 0 (see [4]). For a smooth form
f, this formula holds for any r > 0. Note that

Bglog—l— = 9 Nop _ @

—p p? p
Thus
KT(C’ z) = K{(C’ z) + KS(C, z)a
where
1 QI
KT < L
| I(Caz)l ~ |<ﬁ_ Z|3 |¢(C,Z>|T
and
, 1 eIt
< = .
NS e o

Lemma 2.1 ([10]). Let (Co,20) € 8D x 8D such that $((o,20) = 0. Then
there exist neighborhoods V' of (o and W of zo such that for each z € W, there
exists a C* local coordinate system ¢ — t*)(() = (t1,ta,t3,t4) on V with the
following properties:

t1(¢) = p(¢), t2(¢) =Im¢((,2), ta(z) = ta(z) = 0;
1P() =t ~ 1 = ¢l
for all {,{’ € V with the constants in (2.3) independent of z € W.

For j = 1,2 we define
I f(z) = FO NKF(C, 2).
¢eD

Then Theorem 1.1 can be induced by the integral estimates for I f and I5 f
in Theorem 4.1 and Theorem 4.2, respectively.
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3. Integral estimates for I] f(z)

Theorem 3.1. Let f € L(o 1)( ). Let r > 0 be sufficiently large.

(i) For0<o <1,
13 fllAs—o (D) S N1fll=0-
(if) For o >1,
M1 fll-e-1) S IIfll-0-
Proof. (i) By (1.2), we prove that

17 fll-ot S 1SN0
Thus it is enough to prove that

/< QI IV (5, 0V(Q) S Ip(2) ™ forall z€ D,

We have

i 1 p(Q) |7 1
V,KT(C,2)| < ~ :
vkt s | E5] e el e
Since |¢(¢, z)| < |¢ — 2|, it follows that
+1
1
3.1 V,KT(C, .
&1 wiicl < [ £ e
Note that
(3:2) 16(¢,2)] SRe ¢(¢,2) — p(¢) —p(2) forall (,z€D.
From (3.1) and (3.2) it follows that
(O~
A = = av
= oy T PO

</ N (s i
~ Jeeonv (1m (G,2)| + 16(O)] + o) IC = 2

av(¢)

. / (61|70 dt dtodt’
™~ Jittasta,ey <1 (ta] + [t2] + |p(2) )7 +1[E)3

</ |t1|r adtldtg
~ Nsayi<a (bl + lt2] + o)) (J61] + [E2])

If we make the change of variables t; = |p|t] and ty = |p|t;, and omit the
primes, this becomes

_ tllr_gdtldtg
A@ £l | |
SN | e Tl Voo + 071 + Teal)

<] tr—l—a
S [ gt S )
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Thus we get
VI f(2)] S [ fll-olp(2)|77 forall ze€ D.

(ii) We have
5EIS [

Ce
<1 fl-o / Q)1 KT (G, 2)|av ().
¢eD
From (3.2) it follows that
By(z) = / 16(0)]7° KL (¢, 2)/V (<)
(eDnV

lp(OI"~°
< PO
~ /ceDnv [o(¢, 2)I7|¢ — 23
< / ] lp(O)"7 qv
~ Jeennv (Tm ¢(¢, 2)| + |o(¢)] + o(2))71¢ — 2

R IF(ONKT (S, 2)ldV(¢)

av(¢)

©)

< / |ta |7 =0 dt, dtodt!
™ it tantry<a (02l + [2] + 1o(2))" 12

</ |t1|r_adt1dt2
~ Sl ey1< (Bl + [e2] + [p(2)))7 (] + E2])

If we make the change of variables t; = |p|t] and t2 = |p|th, and omit the
primes, this becomes

e t1 |7~ dty dts
B (2 5 p(z (o 1)/ l
1(2) S lel2)] o inyems (Rl T Vo2l & 7 (] & 2]

< —(o—1) ® t{_l_g < —(o-1)
< lp(2)] ; Wdtl < lo(2)] .

Thus we get the result (ii). O

4. Integral estimates for I3 f(z)

Theorem 4.1. Let f € L(“Of’l)(D). Let r > 0 be sufficiently large.
(i) Foro =0,
115 fll Baoy S I1fllze(Dy-
(i) For0 <o < o0,
15 fll-0 SN fll-o-
Proof. (i) By (1.2), we prove that

13 Fl-11 S f Lo (m)-



116 HONG RAE CHO AND ERN GUN KWON
Thus it is enough to prove
1
IVI;f(2)] < ||f||L°°(D)M forall 2€D.

We have that

As(z) = / VK3 (¢, 2)]dV ()
cebnv

Ip( ) r41
</C ———||< P18 D HaV ()

eDnv |€

/ / /Tl 7~ dwdt, dto
lwl<R (Jw| + t1)2(t1 + lt2| + |p(2)|)"+1

dtgd’w
/w|<R/T2 w((t2 + [p(2)])?

S/Tz <rt2|+|p( ek

If we change of variables t; = |p|t}, and omit the prime, this becomes

I A 2 1
463 5o |, T S

Thus we get the result.
(ii) Now for the case ¢ > 0 we have

IBF()) S 1fllo / (O] K5 (¢, 2)]aV.
¢eD
It follows that

By(z) = / 16(O) 7 |5 (¢, 2V (C)
{eDbnVv

PO
< a ~
S oo PO =g ©

/ / /Tl 717 dwdty dt,
lwl<R [w|(ts + [t2] + [p(2)[)r+?
/ /Tl 1171 dtdts
t1+it2|+lp( T+t
. o T "dtldt2

tr 1— adtl
< 2] _l_._...___
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oo yr—1—0 1 o]
/ ] dt; 5/ dtq +/ clitl <1
o (ti+1) o h+1) S ot

Thus we get the result. [

Note that

5. Sharpness of the estimates

In this section we give an example to show that the estimates in Theorem
1.1 are sharp in some sense.

Let D = {(z1,22) € C%p(z) = |z|? + ce= V12" — 1 < 0} where c is a
constant such that the domain D is convex.

o Sharpness of the case o = 0.

Define v : D — C by v(z) = Z3/log(1 — 21), where we use the principal

branch +2m¢ for the logarithm. It follows that the (0,1)-form
f=0v=dz/log(l —z)

is O-closed and bounded on D.

We have

|22 ] 1 1
T +[log(1 - 21)| £ N -
[1— 2] 1= 21| ™ |p(2)|

By Hardy-Littlewood’s lemma, v € BMO(D) (see [10]).

Vol S

Proposition 5.1. Suppose u satisfies Ou = f on D. Then u & A (D) for any
e > 0.

Proof. For any small d > 0, we consider the integral

(5.1) [u(l —d, 22) — u(l — 2d, z3)]dzs.

10)- |
|22|=1/4/]l0g(d)|
If u € A(D) for some € > 0, we see that
1
| log(d)]

by direct estimation. On the other hand, d(u — v) = 0, so u = v + h, with
h € O(D). By Cauchy’s theorem we can replace u by v in the integral (5.1).

(5.2) [I(d)] < a -

Therefore
1 1
Id) = |— — ——— / Zodzo

(5 3) ( ) l:lOg(d) 10g(2d)] |z21=1/+/] log(d)| 2

’ 1 1 1

= — 271 - .
[log(d) log(Qd)] | log(d)|
If € > 0, (5.2) and (5.3) lead to a contradiction as d — 0. O

o Sharpness of the case 0 < 0 < 0.
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Let 0 > 0. Define v : D — C by v(z) = z3/(1 — 21)?, where we use the
principal branch +2i for the (1 — z1)°. It follows that the (0,1)-form

f=0v=dz/(1-2)°
is B-closed on D. We have

16(2)|71£(2)| S (1 = |21]? — ce™VV1=2P*ye 1

—_ <
|1—leg ~

Thus we have f € L"), (D).

Proposition 5.2. Suppose u € L~%(D) satisfies Ou = f on D. Then a > 0.
Proof. For any small d > 0, we consider the integral
J(d) = / u(l = d, 2)dzs.
|221=1/+/]1og(d)]
If w € L~%(D), then

S (1 = d, 2)||dz|
/lz21=1/\/; log(d)]

1
N e |d ).
/|z2|=1/,/|1og(d)| lp(1 —d, z0)|*

We have -
Ip(1 —d,20)| = 1 = (1 — d)2 — ce~ V12’
>1-(1-d)?>d

Thus we have

(5.4) (@) S L

1
& \/llog(@)]

On the other hand, 8(u —v) = 0, so u = v + h, with h € O(D). By Cauchy’s
theorem we can replace u by v in the integral (5.1). Therefore

1 1
5.5 J(d) = — - 2mt ————.
(>:) D=3 Tog@)
If o < 0, (5.4) and (5.5) lead to a contradiction as d — 0. O
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