Bull. Korean Math. Soc. 44 (2007), No. 4, pp. 701-708

WEIGHTED COMPOSITION OPERATORS ON LORENTZ
SPACES

SUBHASH CHANDER ARORA, GOPAL DATT, AND SATISH VERMA

ABSTRACT. In this paper we characterize the boundedness, compactness
and closedness of the range of the weighted composition operators on
Lorentz spaces L(p,q), 1 <p < 00,1 < g < oo.

1. Introduction

Let f be a complex-valued measurable function defined on a o-finite measure
space (X, A, ). For s > 0, define u; the distribution function of f as

pi(s) = p{z € X : |f(z)] > s}.
By f* we mean the non-increasing rearrangement of f given as
fr@t) =inf{s > 0: us(s) <t}, t>0.
For t > 0, let
t
o= [ res

For a measurable function f on X, define ||f||,, as

1/q
{airavnror s} 1 <pcm 120<o0

sup /P f**(t), 1<p < o0, ¢ = oco.
t>0

||f||p<1 =

The Lorentz space L(p,q) consists of those complex-valued measurable func-
tions f on X such that ||f||,q < oo. Also || - ||pe is @ norm and L(p,q) is a
Banach space with respect to this norm ([14], Theorem 3.22, pp. 204). The
LP- spaces for 1 < p < oo are equivalent to the spaces L(p,p). For more on
Lorentz spaces one can refer to [2, 5, 11, 12 and 14]. Let T : X — X be a mea-
surable (T ' (E) € A, for E € A) non-singular transformation (u(T~'(E)) =0
whenever p(E)=0) and u a complex-valued measurable function defined on X.
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We define a linear transformation W = W,, 7 on the Lorentz space L(p, q) into
the linear space of all complex-valued measurable functions by

Wur(f)(z) =u(T(2))f(T(2), = € X, f € L(p,q).
If W is bounded with range in L(p, q), then it is called a weighted composition
operator on L(p,q). fu=1,then W = Cr : f = foT is called a composition
operator induced by T. If T is identity mapping, then W = M, : f —» u - f,
a multiplication operator induced by u. The study of these operators on L?-
spaces has been made in [3, 6, 7, 13 and 15] and references therein. Compo-
sition and multiplication operators on the Lorentz spaces were studied in ([9],
[10]) and [1] respectively. In this paper a characterization of the non-singular
measurable transformations T' from X into itself and complex-valued measur-
able functions v on X inducing weighted composition operators is obtained
and subsequently their compactness and closedness of the range on the Lorentz
spaces L(p,q), 1 < p< 00,1 < ¢q < oo are completely identified.

2. Characterizations

Theorem 2.1. Let (X, A, p) be a o-finite measure space andu : X = C a
measurable function. Let T : X — X be a non-singular measurable transforma-
tion such that the Radon-Nikodym derivative fr = d(uT~)/dp is in Loo(p).
Then
Wyr:fuoT-fol
is bounded on L(p,q), l<p<oo, 1<qg<ocifu€ Loo(u).
Proof. Suppose b = || fr||sc- Then for f in L(p, q), the distribution function of
W f satisfies, where W f =W, r(f) =uoT- -foT,
pw s (s) plz € X : |u(T'(2) f(T(x))| > s}

= Iz € X : [u(@)||f(2)] > s}
pT~Hz € X : [lullollf(2)] > s}
bpfz € X :|lulloolf(2)] > s} = b pjjups(s)-
Therefore, for each ¢ > 0, we have

{s>0: pypuor(s) <t/b} C {s>0:pws(s) <t}

IN A

This gives
(WH*(t) = inf{s>0:puwys(s) <t}
< inf{s>0: Hllullwf(s) <t/b}
= inf{s>0:p{z € X : |ju||lo|f(z)] > s} < t/b}
= inf{jjullees > 0: p{z € X : |f(z)]| > s} < t/b}
= |lulloos™(t/b)
and consequently, we have

WH™®) < Nlulloo f**(2/8)-
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Therefore, for 1 < p < 00,1 < ¢ < 00,

Y A )
PJo
q * 1/p pxx dt
ulld, —/ /P t/b))? —
[Jull Po( f(t/b) ;
O lull, 11£11,-
For ¢ = o0, 1 < p € oo, we have

W fllpeo = supt/P(W f)™ ()
t>0

lullso sup /7 £*(8/6) = b"/Plulloo || flipoo-
t>0

,

IA

It

IN

Thus, W is a bounded operator on L(p,q), 1 < p < o0, 1 < g < 0o and
W llpg < bl/pHu“oo-

The result follows. O
The above theorem also holds if u € Loo(uT 1), that is uo T € Loo(11).

Theorem 2.2. Let u be a complez-valued measurable function and T : X — X
be a non-singular measurable transformation such that T(E.) C E. for each
e > 0, where E. = {z : |u(z)| > e}. If Wy 1 is bounded on L(p,q), 1 <p <
00, 1 <q< oo, thenu € Lo ().

Proof. If possible u be not in L. (u). Then for each natural number n, the set
E, = {z € X : |u(z)| > n} has a positive measure. Now using the fact that
T(E.) C E, equivalently xg, < x7-1( E,), we find that
{z: Ixp. (@) >s} C {z:|xr-1g.,)(@)] > s}
C Az [uw(T(@)xr-1(8,)(2)| > ns}.

Therefore
Wxg,)*®) = inf{s>0:p{z:|uoT(z)xs, cT(z)| > s} <t}
= ninf{s > 0: p{z : [u(T(2))X71-1(8,) (@) > ns} < t}
> ninf{s > 0: u{z : |x&, (z)| > s} <t}
= nxg, (1)
Thus we have
W)™ = 7 [ 0Vxs) (s

> nxg, (8.
This gives
lWxE)pg > nlIxE, llpq
which contradicts our assumption. Hence the result. d
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Now by combining Theorem 2.1 and Theorem 2.2 we have the following:

Theorem 2.3. Let u : X = C be a measurable function and T : X — X be
a non-singular measurable transformation such that the Radon-Nikodym deriv-
ative fr = d(uT1)/du is in Loo(p) and T(E.) C E. for each ¢ > 0, where
E. ={z : |u(z)| > e}. Then W, 1 is bounded on L(p,q), 1 <p<oo, 1<¢g<
oo if and only if u € Lo (). ,

Example 2.4. Let X = [0,1], 4 = Lebesgue measure. Consider T'(z) = /z for
all z € X. Then fr € Loo(p) (by Example 5.1 and Theorem 2.3 [9]). Let u be

defined as
[ 1/2, 0<z<1/2
“(’”)‘{ 1, 1/2<z<1.

Then T(E.) C E. for each € > 0, where

[0,1, O0<e<1/2
E. =< [1/2,1], 1/2<e<1
¢, e> 1L

Thus W, r is a weighted composition operator on L{p,q), 1 < p < 00, 1 £
g < 0.

Example 2.5. Let X = [0, 1], 4 = Lebesgue measure. Consider T'(z) = /x for
all z € X, and for any n, u,(z) = 2. Then we find fr € Lo (1), T(E:) C
E. and u, € Lo(p). Hence W, r is a weighted composition operator on

Example 2.6. Let X = R and 4 be o-algebra of Borel subsets and u be
Lebesgue measure. For a € Ria > 0 fixed, if we define T : X — X as
T(z) =z +a and u(z) =  for each z € X. Then puT~! <« p and fr € Loo(p).
Also T(E.) C E for all £ > 0. But W, r is not bounded as u does not belong
t0 Loo (). »

3. Compactness and closed range

In this section an effort has been made to discuss the compactness, the closed
range and the injectiveness of the weighted composition operator W = W, 1 :
fruoT. foT on the Lorentz spaces L(p,q), 1 <p < o0, 1 <g<o0.

Let T : X — X be a non-singular measurable transformation with fr =
d(uT~')/dy, the Radon-Nikodym derivative. If f7 € Loo(ut) and b = || f7|lco,
then for each f € L(p,q), we have for ¢t > 0,

(Wb = s > 0: ple: [u(T@)FT@) > s} < bt}
inf{s >0:pT~Hz:|(u- f)(z)] > s} < bt}
< inf{s > 0:p{z:|(u- f)@)] > s} <t} = (Muf)" (D),

A

and so we obtain
(3.1) IW fllpg < 521 Mo fllpg-
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Now if fr is bounded away from zero on S, i.e., fr > & a.e. for some & > 0,
then

pT~Y(E) = / frdp > Su(E)
E
forall E€ A, ECS, where S = {z : u(z) # 0}. Thus we find that

(3.2) IW fllpg = 8/%|| My flpg-
Hence for each f € L(p,q), 1 <p < o0, 1 < ¢ < 00, we have
(3.3) allMufllpg < W fllpg < BIMu fllpg

for some a, § > 0, whenever fr € L., (1) and is bounded away from zero. From
this observation (3.3) and the results of (1], Theorem 3.1) or ([4], Theorem 2.4),
we have the following:

Theorem 3.1. Let T : X — X be a non-singular measurable transforma-
tion such that fr € Lo(u) and is bounded away from zero. Let u : X — C
be o measurable function such that W, is bounded on the Lorentz space
L(p,q), 1<p<o0, 1< qg< oo. Then the following are equivalent:

(i) Wy, is compact,

(if) M, is compact,

(iii) LP4(u,€) are finite dimensional for each ¢ > 0, where

LM(u,e) = {fX(ue) : f € L(p, @)} and (u,e) = {z € X : |u(z)| > &}

Since W, 7 = CrM,, a sufficient condition for the compactness of the
weighted composition operator W, on L(p,q), 1 < p < o0, 1 < ¢ <
follows using ([9], Theorem 3.1).

Theorem 3.2. Let T : X — X be a non-singular measurable transformation
with fr € Leo(p) and u : X — C be a measurable function such that u € Lo, ().
Let {An} be all the atoms of X with u(A,) > 0, for each n. Then W, r is

compact on the Lorentz space L(p,q), 1 < p < oo, 1 < q < oo if u is purely

atomic and

_ ,UT_l(An)
p(Ayn)

Theorem 3.3. If i1 is non-atomic measure and W, is bounded on the Lorentz

space L(p,q), 1 <p < o0, 1 < g < oo. Then W, r is compact if and only if
u-fr=0a.e.

bn — 0.

Proof. Suppose W = W, r is compact. If u - fr # 0, then there exists some
k > 1 such that the set

E={zxe X :|u(z)| and fr(z) > 1/k}

has positive measure. Since y is non-atomic we can find a sequence {E,} of
measurable subsets of E such that E, 1 C E,,

u(En) = 5=, 0< a < u(E).
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Let en = xE,/||XE.|lpg- Then {e,} is a bounded sequence in L(p,q). For
m,n € N, let m = 2n, then for ¢ > 0,

(We, — Wey)*(t/k)
inf{s >0:p{z € X : |u(Tz)e,(Tz) — u(Tz)en(Tx)| > s} < t/k}
= inf{s > 0:uT{y € Bn : [uy)len(y) — em(y)| > s} < t/k}

> inf{s>0:p{y € E,:len(y) —em(y)| > sk} <t}
= (1/k)inf{s > 0: p{y € B, : len(y) — em(y)| > s} < t}
> (1/k)inf{s > 0: u{y € B, \ Em : len(y) — em(y)| > s} < t}.

This gives

_ * 1 (XE'n \Em)*(t)
Wen —Wem)*(t/k) > PR
Hence ;
1 H(En \ EM) e
Weo = Wenlyy > 3 (“22520) 7

for some £ > 0 and large values of n.

Thus {We,} does not admit a convergent subsequence, which contradicts
the compactness of W. Hence u - fr = 0 a.e.

The converse is obvious. O

The following theorem establishes a characterization for a weighted compo-
sition operator to have a closed range on L(p, q).

Theorem 3.4, Let T : X — X be a non-singular measurable transforma-
tion with fr in Lo(p) and is bounded away from zero. Let w : X — C
be a measurable function such that W, r is bounded on the Lorentz space
L(p,q), 1 <p < o0, 1<q<o00. Then W, 1 has closed range if and only
if there exists a 6 > 0 such that

lu(z)] > 6 a.e.
on S ={z € X :u(x) # 0}, the support of u.

Proof. Suppose that W = W, 1 has closed range, then there exists an € > 0
such that

W fllpg > €ll fllpgs
for all f € LP9(S), where

LP9(S) ={fxs: f € L(p,q)}-

Choose § > 0: b'/P§ < ¢, where b = || f7|co-
If possible E = {z € X : |u{z)| < 6} has positive measure, that is 0 < u(E) <
oo and so xg € LP4(S). Therefore using (3.1) we obtain

||WXE||pq < bl/p”“'XE“pq
< bl/pd”XE”pq < ellxellpgs
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which is a contradiction. Therefore |u(z)| > § a.e. on S.
Conversely if |u(z)] > 6 a.e. on S, then using fr > k a.e. for some k > 0
and (3.2) we have, for f € L?4(S),

W fllpg > kl/p”“ “ fllpq
> kY2 fllpg.
Therefore W has closed range being ker(W) = LP4(X \ S). O

Corollary 3.5. If T™'(E.) C E. for each € > 0 and W, 1 has closed range,
then |u(z)| > 0 a.e. on S = {z € X : u(x) # 0} for some § > 0.

The following Theorem follows directly using the observation (3.3) and ([1],
Theorem 4.1).

Theorem 3.6. Let T : X — X be a non-singular measurable transforma-
tion such that fr € Lo.(u) and is bounded away from zero. Let u : X — C
be a measurable function such that W, 1 is bounded on the Lorentz space
L(p,q), 1<p<oo, 1<q<co. Then the following are equivalent:

(1) Way,r has closed range,
(2) M, has closed range,
(3) |u(x)] > & a.e. for some § >0 on S = {z:u(z) # 0}.

Theorem 3.7. If u is non-atomic measure and W, 1 is bounded on Lorentz
space L(p,q), 1 < p < o0, 1 < ¢ < oo, then W, 1 is injective if and only if
uoT #0 a.e. and T is surjective.

Proof. Suppose that W, 1 is injective. If T' is not surjective then there exists
a measurable set F' C X \ T(X) such that 0 # xr € L(p,q), then W, rxr =0
so that W, r is not injective, a contradiction. Further, suppose there exists
a measurable set E = {z € X : |[uoT(z)| = 0} such that u(E) > 0. Then
we can find a measurable set A such that T71(A4) C F and u(A) < co. Then
x4 € L(p,q). Also (uoT - xaoT)*(t) =0, for all t. This gives a non-trivial
kernel of W,, 7, which is a contradiction. Hence uo T # 0 a.e.

The converse part is obvious. O
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