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Abstract : The authors aim to establish the theory necessary for developing free gyro positioning system and focus on measuring the nadir
angle by using the motion rate of a free gyro. The azimuth of a gyro vector from the North can be given by using the property of the
free gyro. The motion rate of the spin axis in the gyro frame is transformed into the platform frame and again into the NED
(north~east-down) navigation frame. The nadir angle of a gyro vector is obtained by using the North components of the motion rate of
the spin axis in the NED frame. The component has to be transformed into the horizontal component of the gyro by using the azimuth
of the gyro vector and then has to be integrated over the sampling interval
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1. Introduction

A free gyro positioning system (FPS), which determines
the position of a vehicle by using two free gyros, was
first suggested by Park & Jeong(2004). It is originally an
active positioning system like an inertial navigation
system (INS) in view of obtaining a position without
external source. However, a FPS is to determine its own
position by using the angle between the vertical axis of
local geodetic frame and the axis of free gyro (hereinafter
called ‘nadir angle’), while an INS is to do so by
measuring its acceleration.

The errors in the FPS were investigated broadly by
Jeong(2005). And the algorithmic design of a free
gyroscopic compass was suggested by measuring the
earth’s rotation rate on the basis of a free gyroscope
(Jeong and Park, 2006).

This paper is to deal with how to measure the nadir
angle by wusing the earth’s rotation rate. Firstly, the
determination of the position on or near the earth is briefed.
The motion rate of the spin axis caused by the earth's
rotation rate is to be transformed into the platform frame
and then into the frame, 1ie. the
NED(north-east-down) navigation frame. Finally the nadir

angle is to be obtained by using the rotation rate of the

local geodetic

horizontal component on the NED navigation frame.

2. Determination of vehicle's position by NED
navigation frame

First consider the transformation matrix C/" (Rogers R

M, 2000) from the inertial frame to the navigation frame
which is simply given by Eq. (1).

Cr=C.C;
—singcosA —singsind cos¢ ||cosw, sinzgt O
=|-sink cos A 0 —sin@,t cosw,t O
—cosgcosA —cosgsindA  —sing || 0 0 1
—singcos(A+w,t) —singsin(i+a@,t) cosg
=|-sin(A+@,t) cos(A+ @, t) 0 58]
—cosgcos(A+@ ) —cosgsin(A+w ) —sing

Here, w, is the (presumably uniform) rate of earth’s
rotation, A is the geodetic longitude, ¢ is the geodetic
latitude and t denotes time. This transformation matrix
C!' denotes the transformation from the unit vectors of
axes in the inertial frame to those in the navigation frame.
Consider an arbitrary gyro vector g,=[u, v, u.]” which
is unit vector in the inertial frame. We obtain easily the

gyro
!Jf = [Mu E;u Du]Ty as Eq (2)

vector transformed in the navigation frame,
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1=}
—singcos(A+w,t) —singsin(A+@,) cosg ||u,
=|-sin(1+@,?) cos(A+a,t) 0 u,
—cosgcos(A+a,t) —cosgsin(A+@,t) -singlly,

—u, sin(A+@,)+u, cos(A+w 1)

—u, singcos(A+@ ) —u singsin(d+w t)+u, cosg N,
= =| £ )
D,

—u, cos¢cos(A+@ 1) ~u, cosgsin(A+a, 1) —u,_ sing

: azimuth of
gyrovector
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Fig. 1 Measurement quantities in the navigation frame

As shown in Fig. 1, the azimuth angle a and the nadir
angle © can be obtained respectively as Eq. (3) and Eq. (4),
noting | g, = 1.

U,

cosf = m =—u,co8¢c0s (A + w gt ) —ucospsin (A4 w gt) (3)
—u,8tng
_ B _ — ugsin (A + wgt) + ucos (A + wgt)
tana = N, = usindcos (A + wgt) — u,sindsin (A + wgt ) + u.cosé “)

If we use two free gyros whose gyro vectors in Eq. (3) are
G = (U Uy, e, ]" and gy = [, 1y, w,,] " respectively, we
can determine the position (¢, A) of a vehicle at the given
nadir angles 6,, §,. Once determining the position, we can

also obtain the azimuth of a gyro vector by using Eq. (4).
Park and Jeong(2004) already suggested the algorithm of
how to determine a position.

3. Ship's heading, azimuth and nadir angles of
gyro vector

3.1 Relation between ship’s heading and azimuth
of gyro vector

As Jeong and Park(2006) mentioned, let’s consider that
the earth’s rate is w, and its north component is w, cos ¢,
where ¢ is the geodetic latitude of the point concerned. Fig.
2 shows that the angular velocities of the fore and aft and
the athwartship components are given by Eq.(5) (Titterson
et al., 2004), where ¥ is ship’s heading.

=w, cos ¢ cosy )

w(L‘
w, =—w,cos ¢siny

By taking the ratio of the two independent gyroscopic
measurement, the latitude dependent terms cancel, allowing
the heading, v, to be computed by Eq. (6).

Wy W cos ¢ sine
tand W, W, COS ) COS Y (6)

¥ = arctan {(w,/w, )

Forwaxrd

a=y+{
a ¢ azimuth of
gyro vectoy

@, cosPeosys

Horizontal

i |

gyro vector  Rightward

Fig. 2 Relation between ship’s heading and azimuth of a
gyro vector

Meanwhile assuming that a gyro vector is ¢ away from
ship’s head, its azimuth from North is represented by Eq.
(7). Therefore the angular velocity of the horizontal axis of
a gvro (hereinafter called ‘wy’) is given by Eq. (8) on the

navigation frame or local geodetic frame.
a=y+(¢ (N
Wy =— w,co8 dsina (8)

Eq.(8) shows that if the North component of the earth’s
rotation rate can be known on the navigation frame, the
nadir angle of a gyro vector, 4, is obtained by Ea.(9), by

integrating Eq. (8) incrementally over a time interval.

6= ft ot o)

1

3.2 Representation of the motion rate of the spin
axis in the frame

1) The motion rate of the spin axis

Let the motion rate of spin axis in the gyro frame
wly =10 w, v, )", where we denote! wf, = the motion rate
of the gyro frame(g) relative to the inertial frame(i), with
coordinates in the gyro frame(g), and hereafter the same

notation of the angular velocity is applied. In fact this
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angular velocity is all you can get from a free gyro and has
to be transformed into the local geodetic frame through the
platform frame or the body frame (Jeong and Park, 2006).

First, the motion rate of the spin axis in the gyro frame,
w{y, is transformed into that in the platform frame, w?,, as
follows.

wf/gz C;pu)f/g (10)

Next, the motion rate of the spin axis in the platform
frame, w},, is also transformed into that in the navigation

frame, w},, as Eq. (11).

wipy = Gwiy an

By the way assuming that there is no error in the free
gyro and rate sensors, the motion rate of the spin axis in
the local geodetic frame, w},(hereinafter called 'w;’), is
equal to the angular velocity on the navigation frame, wy,
which is composed of "earth” and "transport” rates and
rewritten in Eq. (13)(Rogers, 2003). Considering that the
earth’s rotation rate, wi,, is shown in Eq,(14), it is
represented by Eq. (13). Therefore the north component of
the earth’s rotation rate is computed by using the measured

horizontal components, ie. the fore-aft and athwartship
ones.

Ty,
a, win/g =@}, = @,
@, (12)
0, =@+ T,
@y
oy =a], = win/g -@;, = Wy,
o (13
@, cos A
@), = 0
-, sind (14)

The transport rate, w} 4, is shown in Eq. (15). In Eq. (15)
A denotes the time rate of change of the longitude while ¢
is the time rate of change of the latitude. And V& is the

east velocity, Y~ is the north velocity, R is the radius of

the earth and # is the height above ground.

Ve
Acosg R+h
n 7 v
wc/n = _¢ = -R':[h
—Asing
-5 _tang (15)
R+h

Meanwhile the ship’s heading, ¥, can be computed by
using Eq. (13) and given by Eq. (16). Of course Eq. (15)
has to be transformed by multiplying the transformation

matrix, Cf , which changes from the NE frame to the

fore—aft and rightward one.

V= arctan@
wa (16>

The azimuth of the gyro vector from the ship’s head, ¢,
can be obtained by integrating the vertical component of

the motion rate of the spin axis, i.e. Eq. (12) and given by
Eq. (7).

¢= I @At a7

The northward angular velocity of the local geodetic

frame, @ g, which is determined by the sum of the rates

the earth’s rotation and the ship’s transport, is represented

by Eq. (18).

[ 2
By =0, T,

And the horizontal component of the motion rate of the

(18)

free gyro, wy, can be obtained by Eq. (19). It is evident
that the azimuth of the gyro vector, o, is given by the sum
of the ship’s heading ¢ and the azimuth of the gyro vector
from the ship’s head ¢.

@y =—w,sina

a=y+q (19)

Therefore the nadir angle of the gyro vector, €, can be
obtained by integrating Eq. (19).

g= ‘[ @, dt (20)

2) Coordinate transformation from gyro frame to

platform frame

In Fig. 3 the gyro frame refers to free gyro itself on the
platform, whose axes are defined along the spin(xg),
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horizontal(y,), and downward(z,) directions. The platform

frame refers to the vehicle to be navigated, whose axes are
defined along the forward(z,), right(y,), and through-the

floor(z,) directions.

X, Forward
(Horizontal)®

.
Rightward

Zg(\’ertical)
Downward

Fig. 3 Gyro & platform frames

The angle & is a rotation angle about the spin axis 2,
and is positive in the counterclockwise sense as viewed
along the axis toward the origin O, while the angle 5 is a
rotation angle about the horizontal axis(yg) and is positive
in the same manner as above. Here the transformation
matrix Cgp from the gyro frame to platform frame is given

by Eq.(21), using Euler angles and direction cosines.

P =

g

2D

sinécosn cos& sinsinn

cos cosnp —siné cos £siny
—sinp 0

cosn

3) Coordinate transformation into the NED navigation

frame

With respect to the NED navigation frame whose axes
are defined as the first axis points the north, the second
axis points east and the third axis is aligned with the
ellipsoidal normal at a point, in the downward direction.
Let's consider the platform frame axes point forward(z, ),
to the right(y,), and down(z,) as shown in the above. Euler
angles define the transformation, that is, they are the roll
(R), pitch(”), and yaw(Y) relative to the NED axes as

shown in Fig. 4 Then the transformation matrix C; is

given by Eq. (22).

X, Forward

§%4

5

Rightward I}

P
Downward

Fig. 4 Platform frame relative to NED frame

cos R —sin R

—sin P sin Rcos P cos Rcos P

cos P sin Rsin P cos Rsin P
G=l_ Y 22)

4) Determination of transformation matrices

First, for transformation we have to know the rotation
angles of the gyro frame, { and 7. They are obtained by
integrating the respective components of the spin motion
rate. In doing so we can get the transformation matrix by
solving the following first order linear differential equation
(23) as Jeong and Park(2006) suggested.

acy

T (23)

09,
- Qp/gQJ
Here (ZI’; ;15 a skew-symmetric matrix and we assume it

is constant over the sampling interval. The solution is
given by Eq. (24).

CIt)=U(t o) Y (to)

w(t,t) = eap ([ (~ Op5)ar)

ty

(24)
_ppsinfa) 4, 1-cs(a) o

lal laP
where,
0 a3 —a t
A=|—a3 0 a; |= /(—%/q)dT
Ay —ay 0 ty
=, At

13
a;, =— /wg/g(i)dT

ty

lal= a2+ +a

Here At =t—t, and t, is the initial time and ¢; is each

component of rotation angle. Once the transformation

matrix CI-,‘] is obtained, the inverse matrix of it, Cgp , Is
immediately calculated by doing the transpose of it since it
is an orthogonal matrix. The relation between them is
given by Eq. (25).

cr=(c) = ()" (25)

Secondly, for transformation we have to know the
rotation angles of the platform frame Y, P, and R. They
are obtained by integrating the respective components of
the motion rate of the spin axis as shown in the above. We
can also get the transformation matrix by solving the

following first order linear differential equation (26).
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Y
dt

=— 2,0 (26)

Here (% , is also a skew-symmetric matrix too and we

assume it is constant over the sampling interval. The
solution is given by Eq. (27).

Cf(t) :F(t; tO)Cr‘z)(t(])

t
I(t, ty) =exp (f (=2 ,)dr) 97
ty N
— It sinﬂj])B+ 1—costb|l§
[b] [P
where,
(r);'jg

0 by —by :
B=|—b; 0 b, |= / ("-QZA?)dT
by —b, 0O f
= .QfL/pAt

t
b, —— / w? (0 )dr

ty

|bl= /& + 02 + b

Here At =1 —t, and ¢, is the initial time and b; is each
component of rotation angle. Once the transformation
matrix CP is obtained, the inverse matrix of it, C, is
immediately calculated by doing the transpose of it since it

is an orthogonal matrix.

fore — aft : oy,

athwart : Oy

downward : wy,

-

i From Part 1 l

h 4

Heading
b T | 0y, W = arctan L
@ gy
l To Part II i

Part 1

fore —aft : oy,
athwart : ©y,

downward : @y,

!

fore-aft: o, Azimuth from fore — aft Taing
athwart: L R : . at “
P =a ~
dovmward: @, Jt, Lz Y = arctan "
+
- " +
Northward angular velocity
2 E]
Wy =, [0 +@
\[__L: Azimuth fromnorth
a=y+{
Wy =~ 0SNG ¢ i

4

Nadir angle
0= K o, sina dt

Part I

Fig. 5 Free gyro positioning system mechanization
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In addition, the other methods to solve the differential
equations (23) and (26) are also represented by the
integration of four quaternions or three rotation vectors, the
integration of three Euler angle equations, and etc. Such
equations suggested in chapter 3 are developed by referring
to and using Farrell et al.(1999), Jekeli(2001), and Rogers
(2003).

4. Algorithmic design of free gyro positioning
system

Fig. 5 shows the algorithmic design of free gyros
positioning system mechanization. First, let's look into the
ship’s heading. In this mechanization two sensors for
sensing the motion rate of the spin axis are mounted in the
free gyro. Three sensors for sensing the motion rate of the
platform are mounted in orthogonal triad. From the sensors

in the gyro frame, the spin motion rate, w{,, is obtained
and from the ones in the platform frame, wf,, is detected.

By using the sum, w} , of the rates from the free gyro and
detected from the

transformation matrix € is calculated and its inverse is

the ones platform sensors, the
determined. Therefare the spin motion vate, wf e Sensed
from the free gyro is transformed into w?, by using the
inverse matrix, Cy.

Meanwhile the rate of the earth’s rotation w;, and the

rate of the vehicle movement w(, are summed and
transformed into wy,. It is subtracted from the sensed rate
from the platform, w?;. As a result, w? , is generated. By
using this, the transformation matrix,C? , is calculated and
the inverse of it, (', is obtained. And the rate wh, is
transformed into w?, by using the transformation matrix,
Cy. By using Eq. (13), the spin motion rate in the NED
frame, wy, is obtained from the rate, w;,. Finally, the
ship’s heading is calculated by using the components of the
spin meotion rate according to Eq. (13) and Eq. (16).
Next let’s look into the nadir angle. Because the motion
rate of the spin axis in the local geodetic frame, wiy, s
represented by w;, The azimuth of the gyro vector from
the ship’s head, {, can be obtained by using Eq. (17). Then
the azimuth of the gyro vector from the North, «, can be
easily taken by Eq. (19).

The northward angular velocity of the local geodetic
frame, w,y, is represented by Eq. (18). And the horizontal

component of the motion rate of the free gyro, wg, can be

obtained by Eq. (19). As a result the nadir angle of the
gyro vector, 8, can be obtained by Eq. (20).

5. Results and discussions

This paper investigated and developed the algorithm
regarding free gyro positioning system theoretically and
analytically. As a result conclusions are the following.

(D Once the spin motion rate of free gyro is known, the
ship’s heading is determined by using Eq. (16).

@ The azimuth of the gyro vector from the ship’s head, ¢,
can be obtained by Eq. (17). And the northward angular
velocity of the local geodetic frame, w4, can be given

by Eq. (18).

@ The horizontal component of the motion rate of the free
gyro, Wy, can be obtained by Eq. (19). Finally the nadir
angle of the gyro vector, 8, can be obtained by Eq. (20).

@ In order to transform the spin motion rate of the gyro
frame into the one of the NED navigation frame, the
differential equations of Eq. (23) and Eq. (26) are solved
by using Eq. (24) and Eq. (27) and the transformation
matrices are obtained respectively.

This paper ascertained the feasibility to set a stepping
stone to the development of the free gyro positioning
system. However, several problems remain unsolved in the
aspect of the following. Firstly a two-degree-of-freedom
gyro is very expensive and is commercially disadvantageous
in practice. Secondly the inherent errors caused by many
elements complicated. Errors caused by free gyro itself,
sensors of the platform, sensors of the free gyro, sampling
time and etc. will be dealt with in the next study.
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