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AN EXTENSION OF THE CONTRACTION MAPPING
THEOREM

IoannNis K. ARGYROS

ABSTRACT. An extension of the contraction mapping theorem is provided in a Ba-
nach space setting to approximate fixed points of operator equations. Our approach
is justified by numerical examples where our results apply whereas the classical
contraction mapping principle cannot.

1. INTRODUCTION

Many problems in applied sciences are reduced to finding fixed points of operators
on appropriate spaces. One of the most important results in fixed point theory is the
so-called contraction mapping theorem or principle [1] and [3, Theorem 1 (1.XVI)].

It asserts that if a contraction operator F is mapping a closed subset D of a
Banach space X into itself then F has a unique fixed point z* in D.

In this study we show how to extend this result in cases not covered before.

Our approach is justified by a numerical example appearing in many discretization
studics in connection with the solution of two point boundary value problems [1] and

2].
2. APPROXIMATION OF FIXED POINTS

We provide the following fixed point theorem:

Theorem 1. Let Q: D C X — X be an operator, p, q scalars with p < 1, ¢ > 0
and xo a point in D such that:

(1) Q) — QW) < gllz — ylI” for ali z,y € D.
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Set a = qﬁ and b = q% |Q(z0) — xo||. Moreover assume:
(2) 0<b<l
and
U(zo,7) ={z € X | Jlx — || <7} C D,

where,
(3) r > [|Q(z0) - zoll +a [V + -+ + "],

Then sequence {z,} (n > 0) generated by successive approzimations
(4) Tnt1 = Qz,) (n>0)

remains in U(zg,r) for all n > 0 and converges to a fized point x* € U(xg,r), so
that for alln > 1:

(5) [ €n41 — znll < ab?” < ab™
and
lzn — 2% < @ lim [BP" + -+ 7] = ¢y

<a lim [bnp ot b(n+m—1)p]

m—0o0
ab™
< .
©) 1P
Moreover if
(7) r<gq /P

then x* is the unique fized point of Q on U(xo,7).
Proof. By hypothesis (3) Q(zo) = z1 € U(zo,r). Let us assume z € U(xo,r) for
k=0,1,...,n. Then by (1), (2) and (4) we obtain in turn

Znt1 — zoll = 1Q(@n) — Q(zn-1)Il < gliTn — Tn-1]P

< q(qllzn-1 — Tn-2||P)?
<... < q1+P+P2+--'+p"_1 oy — $0|I”n

!
< qrﬁllrm — zo|P < ab”" < ab™,

which shows (5).
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Using (3) and (5) we get

lznt1 — Zoll < 1Tnt1 = Znll + lzn — Taoall + - + Iz — 21| + |22 — o]

(8) <alP" + - + W) + ||z —wol <y
which shows z,4+1 € U(zp,r). Moreover for all m > 0 we can have

”-Tn+m - xn” < ”zn—f-m - xn+m—1” + ”-Tn—{—m—l - xn+m—2|l +---+ ”-’L'n+1 - xn”

Sa[bpn+7n 1 ++bpn]
< a[b(n+m—1)p R bnp]
1 bmp
= ab™
©) abr -

which shows that {z,} is a Cauchy sequence in a Banach space X and as such it
converges to some z* € U(xg,r) (since U(zo,r) is a closed set). By letting m — oo
in (9) we obtain (6). Furthermore by letting n — oo in (4) we obtain z* = Q(z*)
(since Q is continuous by (1)).

Finally to show uniqueness, let y* € U(zg, r) be a fixed point of (). Then we can
get as above

|Znt1 — 4"l = 1Q(zn) — QYN < gllzn — y*|I
< q(gllzn-r — ¥*|IP)?P
(10) <. <ab,
where,
b1 = q%r .
It follows by (7) and (10) that lim z, = y*.
T-—00
Hence we deduce
=y

That completes the proof of Theorem 1.

Remark 1. (a) Case p > 1. Under hypotheses (1), (2) and (3) the proof of the
theorem goes through since [bP" + --- + bpn+m41] is still a Cauchy sequence but
estimate (6) only holds as

(11) 0 — 2*]) < cn-
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(b) Casc p =1 3, Theorem 1 (1.XV)]. We simply have the contraction mapping
principle with hypotheses

(12) 0<gx<1
(13) r > 1Q(o) — zof
l1-gq

corresponding to (2) and (3) respectively whereas estimates (5) and (6) are
(14) [Zn+1 = zall < ¢"[1Q(z0) ~ o
and

-z
(15) o — || < “Q(:I{Oi - Oan‘

3. APPLICATIONS

Next we provide a numerical example to show that our Theorem can apply in
cascs where p # 1. That is in cases where the contraction mapping principle cannot

apply.

Example 1. Let X = R™"! with m > 2 an integer. Define operator ) on a subsct
D of X by

(16) Qw) =H+ h¥p+ 1)M
where, h is a real parameter, p; > 0,
[ 2 -1 0o - 0
-1 2 -1 0
H = 0 -1 2 -1 {’
| 0 -1 2
[ w? 0
M= 0 wh 0 ,
| 0 wﬁb_l
and w = (w1, ws, ..., Wy-1).

Finding fixed points of operator Q is very important in many discretization stud-
les since e.g. many two point boundary value problems can be reduced to finding
such points [1] and [3].

Let w € R™™1, M € R™ ! x R™!, and define the norms of w and M by
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and
m-—1
M| = 2.
1M 15%6%(_1;17%1

For all w,z € R™! for which |w;| > 0, |zj| > 0, j = 1,2,...,m — 1 wc obtain, for
say p=3

. 3
IQ0w) - QI = |aing { 312w} - 1)}
_3, 12 _ 1/
=5h ISjSm_liwj 2|
3.2 1/2
< §h [max |w; — z;|]
(17) = SRl — 22

Sct ¢ = 3h%. Then a = ¢% and b = ¢?||Q(x0) — zo||. It follows by (17) that the
contraction mapping principle cannot be used to obtain fixed points of operator @

since p = % # 1. However our theorem can apply provided that xg € D is such that
(18) 1Q(w0) — moll < g2

That is (2) is satisfied. Furthermore r should be chosen to satisfy (3) and we can
certainly set U(xzg,7) = D.
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