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ABSTRACT

This paper presents a fuzzy-goal programming (FGP) approach for Bi-Level Linear Multiple Objec-
tive Decision Making (BLL-MODM) problem in a large hierarchical decision making and planning
organization. The proposed approach combines the attractive features of both fuzzy set theory and
goal programming (GP) for MODM problem. The GP problem has been developed by fixing the
weights and aspiration levels for generating pareto-optimal (satisfactory) solution at each level for
BLL-MODM problem. The higher level decision maker (HLDM) provides the preferred values of
decision vector under his control and bounds of his objective function to direct the lower level deci-
sion maker (LLDM) to search for his solution in the right direction. Itlustrative numerical example is
provided to demonstrate the proposed approach.

Key words: Bi-level Programming, Multiple Objective Decision Making, Fuzzy Set Theory, Goal Pro-
gramming, Pareto-Optimal Solution, Aspiration Levels, Membership function

1. Introduction

Hierarchical optimization or multi-level programming (MLP) problems are the char-

acterization of mathematical programming to solve decentralized planning problems
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with multiple DMs where each unit seeks its own interest.

Bilevel programming (BLP) is the simplest case of MLP problem, with a structure
of two levels in a hierarchical decision system. BLP is a sequence of two optimization
problems in which the constraint region of one is determined implicitly by the solu-
tion of the second. BLP structure is used for central economic planning at the regional
or national level such as to model problems concerning organizational design, facility
location, signal optimization and traffic assignment. In BLPP, two decision makers
(DMs) located at two different hierarchical levels, each independently controls a set of
decision variables with conflicting objectives. The lower level DM, called the follower,
executes its policies after the decision of the higher level DM, called the leader and
then the leader optimizes its objective independently but may be affected by the reac-
tion of the follower.

The formal formulation of the BLPP was first defined by Candler and Townsley
[3] as well as Fortuny-Amat and Mc Carl [8]. During the past two decades of last cen-
tury, several approaches for solving BLPPs have been deeply studied such as vertex
enumeration approach [3, 20], the Kuhn-Tucker approach [3, 6] and multiple objec-
tive linear programming techniques [1]. For methods developed for linear BLPP, ver-
tex enumeration and Kuhn-Tucker solution approaches have been used widely in
searching for the optimal solutions [21]. A few studies have proposed methods for bi-
level multiple objective decision making problem and planning organization.

Now in a hierarchical decision making context, it has been realized that each DM
should have a motivation to cooperate with each other and minimum level of satis-
faction of a DM at a lower level must be considered for the over all benefit of the or-
ganization. In this sequel, the concept of fuzzy set theory has been introduced by Lai
to solve BLPPs as well as MLPPs in 1996 [10]. Lai’s solution concept has been further
extended by Shih et al [11]. In these approaches, the problem is revaluated again and
again by redefining the membership functions. So the computational load is inher-
ently associated with these approaches. To overcome such a situation, fuzzy goal
programming (FGP) approach to BLPP has been recently studied by Moitra and Pal
[14]. They have presented a fuzzy goal programming procedure for solving linear
bilevel programming problems. In their approach, they have used the concept of tol-
erance membership function for measuring the degree of satisfaction of the objectives
of the decision makers at both the levels and the vector of decision variables con-

trolled by the leader. They developed a linear programming model by using distance



AFUZZY-GOAL PROGRAMMING APPROACH FOR BILEVEL LINEAR MULTIPLE OBJECTIVE DECISION MAKING PROBLEM 3

function to minimize the group regret of degree of satisfaction of both the DMs. In
their decision process, they have transformed the linear programming model into an
equivalent fuzzy goal programming model to achieve the highest degree (unity) of
each of the defined membership goals to the extent possible by minimizing their
deviational variables and thereby obtaining the most satisfactory solution for both the
decision makers.

This paper extends the FGP approach to solve the proposed bi-level linear pro-
gramming problems with multiple objectives at both the levels. In most of the multi-
objective decision making problems, the objectives are competitive, incommensurable
and often conflicting in nature. Such problems involve trade-off relations among the
objectives to get the “optimal compromise solution.” Goal Programming introduced
by Charnes and Cooper in 1961 [4] appeared as a robust tool to solve these type of
problems. However, its main disadvantage is that both the aspiration level of goals
and their priorities must be specified priori by the Decision Maker (DM). Most often
the DM has no knowledge about fixing the priorities and goals to the objectives. This
may lead to wrong results. The proposed method uses the concept of conflict among
the objectives and theory of fuzzy sets to obtain the optimal compromise solution of
the DMs at both the levels. The objectives should have the goals and weights accord-
ing to its degree of conflict with the other objectives. This would improve the overall
satisfaction of the system.

In the model formulation of the problem, the fuzzy goals of the objectives as well
as the decision vector controlled by the leader are defined first. The fuzzy goals are
then characterized by the associated membership functions. In the solution process,
the weights and aspiration levels of each objective is obtained by using the concept of
conflict between the objectives. Then the objective functions are defined as flexible
goals by introducing under-and over-deviational variables and assigning the aspira-
tion level to each of them. Then in the achievement function, minimization of under-
deviational variables for achieving the objective goals to the assigned aspiration lev-
els is taken into account. The problem so formed is solved to obtain a satisfactory so-
lution for both the decision makers. Generally combined with the set of control vari-
ables and objectives with tolerances, the satisfactory solution obtained by FGP model
are pareto-optimal solution for both DMs. A numerical example is given to illustrate

the proposed algorithm.
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2. Problem Definition Of Bll-Modm

Let the decision problem be such that there is a cooperative relationship between the
leader and the follower and each of them is interested in optimizing his/her own ob-
jective function paying serious attention to the interest of the other.

Let the vector of decision variables X1 € R™ and X2 € R™ be under the con-
trol of leader and follower respectively, ni, n221, n=m + n2. Let Fi: R" x R* —
R™ and F2: R™ x R™ —>R™ be the leader’s and the follower’s objective functions
respectively, N1, N2 2 2. Let the leader and the follower have Ni and N2 objective
functions respectively. Let S be the set of feasible choices {(Xi, X2)}.

So the BLL-MODM may be formulated as follows [17] :

(P Max F1(0G,Xa)= Max (f1 10X, Xa), £12(X, X2), =, fy, (X1, X))

where for a given X1, Xz solves
Max F2 (X, Xo) = Max { £21(X, Xa), 2206, X2), *+, fyy, (1, X}

subject to (X1, X2) € S={ A1 X1+ A2X2<b, X3, X220}

where it is assumed that S (# ¢ ) is bounded and A = [A1, Az] is an m x n matrix and b
€ Rm,

The decision mechanism of BLL-MODM is that the two DMs adopt the leader -
follower Stackelberg game [6, 18]. Stackelberg games were first proposed by econo-
mist Von Stackelberg(1934) to solve non-cooperative decision problems where in one
of the players (the leader) has the ability to enforce his/her decision on the other
player(s) (the follower(s)).That is the leader announces his/her decision in advance
and then the follower(s) responds in a way of maximizing his/her own objective. Ac-
cording to the leader - follower Stackelberg game [6, 18] and mathematical pro-
gramming, the definitions of the solution for the model BLL-MODM are:

Definition 1 [17] : For any X1 (X2 € So ={X1 | (X1, X2) € S}) given by the leader, if
the decision making variable X2 (X2 € Si1={X2 | (X1, X2) €8}) at the lower level is the
pareto-optimal solution of the follower then (Xi, X2) is a feasible solution of the model
BLL-MODM.

Definition 2 [17] : If (X1*, X2*) is a feasible solution of BLL-MODM and there does not
exist any other feasible solution (X1, X2) € 6 such that fij (X;, X;) < fy (X3, Xo) ; at-
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least one j (j=1, -+, N1) is strict inequality then (X;, X;) is the pareto-optimal solu-
tion of the model BLL-MODM.

It is proved that if the follower’s response to every decision of the leader is
unique, the leader’s Stackelberg solution will not be worse than his/her nash solution,

but the follower might be worse off because of his/her position in the decision making
process.

3. Review Of Existing Fgp Methods

FGP is an extension of conventional goal programming introduced by Charnes and
Cooper [4] in 1961. As a robust tool for MODM problems, GP has been studied exten-
sively for the last 35 years. In the recent past FGP in the form of classical GP has been
introduced by Mohamed [12] and further studied by B.B. Pal and Moitra [16]. Re-
cently Moitra and Pal [14] have applied FGP to solve bilevel linear programming
problems of the following form:

(P2) max £(X,, X,)=CuX1+ Ci2 X2

where for a given Xi, Xz solves
n’.}(axfz(Xl, X,)=CauXi+ Cn Xa

subject to A Xi+A: X2 S b
X1, X2 2 0

where C11, Ci2, C21, C22 and b are constant vectors and A1 and A2 are constant matrices.
The functions f1 and f2 are assumed to be linear and bounded.

To formulate the FGP model of the problem (P2), they have converted the objec-
tive functions fi and f> and the decision vector Xi of the leader into fuzzy goals by as-
signing an aspiration level to each of them. These goals are characterized by the
membership functions, defined as

1 it X X)> f
X, X,)- lL . L u
= ﬂ_f% it A< AX X<
0 if A X)< S
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1 if fZ(Xll X2)>fZL
X, X,)-f* .
Hp = fZ__}#)ufZ_ if  f<hHX, X<
2 2
O lf fZ(Xll X2)<f2u
1 if X, >XY
X, - X . m u
iy = L if Xr<X <X
X Xil_X1 ! ' '
0 it X, <X/

where (X', X]; fi') and (X}, X} ; fF) are the optimal solutions of the leader and
follower respectively when calculated in isolation. X" (X <X <X ) is the toler-

ance limit of the fuzzy decision goal of the leader.
The membership goals are assigned the highest aspiration level 1. Under the

framework of minsum GP, the FGP model of the problem (P2) is formulated as:

(P3)  Minimize z= wd; +w,d, +w,d,

fl(Xlr Xz)_flL

subject to T +d;-d =1
1 1
_fu
_—fz(X}; X})u fovizoa =1
2 )2
XX a1
XU _xr

A Xi+A2 X2 b
X, X2 2 0
d,d’ 20withd,-d =0; i = 1,2, 3.

Where d; and d represent the vectors of deviational variables from the aspired

levels of the respective fuzzy goals and z represents the fuzzy achievement function
consisting of the weighted under-deviational variables. Ii is the row vector with all

elements equal to 1 and the dimension of it depends on g, or Xi. The numerical

weights wi (20) associated with d;, I =1, 2, 3 represent the relative importance of
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achieving the aspired levels of the respective fuzzy goals subject to the given set of
constraint.

The values of wi are determined as

1 w 1 . 1
——I 2='_—I __m—
flu" 1L sz_ 211 Xil_Xl

The FGP model (P3) provides the most satisfactory solution.
This paper studies the FGP approach to solve the bilevel linear programming
problem with multiple objectives at both the levels.

. Proposed Fgp Method

To solve the BLL-MODM by adopting the leader-follower Stackelberg game and GP
model, one first obtains the satisfactory solution that is acceptable to leader and then
gives the leader’s goal and decision vector some relaxation to the follower to seek the
satisfactory solution and to arrive at the solution which is closest to the satisfactory
solution of the leader. Due to this the follower not only optimize the objective func-
tions but also tries to satisfy the leader’s goal and preferences as much as possible.

In this way, the solution method simplifies a BLL-MODM problem by transform-
ing it into separate MODM problem at higher and lower levels, by that means the

difficulty associated with non-convexity to arrive at an pptimal solution is avoided.

4.1 Basic Idea (On The Weighting System And Aspiration Level) : Concept Of Con-
flict And Membership Function

In real life problems, the decision environment and the situations are often impre-
cisely defined. The technique based on the theory of fuzzy sets reflect the true reali-
ties. Fuzzy programming based techniques for solving the MODM problems are
given in [23]. Also in most of the multiple objective decision making problems, the
objectives are competitive, incommensurable and often conflicting in nature. To deal
quantitatively with these types of qualitative situations and hence to atrive at a satis-

factory solution very often it requires an appropriate compromise among the objec-
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tives. That is, trade-off relations among the fuzzily defined objectives are viable to get
the “optimal compromise” solution. GP method is a robust tool to deal with such
situations As the objectives functions are fuzzy it will be more realistic if we can es-
tablish this trade-off relation in the form of fuzzy sets. FGP method based on weights
and aspiration levels [13, 19] is employed to convert the MODM problem into equiva-
lent GP problem by appropriately fixing the weights and goals to the objectives. The
method uses the concept of conflict among the objectives and Zimmermann’s mem-
bership function approach to achieve this trade-off relation in the form of fuzzy sets.
This membership function helps in linearly expressing the degrees of conflict among
the objectives. It is also numerically explicit in the implicitly defined conflicts among
the objectives. This approach is more compatible with Cohon’s [5] gradient method.

The membership functions for the objectives give an insight with regard to fixing
the weights and aspiration levels of the objectives. The angle 8 between the gradients
of a pair of objectives characterizes the degree of conflict between the two objectives.
The degree of conflict is 0 when 6 = 0 and maximum when 6 = 1. As a result of this
approach, a function of conflict between pairs of objectives which uses the theory of
fuzzy sets can be constructed. These functions always incorporate a pair of objectives
at a time and the conflict functions are defined for the objectives pairwise.

A symmetric matrix is then constructed where the entries of the matrix indicate a
numerical measure of the degrees of non-conflict among the objectives. This matrix

enables to derive the weights and the aspiration level of the objectives.

4.2 Detailed Description on the Proposed Method

To formulate the decision making model of the problem (P1), the problem under con-
sideration is solved in two phases : (i) at the first phase the FGP model of the MODM
problem for the leader and the follower are formulated and an efficient solution at
each level is obtained. (ii) at the second phase, the leader and the follower discloses
their solution and the FGP model of the bilevel MODM problem is considered to ob-

tain the most satisfactory solution.

4.2.1 First Phase : Fgp Model of The Modm Problem
To formulate the FGP model of the MODM problem, the system constraints are

treated here as defining a conventional (crisp) feasible solution set over which the
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achievement of the fuzzy goals to their aspired levels is determined. Weights and the
aspiration level of the objectives can be defined by using the concept of membership

function introduced by Zimmermann [23] and the concept of conflict among the ob-

jectives.

Consider the linear MODM problem

(P3) Ng(ax { £1(X) = CX, £2(X) = C2X, -+, fx(X) = CxX}
subjectto XeS={Ai1 X1+ A2Xa<b, X1, X2 >0}
where :

a) the CX’s, k=1, 2,---, K are the linear criterion functions; and

b) the fi’s, k=1, 2,--, K are the values of the criterion functions.

Construction of Membership Function
Using the concept of fuzzy sets, the membership functions can be defined based on
the following steps given by Zimmermann [23].

Step1 : Find the individual best solutions ( £ ) for each of the objective, where
= r&lggxfk(X) ,k=1,2,-- K
Let X, (k=1,2- K) be the optimal solution to the objectives fk(X).
Step2:Find f™"= min f,(X;) Vk=1,2K

Step3 : Define the membership function for the objective fk(X) as

1 if f(X)> £ -
H(fe) = ka(fx__)__fg:\n' if fO" < fu(X)< M
0 if f(X) < g™

The membership function for the objectives which are to be minimized can be

obtained in the similar fashion.

Concept of Conflict and Non-Conflict
Let (cn, c,++,cn) and (cs1, €2, -csk) be the gradients of the two objectives fr and fsre-

spectively. The region of conflict can be measured by determining the angle 6 which
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lies between the gradients of frand fs as follows:

K
C,C
Cos6,, = DIRGIEE 2

\ Z f:l szk Z f:l Cszk

From Cohon’s procedure [5], the simultaneous achievement of objectives fr and fs

is possible if Ors = 0, in this case the gradients of both the objectives f: and fs are simul-
taneously in the same increasing direction and there is no conflict between them and
the situation of conflict arises when O # 0, i.e. when the gradients of f: and fs are not
coincident. The degree of conflict increases when 6rs € [1/2, mt]. This becomes maxi-
mum when Or = 7. In this

case the gradients of increasing directions for both the objectives fr and fs are op-

posite to each other.

fr(Crl, Cr2,°", Crk) fs(Csl, Cs2,°"°, Csk)

Figure 1. Degree of conflict between objectives using local gradients

The function of non-conflict between f: and fs is defined as follows:

1 if ,=0
-0, .
M= . = if 0<6,<7 3)
0 if .= =

Using the concept of non-conflict between the objectives, a symmetric matrix

(n;; = n;; ), where the entries of the matrix indicate a numerical measure of the de-

grees of non-conflict among the objectives and the extent 7,, to which the objective
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is non-conflicting with the other objectives, is then constructed as follows:

~ h f2 fx
f1 1 M, Msse
A=npp=f | 7, 1 w Mg 4)
fi - 77f1<f1 nfkfz e T/

This matrix facilitates in obtaining the weights and the aspiration levels of the
objectives.

Determination of Weights and Aspiration Level

Step1: Using the concept of symmetric matrix, the total amount of support, the objec-

tive fx gets from all the objectives is defined as follows:
P
wh = £ A k=12, K ®)

where K is used as denominator for the purpose of normalizing. wx can be inter-

preted as an aggregate measure to denote how far the objective fx has a non-conflict

with the other objectives. Thus, the measure of importance wx may be associated with

the objective fi, k=1,2,-, K.

Step2 : Depending on the values of wx associated with the objectives, the aspiration
level can be reasonably defined by using the membership function in equa-
tion (5). The extent of non-conflict wx of a particular objective is incorporated

in the inverse of membership function, to obtain the aspiration level. It is de-

fined as

pp (WK)=Gk  k=1,2, -, K ©)

This is because an objective should have an aspiration level depending on its de-
gree of non-interaction with the other objectives.
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Now, for the weights and the aspiration levels obtained in (5) and (6) the FGP
model of the MODM problem (P4) can be presented as

K
(P5) Minimize Z= ) w,d;

k=1
subjectto  fk(X)+ 4, - 4,=Gxk=1,2,---K (7)
X €5
di.d;=0, d,d 20, k=1-K

where d;, d, represent the vectors of deviational variables from the aspired levels

of the respective fuzzy goals.

The solution procedure of this section is summarized as follows:

Algorithm (I) :

Step 1 : Define the membership functions of the objectives fi(X) as given in equation (1)
Step 2 : Determine the angle Osbetween the objectives fr and fs as given in equation (2).
Step 3 : Define the function of non-conflict between f: and fs as given by equation (3).

Step 4 : Arrange the values of 7, which results from step 3 in the form ofsymmet-

ric matrix A as given in equation (4).

Step 5 : Determine the weights associated with each of the objectives fi, k=1,":-, K as _
given by equation (5).

Step 6 : Determine the aspiration level of each of the objectives fx, k=1,--, K as given
by equation (6).

Step 7 : Convert the objective functions into goals by introducing under-and over-
deviational variables.

Step 8 : Formulate the FGP model of the problem (P4) as in (7).

Formulate the FGP model of the MODM problem for the leader and the follower

by using the above algorithm and obtain the satisfactory solution for each of them.

4.2.2 Second Phase : Fgp Approach to Bll-Modm Problem
To formulate the FGP model of the BLL-MODM problem under consideration, the

objective functions at both the levels and the decision vector X1 are required to be
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transformed into fuzzy goals by means of assigning an aspiration level to each of
them. Then they are characterized by defining the tolerance limits for the achieve-

ment of the aspired levels of the goals.

Construction of Membership functions

Since the DM's of both the levels are interested in optimizing their individual benefits
over the same feasible region, the satisfactory solution for them, when calculated in
isolation, can be considered as the aspiration level for the associated fuzzy goal.

Let (X', X7, f¥; k=1,--,No)and (X}, X}, fL; k=1,"+, N2) be the satisfac-
tory solutions of the leader’s and the follower's MODM problem respectively ob-
tained by using algorithm (I).

Now the above solutions of the leader and the follower are disclosed. If their in-
dividual satisfactory solutions are same then the satisfactory solution of BLL-MODM
has been reached. But this rarely happens due to the conflict in nature between two
levels objective functions. The leader knows that using the optimal decision X;' asa
control factor for the follower is not practical. It is more reasonable to have some tol-
erance that gives the follower a feasible region to search for his optimal solution and
also reduce searching time or interaction. In this way the range of the decision vari-
able Xishould be “around X; with its maximum tolerance t:” and the following

membership function can be stated as

H —
W if XMof <X <X"
1
H _—
= (—Xl—J’:l)—Xl if XM <X, <X"4t, ®)
1
0 otherwise

where X|' is the most preferred solution; (X}’ —t) and (X]' +#) are the worst ac-

ceptable decision and the satisfaction is linearly increasing within the interval

[X{-t, X{'] and linearly decreasing within the interval [ X/, X;" +] and the other

decisions are not acceptable. The membership function is a triangular fuzzy number.
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X -t XF o Xt

Hy,

Figure 2. Degree of satisfaction of the vector controlled by the leader

The leader must specify his objective functions within the stipulated bounds to
the follower to direct/supervise him to search for his solution in the correct direction.
The upper bound ( f};) and the lower bound ( f;,) on the objective functions f;, ; k=
1, ---, Nican be obtained from the satisfactory solutions of the leader and the follower

as

fie =Max(fi;, fi)and  fi =Min(f, fi) ©)

This is due to the fact that at each level we have MODM problem which have
conflicting objectives, so it may happen that the solution of the second level may give
a better value of fu; k =1,--, N1 than the solution of the higher level. We use linear
membership function to model this information. Diagramatically we illustrate the

membership function of fi; k =1,+, N (see fig. 3).

0 fik

Hy

Figure 3. Degree of satisfaction of f1k
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Therefore the linear membership function is

1 € £00> £
e = %‘% i <fX)SFL k=1 Ny (10)
0 i f )<

For each possible solution available to the leader, the follower may be willing to
build the membership functions for his/her objective functions so that he/she can rate
the satisfaction of each potential solution. In this way, the follower has the following
membership functions for his/her goals:

1 if f(X)> fou
He = 12]}2;(_—)}21{2‘& if lekSka(X)SfZ”k;k=l,"',N2 (11)
0 if f(X)<fr

Where fzuk=Max(f;,f, fZLk) and f21k=Min(f2}I§’ fZLk)

Now in a decision making situation , the aim of each of the DM is to achieve the
highest membership value (unity) of the associated fuzzy goals. But in actual practice,
the achievement of all membership value to the highest degree is not possible due to
the limitation of the resources. In such a case, the FGP solution technique for solving
multi-objective decision analysis, is used for solving achievement problem of the
membership functions and thereby obtaining the most satisfactory solution.

The minsum FGP formulation of the problem can be presented as

Ny N,
(P6) Minimize Z= ) w, d;, + ZkadZ‘k + wyd, + w,d;
k=1 k=1

fuX)~ fis
flli _fllk

fzk (X) _lek
fzuk _lek

subject to +dy-di=1k=1,, Nt

+dy-dy=1 k=1-N (12)
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X, -X!
X! -Xx
X €5
dy, di, Z0with dy « dj,=

+ d;-d;=nh

0, k=1-Ni
dy,, d;, Z0with d;, + d;,=0, k=1, Nz
d;, d; Z O with d;-d;=0

where d;, d,; d,, d;, represent under and over-deviational variables respec-
tively from the aspired levels of the respective fuzzy goals, d;, dy represent the vec-
tors of deviational variables associated with the membership goals for the decision
vector X, liis the column vector with all elements equal to 1 and the dimensjon of it
depends on Xi, wik(k=1,", N1), wa (k=1,-, N2) and wy (j=1,---, n1) are numerical
weights associated with the deviational variables d, (k=1,"--, N1), d,, (k=1, ---, N),

and dj; and d;;(j=1,"-, 1) respectively.

The values of vector of weights w1, w2 and wsare determined as

1

Wi = ;k=1,2,-+, N1
1k 1k
1
w ;k=1,2,, N2 (13)
% f2k ka
w3j=—}-,-l—t ;i=1,2,,m
XI-xt

The FGP model (12) provides the most satisfactory decision by achieving the as-

pired levels of the membership goals to the extent possible in the decision-making
environment.

5. The Flowchart

The flowchart of the proposed method is given below:
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!

Sett=1

'

—»|  Consider the multi-objective problem at level t

Define the membership function of each

of the objectives as in eq. (1)

'

Construct the symmetric matrix as in (4)

Determine the weights associated with

each of the objectives as in eq. (5)

!

Determine the aspiration level of all the

objectives as in eq. (6)

!

Convert the objectives into goals by introduc-

ing under- and over- deviational variables

'

Formulate the FGP model as in eq. (7)
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Solve and obtain the satisfactory so-
lution of MODM problem

N
t=t+1
lY

Consider the MODM BLPP (P1)

l

Define the membership functions for the objectives of
both the DMs and the vector controlled by the leader as
in eq. (10), (11) and (8) respectively

l

Determine the weights associated with each

of the objectives as in eq. (13)

l

Set the aspiration levels of all the goals as 1

l

Formulate the FGP model as in (12) and obtain a satisfac-
tory solution of the BLL_ MODM problem

l
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6. Illustrative Example

To demonstrate the solution method for BLL-MODM, let us consider the following
example:

Consider the problem of transporting three types of products from a factory to
~ three different retailers. Products are transferred either directly from the factory to
the retailers or via the outlet. Let xu1,x12,x1s be the three different types of products
produced at the factory and x21, x22, x23 be the old stock for the products at the outlet.
The objectives that are considered at the first level are:

(i)  maximizing the total expected profit fu of the factory when the products are
supplied to the first retailer

(i) maximizing the total expected profit fi2 of the factory when the products are
supplied to the second retailer :

(iif) maximizing the total expected profit fi3 of the factory when the products are
supplied to the third retailer

The objectives considered at the second level are
(i)  maximizing the profit fz1 for the the first retailer
(i) maximizing the profit f22 for the the second retailer
(iii) maximizing the profit f25 for the the third retailer

The functional form of the problem is

f11(X) = 15x11 + 10x12 + 10x13
f12 (X) = 5x11 + 4x12 + 8x13
f13(X) = 2x11 + 3x12 + 3x13
£21(X) = 10x11 + 15x12 + 20x13 + 2x21+ 4X22 + 5x23
£22(X) = 8x11 + 10x12 + 20x13 + 4x21 + 2x22 + 3x23
£23(X) = 20x11 + 10x12 + 15x13 + 10x21 + 15x22 + 10x23
The set S of feasible choices is
2x11+3x12+2x13<100  (availability at factory)
X11+X12 + X13+ X21 + X2 + X238 < 150 (storage capacity at the outlet)
10 < xa1 + x21 £ 40
20 < x12+x2<45 (policy constraints)
15 < x13 + x23 < 30

X11, X12, X13, X21, X22, X23 > 0.
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First the satisfactory solution for the leader and the follower are obtained by us-
ing algorithm(T)

Consider the MODM leader’s problem

Max f11(X) = 15x11+ 10x12 + 10x13

Max fiz (X) = 5x11 + 4x12 + 8x13

Max f13(X) = 2x11 + 3x12 + 3x13

subject to XeS.

Table 1. Objective function values for different f;/s

Xi* f11(X1") fr(X2") f13(X3")
(40, 0, 10, 0, 20, 5) 700 280 110
(20, 0, 30, 0, 20, 0) 600 340 130
(10, 6.67, 30, 0, 13.33, 0) 516.7 316.68 130

The membership functions of the objectives fi1(X), f12(X) and fi3(X) are defined as
follows:

1 if £, (X)
_£,00-5167

Miso =4 Bop 5167 if 516.7 < £,(X) < 700 (14)
0 iff ,,(X)
1 if fu(X)2700
(X)—280 .
Hiyx = ——~——f‘§ 10380 if 280 < f,,(X) < 340 (15)
0 if f,,(x) <280
1 if f,(X)=700
(X)-110 .
Ky = ——ﬂf%_ o o i 110< f4(X)<130 (16)
0 , if fa(x)<110

The angles between the gradients of the objectives fu, fiz and fis are given by
c0s011,12=0.9231 and 611,12=22.616
c0s011,13=0.9308 and 611,13=21.44
cos012,13=0.857 and 612,13=16.86

The symmetric matrix which represents the non-conflict degree is arranged as
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fll .f12 f-]3

fo| 1 087435 0.881

A=n,, =f,|087435 1 0906
fisl 0881 0906 1

The weights associated with each objectives are obtained as
wit =0.91845 wi =0.92678 wiz=0.929

The aspiration level of these objectives are obtained by equating the values of
Wi, Wiz and Wis to the membership functions as defined in equations (14), (15) and

(16). The aspiration level for the objectives are
G = 685.05 G2 =335.61 Gi3 =128.58

Now for the obtained weights and aspiration levels, the equivalent FGP problem
for the leader’'s MODM problem can be presented as

Min Z = 0.91845 di” + 0.92678 d>~ + 0.929 ds~
subject to

15x11+ 10x12 + 10x13 + di” — dir* = 685.05

5x11 + 4xi2 + 8x13 + d2” — d2* = 335.61

2x11 + 3x12 + 3x13 + ds” — ds* = 128.58

Xeb

di, dr20withdi".dr=0;i=1, 2, 3.

Solving the problem, a satisfactory solution of the leader’'s MODM problem is ob-
tained as (37.01, 0, 12.99, 0, 20, 2.01) with fi = 685.05, fi2 = 288.97, fi3 = 112.99.
Secondly considering the follower’'s MODM problem

Max f21 = 10 x11 + 15x12 + 20x13 + 2x21 + 4x22 + 5x23
Max f22 = 8 xa1 + 10x12 + 20x13 + dx21 + 2x22 + 3x23
Max fa3 =20 x11 + 10x12 + 15x13 + 10x21 + 15x22 + 10x23
subject to XeS
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Table 2. Objective function values for different fy's

Xit f21(X1") £2(X2") £23(X3")
(20, 0, 30, 20, 45, 0) 1020 930 1725
(0, 13.33, 30,40, 31.67, 0) 1006.63 956.67 1458.35
(40, 0, 10, 0, 45, 20) 880 670 1825

The membership functions of the objectives f21(X), f2(X) and f23(X) are defined as
follows:

1 if £,,(X)>1020
fn(X)—-880 .
=2 — f 880 < f,,(X) <1020
‘ufm(x) 1020—880 1 fZl( )
0 if £,,(X) <880
1 if £,(X)>956.67
[ (X)—670 .
Hi0 = 9;277—676 if 670 < f,,(X) < 956.67
0 if £,(x)<670
1 if f(X)21825
fs(X)—1458.35 ,
=Bl 1458.35 < f,,(X) < 1825
0=\ 1805 145835 D fuX)
0 if f(x)<1458.35

The angles between the gradients of the objectives fz1, f2 and f2s are given by
021,22 =11.9856 021,23 = 34.014 022,23 = 36.946

The symmetric matrix is arranged as

f21 f22 f23

fu 1 09334 08110

A=7,, =f,|09334 1 07947
£08110 07947 1

The weights associated with the objectives are obtained as

w21 = (0.9148 w22 =(0.9096 w2 =(.8685
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The aspiration level of these objectives are determined as
G2 =1008.072 G2=93075  G2=1776.78

The equivalent FGP model for the followers MODM problem can be presented as

Min Z =10.9148 di” + 0.9096 d2™ + 0.8685 d3~
subject to
10x11 + 15x12 + 20x13 + 2x21 + 4x22 + 5x23 + di” — d1* = 1008.072
8x11 + 10x12 + 20x13 + 4x21 + 2x22 + 3x23 + d2” — d2* = 930.75
20x11 + 10x12 + 15x13 + 10x21 + 15x22 + 10x23 + d3~ — ds* = 1776.78
XeS
di,d*20withdi.dir=0,i=1, 2, 3.
A satisfactory solution is obtained as (20, 0, 30, 20, 45, 0) with
f21=1020, f2 =930, f=1725
Note : The solution of the MODM problem for the leader and the follower ob-
tained by using the weights and aspiration levels given by Moitra and Pal
are respectively (20, 0, 30,0,20,0) and (20, 0, 30, 20, 45, 0) with
f1=600, fi2=340, fi3=130, f2=1020, f»=930, f»=1725.

and that obtained by taking the aspiration level as unity and weights as

1

Wk = -
max min

= v k
Wy —wy

min

where w™ and w™ are the best and worst values of the kt objective function, are
respectively (20, 0, 30, 0, 20, 0) and (20, 0, 30, 20, 20, 0) with fi1 = 600, f12 = 340, fi3 = 130,
f21 =920, f22 = 880, £ = 1350.

A comparison shows that the solution obtained by the proposed method is better
achieved here in terms of achievement of objectives for both the DMS.

Now the leader and the follower discloses their satisfactory solution. Let the
leader decides that the control variable xu and xis can be relaxed upto 15 and 5 and

not beyond that.

Now by building the membership functions and determining the weights the
FGP model of the BLL-MODM can be formulated as

Minz = 0.01176d:™ + 0.019596d2™ + 0.05879ds™ + .0033327d4™ + 0.0030479ds
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+0.0021283d¢™ + 0.08326d7™ + 0.08326d7 + 0.1252 ds™ + 0.1252ds’

subject to
fu(X)~600
685.05~-600
f2(X)—288.97
340-288.97
f15(X)~112.99
130-112.99
fn(X)—~719.95 vd—d =1
1020-719.95
f(X)—~601.91
930-601.91
[f5{X)—1255.15 N
1725-1255.15
*1 -15
37.01-15

+dy—df =1
+d, —d, =1

+d; —-d; =1

+dy —d; =1
d; —d; =1

+d, -d; =1

T
12.99-5
XeS§

di,dit20withdi". dr=0 i=1,2,-,8.

Solving the above problem a satisfactory solution is obtained as (37.01, 0, 12.99,
2.99, 45, 17.01) with the objective functions value as
f11=685.05 fi12=288.97 f13=112.99
£1=900.93 f2 = 708.87 f23 = 1810.05

7. Summary and concluding Remarks

This paper has proposed a two-planner bi-level linear multi objective decision mak-
ing model and a solution method for solving this problem. Graphically the problem
considered can be positioned in the Figure 4.

The solution method uses the concepts of conflict among the objectives, tolerance

membership functions and multi-objective optimization at each level to develop a
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fuzzy-goal programming model for generating pareto-optimal solution for BLL-
MODM. The main advantage of the proposed method is that it uses the concept of
conflict among the objectives to generate weights and aspiration levels. In MODM
this can provide a more realistic framework to account for incommensurable and con-
flicting nature of the objectives. This is especially the case in a group decision situa-
tion. Also by adopting the leader-follower Stackelberg game, the solution method
simplifies a BLL-MODM by transforming into separate MODM problems at each
level. Thus the non-convex mathematical programming difficulty for optimal solution
of BLL-MODM has been avoided.
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Figure 4

The proposed FGP method gives a satisfactory solution for BLL-MODM keeping
the hierarchy intact. The leader provides the preferred values of decision variables
under his control and the bounds of his objective function to the follower. The infor-
mation then constraints the leader’s feasible region. An illustrative numerical exam-
ple has been provided to demonstrate the proposed solution method.

However, the proposed approach should be explored and extended to

the area of multi-level optimization, such as:

* Fuzzy approach is needed for dealing with multi-level, multi-objectives and mutli
decision maker’s problem.

* In most of the real world situations, the input data or parameters are often impre-
cise or fuzzy in nature, so models and algorithms for BLL-MODM and MLL-



26

ARORA AND GUPTA

MODM with fuzzy parameters in the objective functions and in the constraints

will be required in the near future.

* On the basis of the proposed approach, other membership functions such as

piecewise linear, exponential, hyperbolic or some specific power functions may be

needed for practical and interaction reasons. However, in such cases the problem

becomes non-linear programming problem. So the proposed method should be

extended to non-linear multi-level MODM programming problems.
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