J. Korea Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN 1226-0657
Volume 14, Number 4 (November 2007), Pages 231-253

NULL CURVES IN A SEMI-RIEMANNIAN MANIFOLD
OF INDEX 2

DAE Ho JIN

ABSTRACT. The purpose of this paper is to study the geometry of null curves in
a semi-Riemannian manifold (M, g) of index 2. We show that it is possible to
construct new Frenet equations of two types of null curves in M.

1. INTRODUCTION

Many authors have belicved that the null curves in an n-dimensional semi-
Ricmannian manifolds of index 2 has only one type of Frenet cquations which arc
madc up of 1-timelike and (n — 1)-spacelike vector fields. But Duggal and I showed
that it is possible to construct two types of Frenct frames suitable for the null curves
in a scmi-Ricmannian manifolds (M, g) of index 2 such that each invariant under
any causal change. This is then followed by constructing general Frenet equations
(called compound general Frenet equations) which include all the possible forms of
the two types ([4]).

The objective of the present paper is also to study null curves in a semi-Ricmann-
ian manifolds (M, g) of index 2. We show that it is possible to construct two types
of new Frenct frames suitable for (M, g) (called Natural Frenet frames) such that
cach invariant under any causal change, which is more simple types than the Frenet
frames in [4]. This Frenet frames and its Frenet equations are not unique as they
depend on the parameters on the null curve and the screen vector bundles. To
decal with this non-uniqueness problem, we construct a unique Frenet frame (called

Cartan frame) along null curves in M with the minimum number of the curvature
functions.
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Much of the work will be immediately gencralized in a formal way to arbitrary

scmi-Ricmannian manifolds of arbitrary index q.
2. GENERAL FRENET FRAMES

Let (M, g) = M, be a rcal (m + 2)-dimensional semi-Riemannian manifold of

index 2 and C be a smooth null curve in M, locally given by
et =z'(t), telIcR, i€{0,1,...,(m+1)}
for a coordinate neighborhood U on C. Then the tangent vector field % =C'=
of C on U satisfies
g(A A)=0.
Denote by T'C the tangent bundle of C and TC* the TC-perp ([9]). Clearly, TC+
is a vector bundle over C of rank (m + 1). Since A is null, the tangent bundle 7C
is a vector subbundle of TC*, of rank 1. Suppose S(C) denotes the complementary
vector subbundle to T'C in TC1, then we have
TCt = TC ®orn S(C),

where @or¢n means the orthogonal direct sum. We call S(C) a screen vector bundle
of C. It follows that S(C) is a non-degenerate vector subbundle of TMa, of rank
m ([3]). Thus we have

(1) TMalc = S(C) ®oren S(C)*.

Theorem 1 ([3]). Let C be a null curve of Ms and let S(C) be a screen vector
bundle of C. Then there erists a unique vector bundle ntr(C) over C of rank 1 such
that, on each coordinate neighborhood U C C, there is a unique section N € ntr(C)ly
satisfying

@) g\ N)=1, g(N,N)=g(N, X)=0, "X eS(C)lu-
We call ntr(C) the null transversal vector bundle of C with respect to the given
screen vector bundle S(C). Next consider the vector bundle
tr(C) = ntr(C) ®orn S(C),

which, according to (1) and (2), is complementary but not orthogonal to TC in
T Ms|c. More precisely, we have

(3) TMslc =TC & tr(C) = (TC & ntr(C)) @ortn S(C).
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We call ¢r(C) the transversal vector bundle of C with respect to S(C). The vector
ficld N in Theorem 1 is called the null transversal vector field of C with respect to
A. As {A, N} is a null basis of (TC @ ntr(C))|y, satisfying (2), we obtain

Proposition 2 ([3]). Let C be a null curve of My. Then any screen vector bundle
of C is Lorentzian.

Now, we show that it is possible to construct two types of Frenet frames suitable
for M> ([4]). First, we study a class of null curves whose Frenct frame is made up
of two null vectors A and N, one timelike and (m — 1) spacelike vector fields. Let
us denote by Type 1 the Frenet frame and Frenet equations of this class of the
null curves. Let V be the Levi-Civita connection on My. Since g(Vy\, A) = 0 and
9(VaA. N) = h, if the vector field H} = Vy\ — hA € S(C) is non-null, we have

Vi = h)\—I-I{lElWl,

where we let k161 = || Hy ||, W; = ﬂg—in and ¢; is the sign of Hy, i.e., ¢ = +1 or
— 1 according as H; is spacclike or timelike respectively. Also, from g(VyN, ) =
—h, g(VAN, N) =0 and g(V\N, W}) = ko, where ko denotes the second curvature
function, if the vector field Hy = VAN + h N — kg e; W is also non-null, we have

VN = —h N + ko€ W1 + K3 €2 V_VQ,

where we let kzea = || Ha ||, Wo = H—gﬁ and e is the sign of Hs. Repeating
‘above process for the orthonormal basis {W71, ..., Wy,} of S(C) and then, sctting
W;=¢W,foralie{l,..., m}, we obtain the following equations

Vad=hA+r Wy,
VaN=—hN + kg Wi + k3 W,
e VaWi = koA = ki N + kg Wo + k5 W3,
e VaWa = — k3 A — kg Wi + kg W3 + k7 W,

(4) €3 VaWs = — ks W1 — k¢ Wy + kg Wy + kg W,
€m—1 VaWn_1 = — Kom_3 Win_3 — Kam—2 Win—2 + Kom W,
em VaWy, = — K2m—1 W2 — kom Win—1,
where h and {ky, - -+ , K2m} are smooth functions on U, {Wy, --- , W,,} is a certain

orthonormal basis of S(C) and ¢; (1 < i < m) is the sign of W;. We call F| =
{A\. N. Wy, ..., Wn} a general Frenet frame of Type 1 on M, along C, with respect
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to the given screen vector bundle S(C) and the cquations (4) its general Frenet
equations of Type 1. The functions {k1, ..., ko, } arc called curvatures of C with
respect to the frame Fy. Since the screen vector bundle is Lorentzian, this implics
that only one of the vector fields W; is timelike and all others are spacclikes.

Next, we study a class of null curves whose Frenct frame is generated by a quasi-
orthonormal basis consisting of the two null vector ficlds A and N and another two
null vector fields L; and L;;; such that g(L;, L;+1) = 1 and (m — 2) spacclikc vector
fields {W,}. We denote the Frenct frame and Frenct cquations of this particular
class of the null curves by Type 2. There arc (m — 1) choices for L;. In this casc, if
wc sct
(5) W, = Li - Liyy , L;+ Li+l,

V2 V2
then W; and W, are timelike and spacelike vector fields respectively. Then we can
exchange {L;, Liy1} for {W;, W, 1}. We also denote the Frenet frame and Frenct
cquations of this class of C by Type 2.

To choosc {L, L2}, we let the vector field VA — kA € S(C) be null and define

the curvature function o3 (in generally, o7 = 1) by

Wip1 =

Var—hA =01 L;.
Since S(C) is Lorentzian vector bundle, we can take another null vector field Lo in

S(C) along C such that g(L1, Ls) = 1. Set this case so that the equation (5) holds
for ¢ = 1. Thercfore Wy and W5 are perpendicular to A and N, then we have

VaAA=hA+r Wi+ 7 Wo,

where Ky = 71 = \”/—15 From g(VaN, A\) = —h and ¢g(VoN, N) = 0 and define
the sccond and third curvatures by g(VaN, Wi) = —kg and g(VaN, Wa) = k3
respectively, since the vector ficld Hy = VAN + h N — ko W1 — k3 W» is spacclike,
we obtain

VaN = AN+ ko Wi + kg Wo + 1o W3
ifwelet 75 = || Hz || and W3 = ﬁ Also, from the following results g(V W1, A) =
k1, g(VaWy, N) = kg, g(VaW1, W1) = 0 and define the fourth and fifth curvatures

by g(VaWi, Wa) = —k4 and g(V W1, W3) = —ks respectively, we obtain
VAW = ke A+ k1 N — kg Wo — ks W3 — 13 Wy

ifwelet 73 = || Hy || and Wy = “—%‘1—[, where Hy = VWi —ko A—K1 N+k4 Watks W3
is a spacelike vector field on S(C). Repeating above process for all the orthonormal
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basis {W1, -, Wy} of S(C), we also obtains the following equations

Vad=hA+ kg Wy + 7 W,
VAN =—hN+ ka W] + k3 Wy + 15 Wi,
VaWr = ko XA+ k1 N — kg W — ks Wy — 73 Wy,
(6) VaWa = —k3 A =71 N — kg Wi 4 k6 W3 + ke Wy + 74 W,
VaWs = -1 X — ks W1 — ke Wa + kg Wy + ko Ws + 75 W,
VaWy = —13 Wi — k7 Wa — kg W3 + k10 W5 + k11 We + 76 W
VaWno1=—Tm2Wn 4 — Kam—3Win_3 — kam—2 Win_2 + Kom W,
VoW = =751 Wiz — kome1 Win—a — k2m Win-1.
We call F = {\. N, W1, -, W,,,} a general Frenet frame of Type 2 on M along C
with respect to S(C) and the equations (6) its general Frenet equations of Type 2.

Also, using the relations g(VAN, A) = —h, g(VaN, L1) = 03, g(VsN, L) = 09,
we can write

VaN =—-hA+o0ooLi+0o3Lo+ R

where R € S(C) is perpendicular to A\, N, L; and Ly along C. From the rclations
—kg = (03 — 02)/V2. k3 = (03 + 032)/v/2 and

VaN+hA—09L1—03Ly = VAN +hX— koW, — k3 Wo,
we conclude R = 73 W3. Therefore,
V)‘N:—h)\+0'2L1+O'3L2+7'2W3.

Next, by the transformations (5) for ¢ = 1, we have

1 1
VaLli = —=(VaWa+VaW1), ViaLy=-——=(VyWy-V, W)
V2 V2

Using the third and fourth relations of (6) in above equation and using the results

04 = — Ky, 05 = % (k¢ — K5), 07 = % (k¢ + K5), we obtain

Viali=—o3A+o04 L1+ 05 W3 + 06 Wy + pg W,
Valo=—~09A—01N —04Lys+ o7 W3+ os Wy + ug Wi,
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where py = %, og = %(m — 73) and 0y = %(;{.7 + 73). Repeating above

process, we get the following cquations

Vad=hA+oy Ly,
VaAN=—-hN+o9L,+03Ly+ 19 W3,
Vali=~03X+04L1+ 05 W3+ 06 Wy + pg Wi,
Vailes=—09A—=01N —04Ls +07 W3+ 03 Wy + ug Ws,
(M VaWs = —mA~07L1 — 05 Ly + kg Wy + kg W5 + 75 We
VaWy = —o0gLi — 06 Ly — kg W3 + k10 W5 + k11 W + 76 Wy,
VaWn1=—Tm2Wn_4 — kom—3Win-3 — Kam—2 Wim—2 + Kam Wi,
VaWn = —Tme1 Wi-3 — Kom—1Wmn_2 — kom Win—1.
We also call F3 = {\, N, L1, Lo, W3, ..., W,,} a general Frenet frame of Type 2 on
M along C, with respect to the screen vector bundle $(C) and the equations (7) its
general Frenet equations of Type 2.
To choose {Lg, L3}, we let the vector field V A — hA be non-null and Vy N +
h N — ko W; be null. To choose {L3, Ly}, we let the vector fields and VA — hA and
Vi N+hN — ka W) be non-nulls and Vy Wi + ko A+ 51 N — k4 W be null. And so
on, we finally obtain the following general equations
VaAd=hA+x Wy,
VAN = —hN + kg Wi + ks Wy,
(8) VaWi=—kod—K1 N+ rsWy + ks Ws,

VaL; = —o2i401 Wis1 + 02443 Li + 02444 Wita + 02i45 Wi + piva Wiy,

VaLit1 = —09i-1 Wi_a — 09 W1 — 09443 Liy1 + 02i46 Wig2
+ 02547 Wits + pive Wige, 2<i<m—1,
VaWpno1 = —Tp2 Win—4 — kom—-3 Win—3 — Kam-2 Win—2 + kom Wi,

VaWn = =Tt W3 — Kom—1 W2 — kom Wn—1.

In the above case also the equations (8) are the general Frenet equations of Type 2
with the general Frenet frame F» = {\, N, W1, ..., L;, Lit1, ..., Wp}. Also, by
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replacing L; and Ly in (8) with its values in terms of W; and W;,; (sec relations
(5)), we can get another sct of general Frenet equations in terms of one timelike and
all others spacclike basis of its general Frenct frame. Finally, proceeding as before,

onc can show that the gencral Frenet cquations of Type 2 are equivalent to the follow
sct of general cquations
VaAd=hA+rk Wy +71 W,
ViN= —hN + ko Wy + k3 Wy + 70 W3,
eaVaWi = —kod— ki N 4 k4 Wo + ks W3 + 13 W,

(9) EQV)‘WQI—I{g)\—TlN—l{4W1+I€6W3+I€7W4+7’4W5,
esVaWs=—m ) — ks W1 — kg Wa + kg Wy + kg Wi + 75 W,
eaVWs = —m W) — kr Wo — kg W3 + k10 W5 + k11 We + 76 W3

Em—lv/\Wm—l = —Tm-aWn_4 — Kom—3Wm—3 — Kom—2oWm_2 + k2mWp,,
em VAW = ~Tm—1 Wm—3 — Kom—1 Wim—2 — kom W1

The cquations (9) include all m-th different general Frenet equations of Type 1
and all (m — 1)-th different general Frenet equations of Type 2. Hence we call
the cquations (9) the compound general Frenet equations of the null curve C, Fy =
{A. N. Wy, .- | Wy} the compound general Frenet frame on M, along C and the
functions {1, ..., kem} and {7, ..., T;u_1} the curvatures and torsions of C for
the compound general Frenet cquations (9) respectively.

3. INVARIANCE OF TYPES

In this section, we show that each type of the Frenet frames always transform
to the same type by the transformations of the coordinate neighborhood and the
screen vector bundle of C.

In the first case. with respect to a given screen vector bundle S(C), we consider
two Frenet frames F' and F™* along two neighborhoods U and U* respectively with
non-null intersection. Then we have
o dt _dt*

10 * = *_
(10) A dt* N dt

N, Wi=) ASW; (1<a<m)
3=1
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where Aj arc smooth functions on U N U* and the m x m matrix [AS (z)] is an
clement of the Lorentzian group O(1, m — 1) for any x € U NU*. We call (10) the
transformation of coordinate neighborhood (or parameter transformation) of C with
respect to the given screen vector bundle S(C).

Let F and F be two Frenet frames with respect to (¢, S(C), U) and (£, S(C), U)
respectively. Then the genceral transformation that relate clements of F and F on
U N UF#D arc given by

where ¢, and Bg are smooth funtions on & N and the m X m matrix [Bg (z)] is
also an clement of the Lorentzian group O(1, m — 1) for each z € U NIU. We call
(11) the transformation of screen vector bundle (or screen transformation) of C.

Denote F = {F*; F} and P} = {A5; BJ}. Using the parameter and screen
transformation (10) and (11) that relate elements of F and F on U N and the first
cquation of (9) for both F and f, we obtain

L. dt\?
(12) (R1, 71,0, -+, 0) [Pfj(x)] =(1.71,0,,0) (—~> .
dt
Theorem 3. Let C be a null curve of My. Then the type of general Frenet equations

is tnvariant to the parameter and screen transformations of C.

Proof. In the first case suppose F= fg and F = F;. Then we have 7y = K; and
71 = 0. This means from cquation (12) that P2 = PZ. Since W; and W are timlike
and spacelike vector fields respectively, the first row (P}, PZ, 0, --- , 0) of [Pf (z)]
is timelike and the second row (P§, P2, 0, - - - , 0) is spacelike vector field of R} and

these vectors are perpendicular to each other. Thus, we have
(Pl - 1=(P;)*+1= PP}
From the last relations, we have the contradictory relation P} = P§. Hence this

casc is not possible.

Converscly, if F = Fj and F = Fy, then 73 = 0 and 7, = k1. From the cquation
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(12), we have P! = — P2, This means that the first row (P}, P, 0, ---, 0) of the
matrix [P(“: (x)] is null vector field, hence the vector ficld W, is a null vector ficld.

Thus we conclude that this case is also not possible, which complete the proof. [

Now if we write the first equations of the general Frenet equations (4) and (9)
for both F and F and usc (10) and (11), we obtain
d?t ~dt _ dt>2
— - h— + (@) C;) = ~-h|—= y
iz 4 3(&) (dt
where the remainder Oz(cf) = 0 and O3(&;) = k1611 (%)3 for Type 1 and O3(&;) =
Kk1(e1e1 + €262) ( %)3 for Type 2. We consider the following differential equation
d?t ~dt
: dt? dt
whosc general solution comes from

t s 0
t= a/y exp (/ h(t)dt) ds+b, a, b€ R.
1) S0

It follows that any of these solutions, with a # 0, might be taken as special parameter
on C, such that 2 = 0. Denote one such solution by p = t—_ajlz, where t is the general

parameter as defined in above equation. We call p a distinguished parameter of C,

in terms for which h = 0. When ¢ is replaced by p, we let C = C(p) and £ = e

Theorem 4. Let C be a null curve of Ma. Then C is a null geodesic of M if and

only if the ﬁrst curvature k1 vanishes identically on C.

Proof. In case k; = 0, then, since 71 = 0 or 71 = k3, the first equations of (4) and
(9) such that h = 0 takes the following familiar form

d? . dad dxF
el v 7 = i 7, k 0,...,
dp2 + gk dp dp 07 D € { ) m}
where I‘;. « are the Christoffel symbols of the second type induced by V. Hence C is
a null geodesic of M. The converse follows casily. U

4. NATURAL FRENET FRAMES OF TYPE 1

Let F and F be two Frenet frames along neighborhoods U and U respectively
with non-null intersection. From Theorem 3, F and F are both Type 1 or both
Type 2. In this section we assume that F and F are both Type 1.
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Theorem 5. Let C be a non-geodesic Type 1 null curve of My. Then there exists
a screen vector bundle S(C) which induces a Frenet frame F on U such that Ry =
Rs=0onlU.

Proof. From the first equation of the general Frenet cquations (4). we have

dt

2
lellZIil (d—t_> ; KRB =0, 2<a<m.

Since k1 # 0 on U NU, we get &1 # 0 and B = 0 (2 < a < m). From the fact that
[B(z(r)] is a Lorentz matrix, we have B} = B; = £1 and B, =0 (2 < a < m).
Also, from the third equation of the general Frenet equations (4), we have

— _ dt\ dt
K4 322 +K5B§ = 311 (I{4 + chzd—t_> d—f,

dt\ dt
Ra B3 + Rs By = B (k5 + k1c3— | —=
K4 Dy K5 Dg 1| K5 Rlcgdt dt,

dt

2
K4 BS + Rs B = B} k1¢qa (d_t_) , 4<a<<m.

Taking into account that

Kq dz K5 df
g =———; g=———; =0, 4<a<m
2 K1 dt’ 3 Ky dt’ «
in the last equations, we have g4 = K5 = 0. O

Rclabeling N = N, Wy = Wi, Wo = W, k; = Ry, i € {1, 2, 3} and S(C) = S(C)
in the process of the above theorem and we take only the first four equations in (4)
VaAd=hi+ k1 Wy,
VN = ~h N + ko Wy + k3 Wo,
61V)‘W1 = —-52/\~I$1N,
€9 V,\Wz = — I€3)\ + Rl,
where R; € S(C). Since C is Type 1, R; is a non-null vector field perpendicular to
A. N, Wj and W,. Denote p3 = || R; || and define the new fourth curvature function
K4 by K4 = €3 p3, where €3 is the sign of R;. If p3 is also non-zero for any t, we sct

new vector field W3 = %31, then W3 is a non-null unit vector field with the same

causality as R; along C. Thus we have

VaWs = — k3 A + kg e3 Wa.
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Repeating above process for all the orthonormal basis {Wy, Wa, Wy, ..., Wi} of
S(C) and then, sctting W; = ¢; W;; 3 < i < m, we obtain the following ;
VA = b+ k1 Wy,
VAN = — hN + koWj + k3Ws,
VAW = — koA — k1 N,
(13) VW = — k3 + k4 W3,
eVaAW3 = — kgWo + ks Wy,
&VAW, = — kWi + kipaWig, 3<i<m -1,
emVaWnm = — ki1 U1
We call the frame Fy = {\. N, Wy, ..., W, } a Natural Frenet frame of Type 1
on M3 along C with respect to the given screen vector bundle S(C) and the equa-
tions (13) is called its Natural Frenet equations of Type 1. Finally, the functions
{K1. ..., km+1} arc called curvature functions of C with respect to the frame Fy.
Let C(p) be a Type 1 null curve of M, parameterized by the distinguished

paramcter p. Then, from the equations (13), there exists a Natural Frenct frame
Fy={¢& N, Wy, ..., Wy} satisfying the Natural Frenet equations

Vel = i W1,

V{N = koW1 + kaWa,
€1 VeWy = — ko€ — k1N,
€2 VeWso = — k36 + k4 Wi,
€2 V§W3 = — kgWo + ksWy,
€ VeW; = — ki W1 + KipoWiyr, 3<i<m—1,

€m VgW , — Rm+1Um_1.
Theorem 6. Let C(p) be a non-geodesic Type 1 null curve of Ma, parameter-

ized by the distinguished parameter p. Then there exrists a Frenet frame F1 =
{&, N, W1, ..., Wy,,,} satisfying the Frenet equations

Vel = W,
VEN = k1 W1 + ko Wo,
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€1 VEVV = —‘Klf - N,
(14) €9 V£I/‘/2 = —rok + k3Ws,
€2 VeWs = —k3aWo + k4 Wy,
& VW, = — Wiy + kipiWig1, 3<i<m—1,
em VeWnm = —kim Win_1. (

Proof. For a Type 1 non-geodesic null curve, since the vector field C” is non-null,
without any loss of gencrality, we assume that C is paramctcrized by a special
parameter p such that A = 0 and ¢g(C”, C") = €1, where € is the sign of C”.
Choose £ = C' and W) = C” so that V& = W;. Since g(C®), C'") = — ¢}, the null

transversal vector field NV is given by
5 1 4 4
N=—¢C® - k1C', where K1 = —2-g(C(3), C(d)).

Thus we have VW) = ~k1£ — N. From g(V¢N, £) = 0 and g(V¢N, W1) = €1 K1,
we have VeN = k1 W) + Rp. If Ry is non-null, we let p; = | Rz || and Wy = %‘
Define the second curvature function ks by k2 €3 = p;, where e is the sign of Rs.
Then we have Ve N = kW, + koeaWs, Also, from 9(VeWsa, &) = g(VeWa, W) =
0, 9(VeWa, N) = —k3, we have VeWs = —kof + R3. If R3 is also non-null, we let
p2 = || R3] and W3 = %, Define the third curvature function x3 by x3e3 = pa,
where €3 is the sign of R3. Then we have VeWa = —~kof — k3Ws. Repeating above
process for the orthonormal basis {Wy, Wa, ..., Wy} of S(C) and then sctting

W; = ,W;, 2 < i < m, we obtain the equations (14). O

We call the frame Fy = {¢&. N, Wy, ..., W,,, } the Cartan frame of Type 1 on
Ms along C, the cquations (14) is called its Cartan equations of Type 1 and the
functions {1, ..., km} are called Cartan curvatures of C' with respect to the frame
F1. Finally, we call the curve C' with the Cartan frame of Type 1 the Cartan null
curve of Type 1.

5. NATURAL FRENET FRAMES OF TYPE 2

In this scction we assume that F and F are both Type 2. Now we introduce

another form of Franet equations of Type 2. First, we assume that 7, # 0, i.e., C”
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is a null vector field, then, from the equation (12), we have
(15) Pl+P; = PE+P2, Pf=-P8 (3<a<m),

because 7 = K; and 1 = k3. Using (10), (11),(15) and L; = = (W) + Wa), we
obtain

S

- dt
(16) I} = AL, I =8 {L1 _ c%_x},

where A; = Al + A # 0 and By = B} + B # 0, otherwise the matrix [Pa( )] is
singular and Cy = \/— (c2 — ¢1). Since the vector fields W1 and W2 are timelike and
spacelike respectively, the first row (P}, ..., P™) and the second row (P;, ..., PJ*)
of [P(;j (x)] are mutually orthogonal timelike and spacelike vector fields in R]* re-
spcctively. Thus, we have

(B (B’ ~1=(B}) — ()’ +1= PP} + PP}

From this rclations we have the following two relations

(17) PIP; -PiP; =1, (Pl+P)(Pl-P}) =1

Using (6), (10), (11) and (15) for a € {3, ..., m}, we obtain
~ 1 1 n ~
W, = 7 (P2+ P L1+ﬁ (PZ-Py) Lo+ Y PIWs—O01(N),

3>3
where O1(A*) =0 and O1(A) = Y_7%; B eici A From 9(Ly, W) = 0, we have
(18) Pl=P2(3<a<m).
Also, using (6), (10), (11) and (15) for « € {3, ..., m}, we obtain
Ly = s (P3—Pl+ P} - P) L1+ (Pl — P)) Ly — V2 Y PPW, — O2(0),
a>3
where O2(A*) = 0 and O2(X) = \/- a1 (B — Bi) eici). Since Ly is null, we have
(PL-P)(P; Pl + P}~ P})+2) ca(P}) =0.

a>3

Using this equation and the first equation of (15), we obtain

Pl =P}, Pl=P} &> P}-P+P}-P=0 @Zea (P2 =0.

a>3
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As a conscquence of the fundamental transformation of matrices with respect to the
rows and columns for the matrix [ P§(z)] and using the cquations (15), (17) and
(18), the matrix [ P$(z)] is transformed as

0 P! + P 0 -~ 0

—Pl + P? 0 0 -~ 0

0 0 P} ... pp

(19) T(C)= 0 0 P} ... PP
0 0 P P

Thus the screen vector bundle S(C) is a orthogonal direct sum of two invariant sub-
spaces Span{Ly, Ly} = Span{W;, W»} and Span{Ws, ..., W,,} by the paramcter
and screen transformation of C.

Proposition 7. Let C be a non-geodesic Type 2 null curve of My. If C" is a null
vector field. then the screen vector bundle S(C) is a orthogonal direct sum of two
invariant subspaces Span{Li, Ly} = Span{W, Wz} and Span{Ws, ..., W,,} by
the parameter and screen transformations of C.

Using the transformations (19) that relate elements of F and F on U NU such
that 7 # 0, we have (16) and

_ dt
(20) L = Ay Lo, I, = B, {Lg—Cld—E)\},

F=-ZY e+ 3" caWa,
dti>1€z(Q) A+dtN+C1L1 +CQL2+a>3Ca o

where .A2 = A% - A%, Bz = Bll - B%, C1 = %(Cl + Cz) and .A1.A2 = 3132 =1.

Theorem 8. Let C be a non-geodesic Type 2 null curve of My. If C" is a null
vector field, then there exists a screen vector bundle S(C) which induces another

Frenet frame F on U such that 54 = 67 = 5 = fa=Rse=71=0o0nl.

Proof. From the fourth equation of the general Frenet equations (7), we have

. dt . dB,\ dt
04 = {0‘4 + 0’1025 - BQE‘} E't:,
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dt\ dt
57B3 + 53B3 + iy B = — ) =
o7B3 + 68 By + paBs = B2 0'7+0'163dt e
dt\ dt
G7Bs + 53Bt + 4Bt = B — ) =,
O1b3 + 6804 + 14 By 2 Gs+0104dt ai
dt\ dt
57B3 + 63B; + iy B = B — )=
0783 + 03By + 14 Bg 2 u4+0165dt e
= o = 03 - [0 dt ?
d7B3 + 63B; + iy B = 01¢aBa d_f .
Taking into account that B is a constant and
C___Oldt_‘ o — o7 dt o = og dt c——%d—t—'
2= ordt’ 7 o dt’ T T o dt’ 5T T el dt’
o =0, a€ {6, ---,m}
in the last equations, we have 64 = 7 = 53 = jig = 0. Since (5), (6) and (7) imply
K4 = — &4 and 7y = /2fiy, we have Ry = 74 = 0. 0

Relabeling N = N; Ly = Ly, a € {1,2}; Ws = Ws; 04 =55. 05 = G6; ks = ks
and S(C) = S(TC"') and we take only the first five equations in (7) as follows:

ViA=hA+ o1 Ly,
VaN=~hN+0o9Li+03Ls+ 10 Wi,
Viali = —o03 A+ 04 W3+ 05 Wy,
Vil =—09A—01 N,
VaWs = =X — g4 Ly + ks Wy + Ry,

where Ry € S(C) is perpendicular to Ly, Lo, W5 and Wy. Since the vector field
R, is a spacelike. Now. we define the new third torsion function 73 by 73 = || R4 ||
and W5 = If—;, then Wi is also a unit spacelike vector field along C. We have

VW3 = —1mA+o04Lo+ ks Ws + 13 Ws.
Repeating above process for the quasi-orthonormal basis
Fo={\ N, Ly, Ly, W3, --- , W,,}
of S(C), we obtain the following ;
Vard=hA+o; Ly,
VN =—-hN +oyL; +03Ls+ 1 W3,
Vialy = —o3A+ 04 W3+ 05 Wy,
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Vialo = —02X—01 N,
(21) VaWs=—mA—04Ls+ ks Wy+ 14 Ws,
VaWy=—05Ls — ks W3 + kg W5 + 75 W,
VaWs = —1yW3 — kg Wy + k7 We + 76 Wo,
VWi = —1ioiWisa — kipaWis1 + kipoWig + 7iaWiyge, 5<i<m -1,
VoW = = Tm-1Win—2 — k1 Win 1.

We call the frame F5 a Natural Frenet frame of Type 2 on M along C with re-
spect to the given screen vector bundle S(C) and the equations (21) arc called
its Natural Frenet equations of Type 2. Finally, the functions {x1, ..., kmy1} and
{m1. ..., Tm—1} arc called the curvature and torsion functions of C' with respect to
the frame Fb.

Theorem 9. Let C(p) be a non-geodesic Type 2 null curve of My, parameterized
by the distinguished parameter p such that C" is a null. Then there ezists a Frenet
frame Fo = {&, N, Ly, Ly, W5, ..., Wi} satisfying the equations

Vel = Ly,
VeN =03 L1+ 09 Lo+ 1 Wy,
Veli = —02&+ 03 W3 + 0, Wy,
Vely=—0,£ - N, ’
(22) VeWs=-—71€—o03La+ kg Wy+ 1 Ws,
VeWs = —04Ly — kg W3+ k5 Ws + 73 W,
VeWs = —1oW3 — ks Wy + kg We + 74 W,
VeWi = -1 3W; 2 — kiWis1 + kimaWig1 + 1ioiWigo, 5<i<m — 1,
VeWnm = — Tm—sWin 2 — £ Wino1.

Proof. Since C” is a null vector field, choose ¢ = C' and L; = C" so that o7 = 1.
A direct computation and renaming the curvature functions {os =0i11(1 <i <
4);ki=kri1(4<i<m);m =7 and 7; = 7342(2 < i < m — 3)}, we obtain the
cquations (22). O
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We call the frame Fo = {¢, N, Ly, Ly, W3, ..., Wy, } the Cartan frame of Type 2
on Mj along C, the equations (22) its Cartan equations of Type 2 and the functions
{k1..... km} and {r, . Tm—2} the Cartan curvature and Cartan torsion of C
with respect to the frame F5. Finally, we call the curve C with the Cartan frame of
Typc 2 the Cartan null curve of Type 2.

Next, using the transformations (19) such that 71 = 0, i.e., C” is a non-null vector
field, we have

Theorem 10. Let C be a non-geodesic Type 2 null curve of Ms. If C" is a non-null
vector field, then there exists a screen vector bundle S(C) which induces another
Frenet frame Fy on U such that Ry = Rs=73=0 onl.

Proof. Since k1 # 0, we have B¢ = Bl = 0(a # 1) and B} = B; = + 1. Also, using

(11) and the third equation of the general Frenet equations (9), we have

dt\ dt
K4 B2 + Ks B3 + 73 B4 =B (I{4 + ch?dt)

dt\ dt
K4 32 + Rs B3 + 73 B4 =B (K5 + chgdt)

dt\ dt
R4 B3+ Rs B + 73 B} = B (73 + /clc4d-> =,

. dt\?
R4B§+R5B§+?3BE:Blnlca(d—f>, 5<a<m.

Taking into account that

_ k4 dt _Ks dt 73 df
cp = c3 = c4=———; ¢ca=0,5<a<m
2 K1 dt 3 K1 dt 4 K1 dt «
in the last equations, we have k4 = k5 = 73 = 0. [

Relabeling N = N, W, = Wl, Wy = WQ, K; =Ki, 1 € {1, 2, 3}, Tg = T2, K4 = K¢
and S(C) = S(TC%) in the process of the above theorem and we take only the first
four cquations in (9) with 7, = 0 as follows:

Vad =h A+ k W1,

VAN = —hN + ko W1 + k3 Wa + 75 W,
€ VoW = —ke A — k1 N,
e VaWse = — k3 A + ks W3 + Rs,
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where Ry € S(C). Assumc that 79 # 0, then W3 is a timelike and W3 is a spacclike
veetor field. Thus Ry is a spacelike. Define the new torsion function 73 by 73 = || Rs ||
and Wy = R—:. Then we have VyWy = k3 A — kg Wy — 73 Wy, Assume that 7 = 0,

~
then we have

VoA =h A+ k W,

VAN = —~hN + ko W + x3 Wa,
e VoW = —kaA— K1 N,
€2V Wy = — k3 A+ Rg.

We assume that Rg is null. Let Rg = k4 W3 + 73 Wy, where kg = 13 = % and Wy

is a timelike and Wy is a spacelike. Then we have VyWso = — kg A + kg Wy + 73 Wy
Repeating above process for all the orthonormal basis {Wi, ..., Wy, } of S(C), we
obtain the following ;

VA = hA + 5 Wy,
VN = — hN + koW + ksWs + W3,
€1VaW1 = — koA — k1N,
eaVaAWo = — k3 + k4Ws3 + 13 Wy,
e3VaW3 = —mA — kgWo + ks Wy + 74 W,
(23) eaVaWy = —13Wa — k5 W3 + ke W5 + 75 W,
esVaWs = —uWs3 — kg Wy + k7 W + 76 W7,
VoW = —71isaWisa — ki Wisi + KigoWin + 1ixiWigo, 3<i<m ~ 1,
en VW = — T iWi—2 — K1 Win—1.
We call the frame Fy, = {\. N, Wy, ..., W,, } a Natural Frenet frame of Type 2
on M along C with respect to the given screen vector bundle S(C) and the equa-
tions (23) arc called its Natural Frenet equations of Type 2. Finally, the functions

{K1, .-+, Km+1} and {79, -+ -, Tm_1} are called curvature and torsion functions of C
with respect to the frame Fb.

Theorem 11. Let C(p) be a non-geodesic Type 2 null curve of M>, parameterized
by the distinguished parameter p such that C” is non-null. Then there exists a Frenet
frame Fo = {&, N, Wy, ..., Wy} satisfying the equations
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Vel =W,
VeN = kiWi + koW + 7 Wi,

aVeWy = — k1§ — N,

2VeWa = — kol + k3W3 + 1o Wy,

eaVeWs = —1€ — kaWo + kg Wy + 13 W5,
(24) esVeWy = — o Wy — kg W3 + k5 Wy + 74 W,

esVeWs = — 3W3 — k5 Wy + ke We + 75 Wo,

&VeW; = — 1, _oWi o — kW1 + kigiWip1 + iWige, 3<i<m— 1,

emVeWn = — T oWin_2 — kW1

Proof. Since the vector field C” is a non-null and one of the vector fields VN —
kiW1, €a VaWa + k2 and ¢; Vi, W; + k;Wi_1 (3 < 4 < m — 1) be null, without any
loss of gencrality, we assume that C is parameterized by a special parameter p such
that A = 0 and g(C”, C") = €1, where ¢; is the sign of C”. Choose ¢ = C’ and
W1 = C" so that V¢€ = Wy. Also, we have

N=—-6C® k' where x; = %g(C(?’), c®.

Thus we have €, VeW; = —k1£ — N. From g(VeN, £) =0 and g(V¢N, W1) = €1 53,
we have VeN = kW1 + Rr. If Ry = La is a null, by using (5), we have Ly =
KoWo+ 7 W3 and kg =1 = \/Li Thus, we have VN = k1 W1+ koWa + 11 W3, Also,
from g(VeWa. €) =0, g(VeWa, N) = kg, g(VWa, W) =0, g(VeWa, Ws) = —ks,
we have VW, = ko€ — k3W3 + Rg. Since Rg is a spacelike vector field, we let
—79 = || Rg || and Wy = Rg/—T2, we have Ve Wy = ko€ — k3W3 ~ 2W,. Repeating
above process, we obtain the equations (24). J

We call the frame F» = {£, N. Wy, ..., Wy, } the Cartan frame of Type 2 on
M, along C, the equations (24) its Cartan equations of Type 2 and the functions
{k1, -, km} the Cartan curvature of C with respect to the frame F5. Finally, we
call the curve C with the Cartan frame of Type 2 the Cartan null curve of Type 2.

Note. If C” and V3N — k1 W, are non-null vector fields and es VyWs + k2A = L3
is null, then we also have the equations (24) such that 7, = 0, 72 = x3 and all other
torsion functions 7; (3 < i < m — 1) are survive. Also, if C”, VAN — k1 W1 and
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€2 VaAW2 + k3 arc non-null and ¢; ViAW, + ;411 W;_1 (3 <i < m— 1) is null, we also
have the equations (24) such that 7 = -+ =71 =0, = k1 3 < i <m - 1)
and all other torsion functions 7; (i + 1 < j < m — 1) are survive.

6. TRANSFORMATIONS OF CURVATURE FUNCTIONS

In this section, we examine the transformations of the curvature functions in the
Natural Frenet cquations of Type 1 and Type 2 on both the paramecter and the
screen transformations of C.

Using the Natural Frenct equations (13) of Type 1 and the parameter transfor-
mation (10), we have

Proposition 12. Let C be a Type 1 null curve of My and F and F* be two Natural
Frenet frames related by (10). Suppose Hf:;l ki # 0, then we have

R dt \?
K1 =K1 4 (%) ,

(25) K'; :KQAI,
K3 = K3 Ag,
" dt
K(,:KaAa_lE, 4 < o< m+1, where A, = +1.

Hence k3 and k3 are invariant functions up to a sign, with respect to the parameter
transformations on C.

Proof. From the relations (12) we have 71 = 77 = 0. Therefore, & # 0 on UNU* and
A?=_... = A7 = 0. Since [ A3 (z)] is a Lorentzian matrix, we infer that Al = A; =
+1and A3 =... = AL, = 0. Then from the sccond equation of the Natural Frenct
equations (13) of Type 1 with respect to F and F* and taking into account that
k3 # 0, we obtain k3 # 0 on U NU* which implies A3 = A2 =...= AP = A2, =0
and A2 = Ay = £ 1. Repeating this process for all other equations, we obtain all
the relations in (25), which completes the proof. O

Also, using the Natural Frenet equations (13) of Type 1 and the screen transfor-
mations (11), we have

Proposition 13. Let C be a Type 1 null curve of My and F and F be two Natural
Frenet frames related by (11). Suppose H";"l'l k; £ 0, then we have

1
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_ dt\?
K1 =K1 By (Zl?) ,

_ - dey 1 dt 2
KQ:{KQ‘I-}LCl—}-Ht:—-Q-I{,IC% (d—t_> }Bl,

k3 = k3 Ba,
_ dt
Ko = "“B"—IJE’ 4 < a < m+1, where B, = £1,
and co = --- = ¢, = 0. Hence k3 is invariant function up to a sign, with respect to

the screen transformations of C.

Proof. From (11) and the first equation of (13), we have the first equation of this
proposition and &1 By = 0(a # 1) on Y NU. Thus we have BY = 0(a # 1).
Since {Bg(x)] is a Lorentzian matrix, we infer that B{ = By = +1 and B! =
0(a # 1). While, from (11) and the third equation of (13), we have the first and
sccond cquations of this proposition and %j ¢, = 0(a # 1) on U NU. Thus we
have ¢, = 0(a # 1). Also, from (11) and the second equation of (13), we have
the second equation of proposition and k3 B3 = k3; K3 B¢ = 0(a > 3). Thus we
have By = B = +1 and B§ = B2 = 0(a > 3). Repeating this process for all
other equations of (13) and sct B, = B2~ B% (a > 3), we obtain all the rclations
in proposition, which completes the proof. O

Using the parameter transformations (10) that relate elements of Fy and F3 on
U NU* such that 71 # 0, we have

Proposition 14. Let C be a Type 2 null curve of Mg and F and F* be two Natural
Frenet frames related by (10). Suppose [I77' 7 # 0, then we have

t 2
0”{20'1./42 (—d—) y

dt*
0y =00 Ay, o03=03A1, T3 =743,
(26) UZ=U4A3A1;;%, 0§=05A4A1%,
K;:K"‘A“‘l%’ 5 < a<m+l, where A, =+1
To = Ta Aotl Zldti*’ 4 < a<m+l, where A, ==x1.

Hence 4. o3 and 19 are invariant functions up to a sign, with respect to the param-
eter {ransformations on C.
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Proof. From the equation (16) and the first equations of (10) and (21) respectively,
we have o] = 01 A (;%)2. Also, from (20) and the sccond cquations of (10) and (21)
respectively, we have 63 = 02 Ag, 03 =03 A1 and 75 A} =155 75 A3 =0 foralla €
{4, ---, m}. Since 7 # 0, therefore, 75 # 0 on UNU* and A = ... = AF* = 0. Since
[Ag] is a Lorentzian matrix, we infer that A3 = A3 =+1and A} =... =43 =0.
Then from the third equation of the Natural Frenct cquations (21) of Type 2 with
respect to F' and F*, we have A; is a constant, o} = 04 Az A; jTt,, o} Aﬁ = o5 A; j‘it;

and o} AY = 0 for all a € {5,---, m}. Since 73 # 0 and 05 = —v/273, we have
o5 # 0, therefore of # 0 on U NU* and AZ = ... = AP = 0. We infer that
A} = Ay = £1 and A} = ... = A} = 0. Repeating this process for all other

cquations of (21), we obtain all the relations in (26), which completes the proof. U

Also, using the screen transformations (11) that relate clements of F> and F; on
U NU such that 71 # 0, we have

Proposition 15. Let C be a Type 2 null curve of My and F and F be two Natural
Frenet frames related by (11). Suppose 71 #0 onUU NU # 0. Then, their curvature
functions are related by

dt\? . dc
(27) 1=01By (=), Ga={02a+hCi+—=}Bs, Gz=03B

dt dt
and Co = ¢3 = --- = ¢y, = 0. Hence o3 is invariant function up to a sign, with
respect to the transformations of the screen vector bundle of C.

" Proof. From (16), (20) and the fourth equation of (21), we have the first equation
of (27) and 51C2 = 0; G1c, =0(a > 3) on U NU. Since o1 = V211 # 0, we have
Co = ¢q = 0{a > 3). Thus (11) is reduced to

_ dE -
N=3ZN+01L1, Ly =By Ly,

(28) =B il -ca%\, a=li+a)
2 = 02 2 1d{ ) 1"\/§ 1 2/

m
Wo=> BiWs a, 3€{3,.--,m}.
323

Also, from the second equation of (21), we have the second and third equations of
(27). O
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