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Reliability Estimation in an Exponentiated Logistic
Distribution under Multiply Type-II Censoring
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Abstract

In this paper, we derive the approximate maximum likelihood estimators
of the scale parameter and location parameter in an exponentiated logistic
distribution based on multiply Type-II censored samples. We compare the
proposed estimators in the sense of the mean squared error for various
censored samples.

We also propose and compare the estimators of the reliability function
by using the proposed estimators of the parameters.

Keywords : Approximate Maximum Likelihood Estimator, Exponentiated
Logistic Distribution, Multiply Type-II Censored Sample, Reliability

1. Introduction

A random variable X is said to have an exponentiated logistic distribution if X
has the probability density function (pdf) of the form

-~ =A-1 —
f(m;0,0)=—)l[1+exp{—x———o~” exp{—-u}, 0, A>0, —o0 << oo. a.1n
o 4 o

In the special case, when A=1, this distribution is the logistic distribution.
Two-parameter exponentiated Weibull distribution was introduced by Mudholkar
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and Srivastava (1993), which is an extension of the well-known - Weibull
distribution. Shao (2002) provided a full solution for the maximum likelihood
estimates of the Type-I generalized logistic distribution.

The approximated maximum likelihood estimating method was flrst developed by
Balakrishnan (1989) for the purpose of providing the explicit estimators of the
scale parameter in the Rayleigh distribution. Balakrishnan et al. (2004) -discussed
point and interval estimation for the extreme value distribution under progressively
Type-1I censoring. Kang and Park (2005) derived the approximate maximum
likelihood estimators (AMLEs) of the scale parameter in the half-logistic
distribution based on multiply Type-II censored samples. Chiou (1987) proposed a
preliminary test estimator for the reliability of an exponential life-testing model.

Recently, Han and Kang (2007) obtained the AMLEs of the scale parameter and
the location parameter in a generalized extreme value distribution under multiply
Type-1I censored sample. Ali et al. (2007) studied the properties of some new
exponentiated distributions which include the two-parameter exponentiated logistic
distribution. They also obtained the moments of the distributions.

In this paper, we derive the AMLEs of the scale parameter ¢ and the location
parameter 6 under multiply Type-II censoring when the parameter A is known.
The scale parameter is estimated by approximate maximum likelihood estimation
method using two different Taylor series expansion types. We also propose the
estimators of the reliability function by using the proposed estimators of the
parameters and ‘compare the proposed estimators in the sense of the mean squared
error (MSE).

2. Estimators of the Two Parameters
Let

)(;z,:.ns )(a.,:nS S Xa,:n (21)

be the available multiply Type-II censored sample from the exponentiated logistic
distribution with pdf (1.1), where

1= g <a<..<g,=n

and X, ., is the a;th order statistic.
Let ay=0, a,,, =n+1, Fla,.,)=0, Flz,  .,)=1, then the likelihood function based
on the multiply Type-II censored sample (2.1) can be written as
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s+1 [F(-'l'aj:n)_ﬂzaj_‘:n)]ﬂj—aj7]_1
0 YO, T —"I’L'Hf a n)]._.[ (aj_aj_l—l)!

(22)

The random variable Z.,=(X;.,—9)/c has a standard exponentiated logistic
distribution with pdf and cumulative distribution function (cdf);

f(z) =/\[1+e_’]_A—le_Z, F(z)=[1+e*]™, —c0o<z<00,A>0.
Since

f(z) _ Ae? fz) 14X,

= -1
Fiz) 1+e’ ) 14e°
we can obtain the likelihood equations as follows;
-7, .
BlnL_ 1 e an f(Za,:n) L
20 o s+(al—1)/\—1+TZo._:nZ“‘:"_(n_as)T—TZa:—n)—Z‘":" jz;lZaj:n
f(Z:,j.n)Z,j;n~f(Z ln) (2.3)
1+)\)1211+e 7 Z +2(a -1) F(Z ) HZ ”n)
=0
and
-z, -z,
dlnL _ 1 e o (2, ) g
® o (al_l)/\1+e_z““"-(n_as)1—F(Za,:n)+(1+/\)j=zl e 2
J (Z, )~ f(Z].,,;,.v) (2.4)
+j:22(aj_aj_l )F.(Z ) (Zjil;")

Since the likelihood equations are very complicated, the equations (2.3) and (2.4)
do not admit explicit solutions for o and 6, respectively.
Let

&= F'(p,) =—In[p;*~1] where p,=

? .
——, g=1—p, A .
1 Y 1-p;, A is known

First, we can approximate the following functions by

yin = K1 0,2, (2.5)
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1(z,..)
1—H%Za,m) Zyn ™01t By (2.6)

and

f(Zaj:n)Zaj:n_f(Zaj_l :n)Zaj,l n
FZ )-Fz ) za1j+ﬂ1jZaj:n+71jZ : 2.7

4, n

where
__p'll//\[l 1//\]&(l [1 pl/)‘ga] [l_p;fA]

2(&,)
———[f( )+ T }

f,(gaj)g“i f ( “j—l)ﬁ"jﬂ - 1 ’
=K'= Do, 7Py, , ’ ﬁlj B Py, 7P, [(1_1()f(€“1) +f (éj)éﬂj]
1 5)e,-FE, 8,

—[0-R1e, )+ (G0, ], K=

&)
&

(]

m=%L@Hf@mﬁ

a, a,

By substituting the equations (2.5), (2.6), and (2.7) into the equation (2.3), we
can derive an estimator of o as follows;

. B+Ch
0'1= —AT—“ (28)
where
A= s+(a,— DAk, —(n—a,)a, + 1+/\)ZK,1]+E a;—a;_ —1)ay,
Bl = (a’l—1)A611/Yal:n_(n-a‘s)ﬂlXa,:n+(1+’\)261anj:n_Eij:n
j=1 ji=1
+E(aj—aj—l_1)(IBIjX:zj;n+’Ylj)(aj,l:n)
j=2
G =(a,— )M, — (n—a,)B, +(1+2) 251] s+§](a —a;_; —1)(By; +my).
Second, we can approximate the followmg functlons by
e—Zu}:n

~Z, . = K9t 05 2 0 (29)

1+e
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12, )

TRz 7=+l (2.10)
1(2,..)
A7, -7, ) o Pulan™ By o @11
and
2, )
Zz )-FlzZ . )za3j+133jzaj:n+73jzaj_,:n (2.12)
where
[t st A
£,) )
012='ql— f(ga')_—f,(g“')g“-_ q, ' gu']’ 'B2= :]L f,(gax)_‘_ ga.
a, a, o, o,

£le,)
o= [+ OF () - F (6)8,],  By=—— if(c;)— E"’}

’ pui_pai—l =pﬂj_paj-l p“j -1
£&)f(E, ) 1
e ) m, Q3= paj—.pa,-—, [(1 +Kjf(€aj~\) —f, (gjgl)g"i“]
)1, ) . £, )
Y ——-m’ Yo = paj —paj-\ [f (faj"')+ﬁ: .

By substituting the equations (2.9), (2.10), (2.11), and (2.12) into the equation
(2.3), we can also derive the other estimator of ¢ as follows;

. - VB2—4sC,
o, =Bt VB 4G (2.13)

2 2s

where

8 S
By = (o, —1)AkpX,, , — (n—a,)apX, ., +(14+A) Y kX, o= D Xy .
i=1 i=1
+ Zz(a’j_aj—l - 1)(a2j/Ya_,-;n -a3an.,, :n)
i

7

—{(a1 —1)Aky —(n—a,)a, +(1 +)\)§5:nzj—s+i(aj—aj_1 - 1)(a2j—a3j)}é
= i=2
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Cy= (=108 (X, 00— (10 )y K, =B+ (4N Dy (X, )"

+Z(aj—aj—1_1){ﬁ2j(Xa :n_é)2+272j(&.;n_é)(-Xaj 1in 0) ’73.1( @7 5)2}

Next, Equatlon (24) does not admit an explicit solutlon for 6. But we can
expand the following function as follows;

1z,
F(Z

)_ ( a :n)
) F( 1 )~a4j+ﬁ41 +741Za,-, in (214)

-1 7

where
a a2_1 a3]’ 134] ﬂ?] ﬂ3]7 and 74] 72] ’YS]
By substituting the equatlons (2.9), (2.10), and (2.14) into the equation (2.4), we
can derive an estimator of 8 as follows;

(2.15)

T)
ol

where
E=A4B,—~ A\By, D=A4,C,—A,C,

A,,=(a1—1)/\fc21-—(n*as)a2+(1+/\)2n2j—3+2(aj—aj_l—1)a4j
i=1 i=2 .
BO= (al_1))‘621Xal:n_(n_as)B2Xa,:n+(1+)‘)262anj:n
=1
2 DBt 1K)
=

Cy=(a, —1)A6y — (n—as)ﬁ2+(1+)\)zs:62j+ ifz(aj—aj_1 = 1)(Byj+y).
C =1 =

From the above formulas, the mean squared errors of the proposed estimators
are simulated by Monte Carlo method for sample size n=20,50, and various
choices of censoring (m=n—s is the number of unobserved or missing data)
under multiply Type-II censored sample. These values are given in Table 1, Table
2 and Table 3. ‘

The estimator o, and @ are linear functions of available order statistics and o,
is more efficient than 7, in the sense of the MSE.

As expected, the MSEs of all estimators decrease as sample size n increases.
For fixed sample size, the MSEs increase generally as the number of unobserved
or missing data m increases and the MSEs decrease generally as X increases.
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3. Estimation of the Reliability

The probability of survival of an item until time t (called the reliability at time
t) in the exponentiated logistic distribution with pdf (1.1) is

R(t)=1-Ft) =P X>t]=1— [1 +exp{—$—;i}}_)‘, t>8, o, A>0. 3.1

Now, we consider the estimation of the reliability function R(¢) in the
exponentiated exponential distribution based on the multiply Type-1II censored
sample (2.1).

We now propose the estimators of the reliability function R(t) by using the
proposed estimators ¢;,i=1,2 and 6 that can be used for multiply Type-1I
censored sample as follows;

R(t)=1-

g

A V1=A
1+exp{—x?0}} , i=1,2. (32

From the equation (3.2), the mean squared errors of these estimators are
simulated by Monte Carlo method for sample size n=20, m=0 and m=6 (a;=1,

2, 6~9, 12~15, 17~20) (see Fig 1 and 2). The MSEs of all estimators increase
and then decrease as R(t) increases.

For m=0, the estimator &,(t) is generally a little more efficient than Z(t). For
multiply Type-II censored sample (m = 6), the estimator Ry(t) is generally more
efficient than R(t) when A=0.5 and R(t)<06. But the estimator R(t) is
generally more efficient than 2,(t) when A=0.5 and R(t) = 06.

For A=2.0 and m =6, the estimator &(t) is generally more efficient than R,(t)
when R(t) <0.3, but the estimator Ry(t) is generally more efficient than &(t) when
R(t) >03. That is, the estimator Z(t) is generally more efficient than Ryt) for

small R(t), but the estimator &(t) is generally more efficient than &(t) for large
R(t).
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<Fig. 1> The relative mean squared errors of the reliability function R(t)
(A=025),
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<Fig. 2> The relative mean squared errors of the reliability function R(t) (A=20).
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<Table 1> The relative mean squared errors for the proposed estimators of the
location parameter # and scale parameter o (A=0.5).

] MSE MSE
e ’ 0 [ o2 " ’ 0 oy oy
o 1~20 |o250435[0037337[003%480| | 0] 1~50  [0.102291 | 0015413 | 0015593
(| 1~19 |o261315| 0030486 | 00d0072| | | 1~49  |0.102415 /0015728 | 0015854
2~20 | 0250617 | 0.089023 | 0.040131 2~50  |0.102292 | 0.015697 | 0015877
1~18 0263866 | 0.041848 | 0.042227 1~48  |0102617| 0016019 0016122
2| 3~20 |0259719| 0040872 |0042000| | 2| 3~50  |0.102319 | 0.016003 | 0.016181
2~19 | 0.261545 | 0.041354 | 0.041870 9~49 0102415 | 0.016012 | 0.016136
1~17  |0271862 | 0.045019 | 0.045256 1~47 | 0102864 | 0016347 | 0.016424
3| 4~20  |0250868|0042001 [0043003| | 3| 4~50 10102375 (0016245 | 0016425
2~18 0264215 |0.044019 | 0.044327 9~48  |0102618 | 0.016311 | 0.016412
0 2~17 | 0272454 | 0047544 | 0047702 | - o~47  |0.102867 | 0.016654 | 0016727
4~19 10261851 | 0.045639 | 0.046070 4~49 10102501 | 0016576 | 0.016697
4l 3~18  |0264397|0.046340 |0.046630| | 4| 3~48  |0102647 | 0016633 | 0.016729
9~4 9~4
714 1620 | 0:250054 0039196 | 0.045466 12 e 0102200 0015732 | 0.017262
3~17  |0272858 | 0.0650324 | 0.050427 3~47 10102899 | 0016988 | 0017068
s| 4-18 0264706 0048989| 0040188 | | | 4~48  |0102707 | 0016383 | 0.016%84
10~ 2~6
2~6 10~19 |0.262083 | 0.041698 | 0.04479% 10~ S 55| 0.102303 | 0015743 | 0017252
4~17 0273467 | 0.053486 | 0.053502 A~47  |0.102965 | 0017257 | 0.017324
6| 126~9 6| 126~9

12016 57 2 oy | 0260377 | 0.038329 | 0.060209 191507 2 5| 0102308 | 0015559 | 0.018472
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<Table 2> The relative mean squared errors for the proposed estimators of the
location parameter 6 and scale parameter o (A=10).

MSE MSE

nim a; ~ ~ ~ nim a; ~ ~ ~
7 7
0 oy g, 0 gy gy

0 1~20 0.150310 | 0.034477 | 0.035482 0 1~80 005902 | 0.014201 | 0.014367

1 1~19 0.150353 | 0.036253 | 0.036907 1 1~49 0.069497 | 0.014464 | 0.01459
2~20 0.150419 | 0.036240 | 0.036918 2~50 | 0069521 | 0.014464 | 0.014607

1~18 0150398 | 0.038034 | 0.038530 » 1~48 0059509 | 0.014703 | 0.014821

2 3~20 0.150792 | 0.038340 | 0.038907 2 3~50 0059542 | 0.014768 | 0.0148%
2~19 0.150421 | 0.038188 | 0.038481 2~49 0.059515 | 0.014727 | 0.014834

1~17 0151298 | 0040604 | 0.040991 1~47 0059519 | 0.0149%58 | 0.015057

3 4~20 0151318 | 0.040868 | 0.041327 3 4~50 0.059540 | 0.015043 | 0.015159
2~18 0.150417 | 0.040233 | 0.040364 2~48 0.06%26 | 0.014973 | 0.015066

20 2~17 0.151255 | 0.043119 | 0043129 | o) 2~47 0.059534 | 0.015239 | 0.015313

4~19 0.151234 } 0043259 | 0.043288 . 4~49 0.059532 | 0.015322 | 0.015401
4 3~18 0.150701 | 0.042300 | 0.042788 4 3~48 0.053545 | 0.015290 | 0.015368

2~4 2~4
714 16~20 | 0150953 | 0.036376 | 0.040896 714 1650 | 008943 | 0014502 | 0015705
3~17 0.151439 | 0046123 | 0.045068 3~47 0069652 | 0.015567 | 0.015626

5 48 0.151121 | 0.045074 | 0.045816 5 48 0.069541 | 0.015579 | 0.015644
2~6 10~19 | 0151673 | 0.038298 | 0.0403% 10~129~261~50 0.059574 | 0.014507 | 0.015708
4~17 0.151739 | 0.049834 | 0.04%519 4~47 0069546 | 0.015869 | 0.015913

6 126~9 16| 126~9 -
12~15 17~90 | 0-151785 | 0.035482 | 0.045178 19~15 17~50 0.05959 | 0.014375 | 0.016831

<Table 3> The relative mean squared errors for the proposed estimators of the
location parameter ¢ and scale parameter ¢ (A=20)..

. MSE MSE
a.; ~ ~ Py a. ~ ~ ~
mm ’ 9 o, o, nypm J ] o, o,
0 1~20 0.108670 | 0.032837 | 0.033119 0 1~50 0.043183 | 0013382 | 0.013462
{ 1~19 0.108868 | 0.034411 | 0.034452 1 1~49 0.043240 | 0013613 | 0.013671
2~20 0.111277 | 0035128 | 0.035130 2~50 0043517 | 0.013713 | 0.013752
1~18 0.108997 | 0035891 | 0.035789 1~48 0.043263 | 0013328 | 0.013878
2 3~20 0.115350 | 0.037763 | 0.037732 2 3~50 0.043924 | 0014102 | 0014130
2~19 0.111549 | 0036904 | 0.036646 2~49 0.043575 | 0013945 | 0.013961
1~17 0.108998 | 0.038123 | 0.037900 1~47 0.043291 | 0014045 | 0.014081
3 4~20 0.120840 | 0.040881 | 0.0407% 3 4~50 0.044253 | 0.014481 | 0.014501
2~18 0.111769 | 0.038676 | 0.038287 2~48 0.043600 | 0.014167 | 0.014175
2~17 0.111814 | 0.041259 | 0.040756 2~47 0.043632 | 0.014397 | 0.014390
2 4~19 0.121448 | 0.043188 | 0.042839 | 50 4~49 0.044322 | 0014733 | 0.014728
4 3~18 0116145 | 0.041852 | 0.041430 4 3~48 0.044014 | 0.014574 | 0.014570
9~4 2~4
714 16~70 | 0111821 | 0035169 | 0.037582 714 16~50 | 0043603 | 0013744 | 0.014423
3~17 0.116326 | 0044915 | 0.044365 3~47 0.044062 | 0.014R17 | D.014798
5 4~18 0.122092 | 0.045698 | 0.045217 5 4~48 0.044351 | 0014972 | 0.014959
2~6 10~19 | 0.112461 | 0.036880 | 0.037725 10~1%~261~50 0.043629 | 0.013742 | 0.014461
4~17 0.122501 | 0.049347 | 0.048746 4~47 0.044394 | 0.015220 | 0.015201
6| 126~9 6! 126~9
19~15 17~op | 0111167 | 0.033433 | 0.089407 1215 1750 | 0043489 | 0013547 | 0.015088
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