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Abstract

This paper presents the radiation rate formula due to inclusion of a series capacitor and shunt inductor in a unit cell

for the right/left-handed transmission line (RLH-TL). The equivalent circuit for a RLH unit cell considering radiation
effects is presented and analyzed in terms of the Bloch impedance and dispersion diagram. It has been found that when
two radiation rates are identical, the Blockimpedance reduces to the characteristic impedance of the host conventional
RH-TL. Besides, design equations for a unit cell for a specific phase shift at a given frequency are provided. The method

of realizing uniform excitation along the RLH-TL is also proposed for antenna applications.

Keywords : Metamaterial Transmission Line

I. Introduction

There has been intense research on metamaterial-

based  transmission lines. The  conventional
transmission lines, which usually support TEM
waves and follow the right hand rule

(right-handedness), have been characterized by the
distributed series inductance L (given in unit of H/m)
and shunt capacitance C (given in unit of F/m). By
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adding a Ilumped-type series capacitance (, and
shunt inductance L, periodically with a unit cell size
the

composite right- and left hand-handed transmission

of d much smaller than the wavelength,

line can be constructed and many applications in the
[1“6]. The

series capacitance (j has been commonly realized by

microwave band have followed lumped
a transverse cut or interdigital cut on the signal line,
while the lumped shunt inductance Z, has been
commonly realized by a shunt shorted stub. In
realizing C periodically on the line, some power is
leaked out of the cuts. In realizing Z,, some power is
also leaked out of the shorted stub due to a
discontinuity problem. These radiation losses are

mevitable. For most applications such as phase
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shifters, directional couplers, power dividers, and ete,
this radiation effect be haves adversely to their
desired performances since the transmitted power
levels are usually somewhat less than the required
ones. For these applications, design must be carried
out to minimize the radiation losses. The
minimization of the radiation losses is possible
although it is limited. For antenna applications such
as leaky wave antennas, these radiation effects need
to be controlled. Some beneficial features of leaky
wave antennas have been widely reported, while
some refining study still needs to be performed
further. In this paper, radiation effects are studied
and considered in the proposed equivalent unit cell.
The radiation rate formula for the series gap
capacitor and shunt stub inductor is derived using
transmission line theory. The equivalent circuit is
examined in terms of the Blockimpedance of complex
propagation constant. Some design equations for

control of radiated power are also presented.

II. Modeling and analysis of equivalent
circuit for RLH—TL considering radiation
effects

We will start the analysis from the parallel-plate
transmission line loaded with a series capacitor with
(v and shunt inductor with Z; as shown in Fig. 1
since the mapping relations between the circuit and
field parameters are simply determined by the
cross—section geometry (width W and height h).

Without the loading of ¢, and L,, the RLH-TL

as shown in Fig. 1 simply becomes the conventional

Unit cell length d

unt L,

Unit cell of parallel -
platt RLH-TL

a8 1. T lafAleel HE QHHE JXls BT
& Mzl chg AR 2

Fig. 1. Unit cell model for parallel-plate transmission
line with series capacitor and parallel inductor.
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right-handed transmission line (RH-TL). For the
unloaded lossless transmission line, the distributed
series inductance L{(H/m) and shunt inductance C
(F/m) are given by

L= = g (H/m) )
and
O=et= £ (F/m) @)
g

where g is the geometrical factor. For TEM RH-TL,

the characteristic impedance Z, is given by the

product of the intrinsic impedance 7 and the

/L@

The geometrical factors for various kinds of

geometrical factor g :

Vit E'h_ Ju h
B

T W

(s

3

transmission lines are summarized in Fig. 2.
The 7 by

and &, (see Fig. 2) is the effective

Intrinsic ~ impedance iIs given

:LLU/ (eg.)
relative permittivity. For the parallel-plate and coaxial
lines, £, = &,. For the microstrip and CPW lines,

refer to
For an ideal lossless RLH-TL with loading of Cj

and L,, the important analysis equations are given
by

(4)

L L ) ..
Z,= 4 Yein 1/ e (matching condition) 5)

and

LC= pe= pyege,

|
ONLCd ————
w\/L,C,

(phase shift per unit cell at a radian frequency of @)

(=pd) ~ —{ ]= 9, (rad) — (6)

For a specific phase shift ¢, per unit cell at a

radian frequency of w, the design equations for the

C, and L loadings can be obtained as

1& RLH-TL YAtz

(1169)

CEERIEE =EG 2
S NSE N S U —
0 Z, *NLCd+wp, Z, a)z\/gd/c+a)¢w
and
L,=Z'C, 8

where ¢ is the speed of light and &, is the relative

effective permittivity.
Most

transmission lines

employing  metamaterial-based

is now Dbased onthe Ilossless

design

equivalent circuit, although some optimization trial
follows to deal with losses through EM simulation
and actual measurement.

The lumped series capacitance C, can be realized
by a transverse cut or interdigital cut on the signal
line, while the lumped shunt inductance Z; can be
realized by a shunt shorted stub. In realizing C,,
some power is leaked out of the cuts. In a trial to
consider this radiation effect, a lumped resistor £,
has heen included as shown in Fig. 3(a), where the

total lumped impedance Z; is given by

1

0

1

Zy,=R, + [1+jpl(a))](£2) 9)

0

In (9), the perturbation factor p; for radiation due

to the series loading of Cj is defined as

R,
(@C,)

p(@)= (10)

as a ratio of the resistance Ro and impedance
magnitude of (.
The radiation rate 7); due to the series loading of

(), can be calculated to be

V 2
n, = B _ |Z’Ri(YO) _ 40C,Z, p (@) =~ Ry
£, v R2aC,Z, - jlI+ jp(@)]  Z.
27z,
11
if <€ Z., which is indeed true for most
w Gy ¢
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practical cases. Since the radiation rate 7, due to
inclusion of Cj has turned out to be independent of
frequency, we prefer to use the radiation rate 7, also
as a perturbation factor instead of p,.

The distributed series impedance per unit length
may now be written by

Z=joL+ !

/d+R,/d

0

1
=jo| L-
]( 7 Cod

2
0

j+ mz)/d
(12)

= JoL;+(mZ,)/ d (Q/m)

The effective distributed series inductance L, ;;
may be positive, zero, and negative depending on the
degree of added left-handedness due to periodic I,
loading in a unit cell size d.

In realizing Z,, some power is also leaked out of
the shorted stub due to a discontinuity problem. To
deal with this effect, a lumped conductance G, has
been included as shown in Fig. 3(b).

The derivation for the radiation rate 7, due to

+ vV —
O—— AN 11 o
e 1 v R, Co
Z 1 Zc
O0— _ 1 0
Z =
e
(a) 2 HIY A
(a) series gap capacitor
(o) O
AV 2 A
y VGe¢L X
O- _ i —0
Y:C% +—
0 ]QLO

(b) ME ol=g
{(b) shunt inductor
Y giojAleiel W odEe| &V} 3|2

Equivalent circuit for series capacitor and shunt
inductor.
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11

inclusion of a shunt stub inductor Z;, similarly goes
with the one for n, due to inclusion of a series
capacitor (. The radiation rate due to a stub

inductor can be shown to be given by

13)

The distributed shunt admittance per unit length
may now be written as

Y=joC+ /1d+G,/d

JoL,

=jw| C- !
o' Ld

(14)

2
0

j+(n2Yc)/d
= jaC,, +(m,Y,)/d (O /m) .

The effective distributed shunt capacitance C, it
may be positive, zero, and negative depending on the
degree of added left-handedness due to periodic Z,
loading in a unit cell size d. The effective distributed
series inductance L.;; and shunt capacitance C,sp
(circuit parameters) are related with the effective
relative permeability p.;; and permittivity ., as
follows.

h
Leﬁ :ﬂOﬂeﬁW:ﬂOﬂeffg(H/m) (15)

C

o (16)

= &€y KZ— =&,/ g(F/m)
Lss is seen to be proportional to p,.;; with the
proportionality constant g and C, 77 1S seen to be
proportional to &,;; with the proportionality constant
€o/8. The pair of Lplor p.sp), Copplor e.;) may
be both positive (Double Positive(DPS) : RH region),
both negative (Double Negative(DNG): LH region),
only s (or L) negative (Mu Negative(MNG)),
Eef Ceps) (Epsilon
Negative(ENG)) depending on the degree of added
left-handedness (LH) to the host RH-TL.

or only (or negative
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The total radiation rate n due to a gap capacitor

and stub inductor is the sum of each and given by

n=nn =y (17)
1 I Z Y
This result can be also verified from the

expression of « for lossy TL given by

77

where R and G are the distributed series resistance

1

> (18)

and shunt conductance per unit length, respectively.
Along the lossy (or leaky) TL, the power flow at a

specific position can be written as
P(z)=Pe?* (19)

Total radiation rate in a unit cell leads to the same
result

LR e 2T
B
Lﬁ% Syt (20)
b=+ 7

(,‘ C

In Fig. 4, we show the equivalent circuit of a unit
cell considering radiation effects. The right-handed
transmission line (RH-TL) with its electrical length
kd is usually characterized by the distributed series
inductance T.(H/m), series resistance R{$/m), shunt
capacitance C(F/m), and shunt conductance G(U,/m).

The left-handedness comes from ¢, and Z, but they

are inevitably accompanied by &, and G,. For most

k2 kdr2
z Z
R/2 2G 26, R
Gs 3
3% 4 WARIE D23 el 4o StElz

|
«
~

Equivalent circuit of a unit cell
radiation effects.

considering

1R RLH-TL Atz 3}

(1171)

A
2~

M0
ob
0z

2yy % 4

R, G,
— and G<<— and

d d’
thus we will assume that = G'= 0 throughout our

practical applications, R <

analysis.
The Bloch impedance Z5, which differs from the

characteristic impedance due to loading effects of

and Ly, is related with the ratio of Z (12) and Y (14)

as given by
j(o(L - g%g] +(nZ,)/d
Zy= == 1" (21)
w[C—m]Jr(nzYC)/d
and plotted in Fig. 5(a) (real part) and 5(b)

(imaginary part) as a function of frequency for the
case of C,=3.355pF, L,=3.3875nH,
Z..VL/C= L,/ C,= 5012,
kd=27/20 at 3GHz .
(n, =mn, =0), the Bloch impedance Z5 is shown to

reduce to the characteristic impedance Z,(Re(Z;) =

LC=1/c

For the case of no radiation

and

50 and Im(Z;) = 0Q) in the wide frequency region
about the transition frequency of 3GHz. When n,=
002 and 1, = 0, Z—(0.02Z,)/d and Y—0 near
the transition frequency of 3GHz. Besides, since the
numerator is positively finite and denominator goes to
zero, Re(Zy) > Z, and [Im(Zy)l > 0 changing sign
near the transition frequency of 3GHz. The behaviors
of Zy for other radiation rates may be understood by
observing the property coming from the division Z/Y.
One thing particular about Zp is that when the
radiation rates 7, and 7, are the same (let us say
7 =n, =0.02), Zz—Z. This means that if the
degrees of radiation due to the transverse cut (for
() and the shorted stub (for Z,) characterized by
7, and 7, are the same, there is a perfect match at
the mput connecting the RH transmission line and
RLH loaded transmission line. Usually, the typical
radiation rates are approximately in the range
0.01-0.1 (1-10%) depending on loading structures.
The control of the radiation rate 7, is usually easier
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Fig. 5. Bloch impedance as a function of frequency
for different radiation rates n, and #,

than the control of n,. Thus, the realization of L, is
recommended in advance of (. If I, is realized on

any TEM transmission line with a specific radiation
rate 7),, then we need to make an effort to obtain the

same radiation 7, as 7, by adjusting the transverse
cut for .

The complex propagation constant « is related
with the product of Z and Y and given by

Yy=VZY

The real (a) and imaginary part (8) of ~ are

(22)

plotted in Fig. 6(a) and 6(b) as a function of

=N M 44 HTCHAH12E

(1172)
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Fig. 6. Complex propagation constants as a function of

frequency for different radiation rates 0, and n,.

frequency. The attenuation constant o in Fig. 5(a) is
almost flat and can be shown to agree with

¢4

z, Y,
except at the transition frequency of 3GHz. When 7,

1

1
a= =
2d

" 2d

n

d (23)

(m,+m,)

= 002 and 1, = 0 or vice versa, the attenuation
constant « is shown to become very small near the
transition frequency of 3 GHz. However, this will not
happen in practical situations since any transverse
cuts or discontinuities on the transmission line more

or less cause some radiation. The propagation
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a3
Fig.

7. Y HuAEHe Fx
7. Geometry of gap capacitor.
constant 3 is shown to be almost the same for all
cases of small radiation considered.
The control of radiation rate 7, is possible by
adjusting the width w and gap g shown in Fig. 7
The gap capacitance ¢, in Fig. 7 is proportional to
the ratio of w/g and radiation from the gap increases
as w increases. Thus, the control of radiation rate 7,

is possible by a proper choice of w and g.
II. Power control for antenna applications

For antenna applications (leaky wave antenna for
an example), we need to design a RLH unit cell such
that 17, = 1, as much as possible. If this is the case,
Zy—2Z, and the periodically loaded RLH-TL is
completely matched to the unloaded input RH-TL. In
a periodic RLH-TL with identical unit cells, power
leaking decreases
exponentially. The total radiated power up to the Nth

cell (ng ) is given by

out of the each unit cell

(24)

Ney=1— e ™
where 7 is the total radiation rate for a unit cell.

If a specific 74y is desired, the total required
number N of the unit cells is obtained by

In(1— nr, N)
n

N= (25)
The uniformly radiating array may be more
frequently needed than the exponentially radiating

array. This is possible with non—uniform radiation

1A RLH-TL 2ALE M

(1173

ZEE AN 254 9
rates along the transmission line given by
o
n o (n203172a"') (26)
K 1—nn,

where 7, is the radiation rate referred to the input

power reaching the first unit cell and the total
requited number N of the unit cells for a specific

Ny 1S given by

Nr.n

= 27
Mo

N.

IV. Conclusions

We have modeled and analyzed the equivalent
circuits for the RLH-TL considering radiation effects
in terms of the Bloch impedance and dispersion
diagram. The radiation rate formula has been derived,
which explains the inclusion effects of a series
capacitor and shunt inductor in a umt cell for the
right/left-handed transmission line (RLH-TL). It has
been found that when two radiation rates are
identical, the Bloch mpedance reduces to the
characteristic impedance of the host RH-TL. Besides,
design equations for a unit cell for a specific phase
shift at a given frequency have been provided. The
method of realizing uniform excitation along the
RLH-TL has

applications.

also been proposed for antenna
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