HX ¥ XsAlA-EEE =2% 2007, Vol. 17, No. 7, pp. 981-985

Residuated Partially Ordered Semigroups

Seok Jong Lee! and Yong Chan Kim?

! Department of Mathematics, Chungbuk National University, Cheongju 361-763, Korea
2 Department of Mathematics, Kangnung National University, Gangneung, 201-702, Korea

Abstract

In this paper, we investigate the properties of residuated partially ordered sets as weak definitions of algebraic structures
in many valued logics. We study the left(resp. right) residuated semigroups induced by right(resp. left) associated map .

We give their examples.
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1. Introduction and preliminaries

In many valued logics, the most frequent structures are
Heyting algebras [13], MV-algebra [3] and residuated lat-
tices [4]. A Heyting algebra [13] is a pseudo-Boolean alge-
bra and relatively pseudo-complemented distributive lattice
with 0. Itis a algebraic model of intuitionistic propositional
logic.

MV-algebras were introduced by Chang {3] for the pur-
pose of analysing algebraically the many valued logics of
Lukasiewicz. Dilworth and Ward [4] introduced a residu-
ated lattice. From 1980’s to present, these algebraic struc-
tures in many valued logics have been developed by many
researchers [1-2, 5-12,14].

In this paper, we investigate the properties of residu-
ated partially ordered sets as weak definitions of algebraic
structures in many valued logics. We study the left-(resp.
right-)residuated semigroups induced by RA-maps (resp.
LA-map). We give their examples.

Let (L, <) be a partially ordered set and T and L are
the greatest element and the least element, respectively. We
define the weak definitions of algebraic structures in the
sense of [11,12].

Definition 1.1. [1,11,12] A triple (L, <, ®) is called a par-
tially ordered groupoid ( for short, po-groupoid) iff it satis-
fies

P)if a; < agand by < by, thenay @ by < ag ® bs.

A po-groupoid (L, <, ®) is called;

(1) commutative ifa ®b=b O aforalla,b € L,

(2) a po-semigroup if {a ©b) ©c=a ® (b ® c) for all
a,bce L,

(3) a po-monoid if it is a po-semigroup and a ® e =
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e®a=aforalla € L.

(4) right (resp. left) sided if a® T < a (resp. T®a < a)
foralla € L,

(5) strictly right (resp. left) sided if a © T = a (resp.
T®a=a)foralla € L,

(6) strictly two-sided if every element in L is strictly
right and left-sided.

(7) right (resp. left) divisible if for each a < b, there
exists ¢ € L such thata = b ® ¢ (resp. a = ¢ ® b).

(8) bounded if it have T and L.

Definition 1.2. [1,11,12] A quadruple (L, <,©®,=) is
called right-residuated if it satisfies:

Ryc<a=biffa@ec<bforalla,b,cc L,

A quadruple (L, <, ®, —) is called left-residuated if it
satisfies:

Lyc<a—biffcoa <bforalla,b,c€ L.

A right-(resp. left) residuated partially ordered set
(L, <,®,=) with L has called a right-negation a* = a =
1 (resp. a®° =a — 1).

A structure (L, <,®, =, —) is called residuated if it
is both left and right residuated.

Definition 1.3. [6,8,11,12] A bounded, strictly two-sided,
residuated po-semigroup lattice is called a pseudo-BL al-
gebra if it satisfies:
BhzAy=(z—y)oz=20(z=>y).
B (z—yVy—r)=@@=>yVy=z=T.
A pseudo-BL algebra is called:
(1) a pseudo MV-algebraif x = z°* = x
(2) a BL-algebra if it is commutative.

*O

981



HA| o A SAI2H 53 =2X| 2007, Vol. 17, No. 7

2. Residuated partially ordered semigroups

Theorem 2.1. Let (L, <,®,=>, —) be a residuated par-
tially ordered set. Then the following properties hold:

Dacla=0b)<b, a<{a=b —b b<a=
(a®b).
2 (a—b)©0a<b a<(a—b=b a<b—

(a®b).

(3) If L has the least element 1, then ¢ < a°* and
a < a*°.

4) (L, <, ®) is a po-groupoid.

BG)Ifb<cthena=b<a=cc=>a<b=aq,
a—b<a—candc—a<b-—a.

6)a - b= ((a > b)=0b)) >banda=b=((a =
b) — b)) =b.

(7) If L has the least element 1, then ¢° = a°*° and
a* — a*O*.

(8) a ® (a = b) = biff there exists ¢ € L such that
a®c=b.

9 (a — b) ©® a = b iff there exists ¢ € L such that
c®a=0b.

(10) a = (@ © b) = b iff there exists ¢ € L such that
a=c=hb.

(11) a — (a ® b) = b iff there exists ¢ € L such that
a—c=h.

(12) (b — a) = a = b iff there exists ¢ € L such that
c=a=b

(13) If ==—, then L is commutative.

(14) If (L, ®) is a residuated po-semigroup, then a —
(b—-c)=(a®b) »canda= (b=c)=(bOa)=c

Proof. (1) Itfollowsa =b<a=biffa®(a=b) <bh
iffa < (a = b)) — b Moreover a ® b < a ® b iff
b<a= (a®b).

(2) 1t is similar to (1).

3By and 2),a < (a = 1) - L = a* and
a<(a—1)=1=a""

@ Ifa < bby(2),wehavea < b <c— (bOec).
Hence a ® ¢ < b® c. Moreover,a < b < ¢ = (c®b).
Hencec®a<c®b.

(5) Let b < ¢ be given. Since a ® (@ = b) < b < ¢, we
havea = b <a=c Sinceb®(c=a) <cO(c=a) <
a,wehavec = a < b= a.

®yand (MYa=b< ((a=b) —b) =b.

Since ¢ < (@ = b) — b, by (2), wehave a = b >
((a=b) — b) =b.

(8)and () Itfollowsb =a®c < a®(a = b) < band
b=c®a<(a—b)®a<h.

(10) and (11) Since a = (@ ® (a = ¢)) < a = ¢, we
have

b <a=(a®b)
=a=(@®(a=c)<a=c=b
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(12)Letc € Lsuchthatc = a =b. Then 2 © b < a.
Thus,
b<(b—a)=a<c=>a=hb

(13) It follows from:

a®b<a®b ffb<a=(a®b)
iff b<a— (a®b)

iff b@a<a®b

(14) Since (b @ a) ©® (b ® a) = ¢) < ¢, we have
(bea)=c<a= (b= c). Since

bea)o(a= (b=¢))
=b0(a®(a= (b=10¢))
=bo(b=c¢)<gc

Hence (b®a) = ¢ > a = (b = ¢). Other case is similarly

proved.
O

Example 2.2. Let Z be integers, respectively. Define an
operation ®, =, =: Z x Z — Zasz @Oy =2x+ 2yand
b—a
5 )
where [x] = nforn < r < n+1l,n € Z. Let
a®b=a+2b < c Thend < <% implies b <
[F¢] =a=c Letb < [5%] < 552 Thena © b < c.
Furthermore, a ©®b = a +2b < ¢ciff a < b — c
Thus, (Z,<,®,—,=) is residuated po-groupoid. Since
11=((-3)02)05)<(-3)0(205)=21,(Z,<,0)
is not a semi-group. Since z 4+ 0 = z for all z € Z where
0 is not a top element, (Z, <, ®) is not strictly right-sided.
Fora < b, wehave a = (b — a) ®b. Hence (Z,<,0)
is left-divisible but not right-divisible because, for 2 < 3,
2#£3038=2)=1

Example 2.3. (1) Let (L = {0,a,b,¢,d,1},<,A) be a
lattice defined as

a—b=b—2a, a=b=]

O<a<b<d<l,0<a<c<d<]l, bAc=a,bvc=d

® Oabcecdl

0 000000O0

a 00a0aa

b 00b0DbLD

c Daaccec

d 0Oabcecdd

1 0Oabcecdl
= 0abcdl — 0abecdl
0 111111 0 111111
a cll111 a b11111
b cclecll b cclcll
c 0bb111 ¢c bbb1l111
d 0Oabcll d 0Oabcll
1 0Oabedl 1 Oabcecdl



Then (L,A,V,®,=,—,0,1) is a bounded strictly two-
sided, residuated po-monoid lattice.

(D Since (b=>c)V(c=b=0b—>c)V(c—b) =
cVb = d # 1, it does not satisfy the condition of Definition
1.3 (B2).

(2) It does not satisfy the condition of Definition 1.3
(B1) because

a=bAc#bO(b=¢c)=0

a=cAb#(c—b)©ec=0

(3) For a < ¢, there does not exist + € L such that
a = z @ cand for a < b, there does not exist y € L
such that & = b ©® y. Hence it is neither left-divisible nor
right-divisible.

@Da*=(a=0)—->0=>b+#aanda® = (a —
0)=0=c#a.

3. Partially ordered semigroups and RA-maps

Definition 3.1. Let (L,®) be a po-semigroup. A map
J : L — L is called a right-associated map(for short, RA-
map) which satisfies the following conditions:

(1) j(a) < j(b) fora < b.

(12) j(a ® j(b) = j(a) © j(b).

Amap j : L — L is called a left-associated map(for
short, LA-map) which satisfies the condition (J1) and

J3) j(i(a) © ) = j(a) © j(b).

Theorem 3.2. Let (L,®,—) be a left-residuated po-
semigroup and j : L — L an RA-map. Define two op-
erations *,—;: L x L — Laszxy = x ® j(y) and
x —; y = j(x) — y. Then the following properties hold:

(1) (L, *,— ;) is a left residuated po-semigroup.

@ Ifz < j(z) forall z € L and (L, ®,—) is left
divisible, then (L, *, — ;) be left divisible.

(3) If j(e) = e with right identity e, then (L, x) has the
right identity e.

@ I j(Vierz:) = Vierj(z:) for all z; € L and
(L, ®,=,—) is residuated, then (L, ¥, —;, =) is a resid-
vated po-semigroup with

z=y=\/{zeLlosz<yh
G)Ifjlz) =aoaforallz € L and (1,0, =, —
) is residuated, then (L,*,—;,=>;) is a residuated po-
semigroup with

r—jy=(a0r)—>y=a— (r—7y),

r=>y=a=(@x=>y)=(rGa)=y.

983

Residuated Partially Ordered Semigroups

Proof. (1) If y1 < yo, then z * y1 =
x© jly2) =z *ya.

(zxy)xz2=z0 () 0i(z) =20y ©j)
oy + 2).

Letz*xy =2 j(y) < z. Thenz < jly) — 2z =
y—;z.Llete <y—;z.Thenzxy=20j(y) < (v —;
2)©jy) = (y) —2) 04y < =

(2) Since (L, ®) is left divisible, for z < y < j(y),
there exists ¢ € L suchthatz = a © j(y). So,a < j(y) —
z implies

IA

r © j(y)

z=0a0j(y) <) —2) 0 <z

Hence z = a ® j{y) = a x y.

Bzrxe=x0jle)=ux.

(4) It follows from the definitions.

(5) Since j(z©j(y)) = (a©z)©(a®y) = j(z)Oj(y),
j is an RA-map. By (1), (L,*) is a po-semigroup. Since
rxy =z0ab®y < ziffx < a — (y — 2)iff
y < a = (x = z), by Theorem 2.1 (14), the results hold.

O

Corollary 3.3. Let (L,®,=) be a right-residuated po-
semigroup and j : L — L an LA-map. Define two op-
erations x,—;: L X L — Lasxz*y = j(z) ®y and
z =, y = j(z) = y. Then the following properties hold:

(1) (L, *,=>;) is a right residuated po-semigroup.

(2)Ifz < j(x) forall z € L and (L, ®;=) is right
divisible, then (L, *,=;) be right divisible.

(3) If j(e) = e with left identity e, then (L, *) has the
left identity e.

@I j(Vierzi) = Vier (o) forall z; € L and
(L, ®, =, —) is residuated, then (L, *, —;, =) is aresid-
uated po-semigroup with

x—>jy:\/{z€L|z*x§y}.
O Ifjz)y=z0aforalzr € Land (L,©,=,—
) is residuated, then (L,*, —;,=>;) is a residuated po-
semigroup with
z—jy=(@0a) —y=1z—(a—y),
r=jy=c=(a=y) =(@0z)=y.

Example 3.4. (1) Let (L, <,A) be a lattice in Example
2.3(1). Let j(z) = ¢ © x be given. We obtain:

— Q0 o O %
oo oo oo o
QL a oo OoOR
Q2 2 OO O o
o000 oCcoo0
o000 o000

O 00000 =~
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=; 0abecdl —; 0abcdl
0 111111 0 111111
a 11111 a b11111
b 111111 b b11111
c bbbl11 c bbbl1ll1l
d bbb111 d bbbl1ll1
1 bbbl111 1 bbbl111

Then (L, A, V,*,=;,—;,0,1) is a bounded, residuated
po-semigroup lattice.

Example 3.5. Let L = {t ¢ R | -4 <z < 0} bea
set and we define an operation ©,==—: L x L — L as
follows:

Oy = (z+y)V(—4), z=y=2—y= ((—z)+y)A0.

Forz <y,wehave (y - 2) Oy=yO(y=>2) =z We
easily show that (L, ®, =, —) is a commutative, divisible,
residuated po-monoid with identity 0.

(DIfj(z) =nforn <z <n+1,n¢€ Z, then

iz © i) =i(z) ©j(y)

Putzxy =20 jy)and z —; y = (y — j(z)) A O.
By Theorem 3.2 (1) and (3), (L, *x, —;) is a left-residuated
po-semigroup with right identity 0; i.e., z * 0 = z for all
x € X. It does not satisfy the condition z < j(x) of The-
orem 3.2 (2). For —0.25 < —0.21, there does not exist
a € L such that —0.25 = a % (—0.21) = a ® (—3). Fur-
thermore, we cannot define (—1) =; (—2) because 0 =
IV pen(=2)) # Vierd(—2) = —1 from the following
statements. Suppose (—1) =>; (—2) = a < 0. Then there
exists n € N such that (—1) =; (-2) =a < -1 <0
but (—1) * (—1) = —2. It is a contradiction. Suppose
(1) =, (—2) = 0. Then (-1) * 0 = (—1) £ (=2). Itis
a contradiction. :
QI j(z)=nforn—1<z<n,n¢c Z, then

iz oY) =i(z) o)

Putz*xy =z0j(y)andz —; y = (y = j(z)) A 0. By
Theorem 3.2 (1),(2) and (3), (L, ¥, —;) is a left divisible
and left-residuated po-semigroup with right identity 0; i.e.
zx0=gzforallz € X. Since j(V,cp i) = Ve J(:)
for all z; € L, then (L,*,—,,=;) is a residuated po-
semigroup with

z=jy=\/{zeL|zxz<y}
B)Ifj(z) =2nfor2n —2 <z < 2n,n € Z, then
i@ ©jy) =j(z) 0 j(y).
Putzxy =0 (y)andz —; y = (y—j(x))A0. By The-

orem 3.2 (1) and (3), (L, *, —;) is a left divisible and left-
residuated po-semigroup with right identity 0; i.e. z+0 = x
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for all z € X. Since j(V,cr i) = Vjerd(z:) for all
z; € L, then (L, *,—;,=>;) is a residuated po-semigroup
with

:c:>jy:\/{z€L|x*z§y}.

@) If j(z) = 0forx € L, then
(oY) =j(x) 04y =0.

Putzxy = 2@ j(y) =randz —; y = y. Since
z=(y —; x)*xyforz <y, (L,* —;) is a left divisible
and left-residuated po-semigroup with right identity 0; i.e.
z+0 =g forall x € X. Since j(\,cr i) = V,ep J(2:)
for all z; € L, then (L,*,—;,=;) is a residuated po-
semigroup with

xéjyz\/{z€L|x*z§y}.

Then
0, ifz<y,
T=5Y= { —4, otherwise.
Theorem 3.6. Let (L,®,=,—) be a residuated po-
semigroup. Then the following properties hold:

() Ifj: L — L an RA-map with j(j(x)) = j(z) for
all z € L and we define an operation ® : L x L — L as
z®y=7j(z) ® j(y), then (L, ®) is a po-semigroup.

(2)If k: L — L an LA-map with k(k(z)) = k(x) for
all z € L and we define an operation @ : L x L — L as
z®y = k(z) ® k(y), then (L, @) is a po-semigroup.

Proof. (1)

@
&
N

~—

Hence (zQy)®@z=2Q (

Example 3.7. Let (L, ®, =, —) be a commutative divisi-
ble residuated po-monoid in Example 3.6. In (1), (2) and
(3) of Example 3.6, j(j(x)) = j(z) for all z € L. Define

r®y=jx)ojy).

Then (L, ®) is a po-semigroup.
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