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ABSTRACT. The object of the present paper is to obtain new conditions for analytic func-
tion to be strongly starlike and strongly convex function defined in the open unit disk.

1. Introduction

Let A denote the class of functions of the form :
(1.1) f() :z+2anz”,
n=2

which are analytic in the open unit disk & = {z : |z] < 1}. A function f(z) € A is
said to be in the class §*, the class of starlike functions if and only if

(1.2) Re (i{;i’?) >0, (z €eU).

A function f(z) € A is said to be convex function if and only if

(1.3) Re (1 + Zﬁ;g) >0, (2eU).

Also we denote by C the class of all convex functions.
If f(2) € A satisfies

2f'(2)
")

for some 0 < o < 1, then f(z) said to be strongly starlike function of order a in U,
and this class denoted by S (). Further, if f(z) € A satisfies

L

<§, (z € U)

(1.4)

(15) -

arg (1 +
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for some 0 < o < 1, then we say that f(z) is strongly convex function of order « in
U, and we denote by C(a) the class of all such functions.
Note that S (1) = 8" and C(1) = C.

Nunokawa et al. [3] obtained the following result.

Lemma 1.1. Let p(z) be analytic in U with p(0) =1 and p(z) # 0. If there exists
two points z1, zo € U such that

aTr

(16) T~ argp(e1) < argp(z) < angp(zs) = O

for ao>0, 8> 0, and for |z| < |z1| = |z2|, the we have

(1.7) ap() = 2 i ﬁm and
p(21) 2

(1.8) 2p(z) e tf
p(z2) 2

where
1—al . oTmfa—p

. > = —_— .
(1.9) m > 15l and a ztan4 (a+ﬂ>

Making use of the above lemma, Takahashi and Nunokawa [5] define two classes
of analytic functions §*(a, 8) and C(«, 3), where §*(a, ) is the class of all functions
f(z) € A satisfying

B zf'(z)  am
1.1 - —
(1.10) 5 <arg ) <5 (z€l),
for some 0 < a < 1,0 < 8 < 1, and C(a, §) is the class of all functions f(z) € A
satisfying

(1.11) f%r < arg (1 + Zﬁ;i?) < %, (zel),

for some 0 < o < 1,0 < 8 < 1. We note that S*(o,a) =S () and C(o, ) = C(wv).

In this paper, applying the above lemma, we obtain new sufficient conditions for
the function f(z) € A to be strongly starlike function and strongly convex function
of order o in U. Also we shall obtain and improve the sufficient conditions for
starlikeness given by Obradovi¢ and Owa [4], Nunokawa [2] and Lin [1].
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2. Main theorem

Theorem 2.1. Let p(z) be analytic in U with p(0) = 1, p(z) # 0 in U and suppose
that

(2.1) Mk, t3) < Im (1 +ei<ﬂ/4><aﬂ>éﬁlz()‘z))2) <pu(k,t)), (2 € U)

where

4k
TR DA a) g

(2.2) Ak, t2)

T+ Jal)
(14+4k) 2 _
©23)  uht) = Lk lelﬁaﬁtl)“ b 4 50
then we have
(2.4) —% <argp(z) < %, (z € U)

for some o, >0 such that a + 3 =8k +4, k € Ng =NU{0}.
Proof. Suppose that there exists points z; € U and 29 € U such that

pBr aTm
(2.5) — = argp(z1) <argp(z) <argp(z) = -
for |z| < |z1| = |22/, then from the proof of the lemma 1.1 [2], we have
1+t 1+t3
(2.6) ap(z)) (et fA+8) L ep(z) (et B +1E)
p(21) 4t p(z2) 4ty
where
(2.7) p(Z1) — (_itl)(a+5)/261(7"/4)(a—ﬂ) (t; > 0)’
(2.8) pz) = (ito) "N, > ),
and
1 —|al
m > .
~ 1+4+]d|
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By making use of (2.6), (2.7) and (2.8), we have

—i(r/4)(a—p) z2p’ (22)
fm (14 eitm/ie—m 2 G - [ P(z) + S5y
(p(22))? e=im/D(@=B)p(zy)
- 1 (itz)(a%m+i4(a+64)t(21+t§)m
= (it2)<a+ﬂ)/2
o NAk42 | (2k4+1)(1+t3)
= Im (ZtQ) T to “m
(it2)4k+2

= " er+ 1)1+ 2)m
e+ )+ ) a)
N (1 + al)

and

k
Im (1 L ilm/) (=) le/(zl)) - 0T (9% + 1)(1+ £2)(1 — |a])
(p(21))? (1+ lal)

which cotntradicts the assumption (2.1) of the theorem. Therefore we must have

(2.9) —%T <argp(z) < % (z el).

Putting p(z) = zf'(2)/f(z) in (2.1), we obtain
Corollary 2.2. Let f(z) € A, zf'(2)/f(2) # 0 inU and suppose that
Ak,to) < Im (1 4 e/ (a=p) <(Zf/(z))//f/(z) - 1>)

2f'(2)/ f(z)
(2.10) < ulkt) (2 € U)

where A(k,t2) and p(k,t1) as in (2.2) and (2.3) respectively, then f(z) € S*(a, ).
Putting o = 8 and t; = t2 ( say t > 0) in Corollary 2.2, we easily obtain
Corollary 2.3. Let f(z) € A, 2f'(2)/f(z) # 0 in U and suppose that

m (L2 @@\ e g 42y,
e (SR ) e cew

then f(z) € S ().

From Corollary 2.3, we easily obtain
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Corollary 2.4. If f(z) € A satisfying

zf"(2) Q(q-1) o | 2f(2)
(2.12) 70 +1‘§ 2t (1+1t) o) ‘ (zel)
then f(z) € 8 ().
Putting @ = 1 in Corollary 2.4, we have
Corollary 2.5. If f(z) € A satisfying
2f"(2) 1+ |2f'(2)
(2.13) ORN 1‘ <5 | W
then f(z) € S*.
If we put t = v/6/2 in Corollary 2.5, we obtain
Corollary 2.6 (see [4]). If f(2) € A satisfying
2f"(2) ‘ 5 Zf'(z)‘
2.14 1 — u
219 Fe S | G
then f(z) € S*.
If we put ¢t = V2 in Corollary 2.5, we obtain
Corollary 2.7 (see [1]). If f(z) € A satisfying
2f"(2) 312f'(2)
(2.15) ) " 1‘ <37 ‘ (z€U)
then f(z) € S*.
If we put t = v/2log4 — 1 in Corollary 2.5, we obtain
Corollary 2.8 (see [2]). If f(2) € A satisfying
2f"(2) ’ ‘Zf’(Z)‘
2.16 1 log 4 U
(>10) O e TN

then f(z) € S*.
Putting p(z) = 1+ 2f"(2)/f'(2) in (2.1), we have

Corollary 2.9. Let f(z) € A, f'(2) # 0 in U and suppose that
(2.17)

ko < (1 e (SN <y e e

where Xk, t2) and u(k,t1) as in (2.2) and (2.3) respectively, then f(z) € C(a, 5).
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Putting o = 8 and t; = 5 (say ¢ > 0) in Corollary 2.9 we easily obtain
Corollary 2.10. Let f(z) € A, f'(2) #0 in U and suppose that

(2.18) ‘Im (1 + (Zf/(z}/:(;;fu(z))‘ < %t(a—”u +12), (zelU)

then f(z) € C(a).
From Corollary 2.10, we easily obtain

Corollary 2.11. Let f(z) € A, f'(z) 20 in U and suppose that

(')~ 2"(2)
(2.19) ‘14— GCF )

< %t(“_l)(l +13), (z€lU)

then f(z) € C(a).
Putting @ = 1 in Corollary 2.11, we have
Corollary 2.12. Let f(z) € A, f'(z) #0 in U and suppose that

(2f'(2)" —2f"(z)| _ 1+t
(2f"(2)) T2

(2.20) ‘1 + (z€U)

then f(z) € C.
Putting p(z) = f(2)/z in (2.1), we obtain
Corollary 2.13. If f(z) € A satisfying

(2.21) Ak, t2) < Im <1+ei(”/4)(0‘5) (sz/(z) - Z)) <ulk,ty) (2 € U

2z 1)
where A(k,t2) and p(k,t1) as in (2.2) and (2.3) respectively, then we have
(2.22) —%T<arg@<0§ (o, B> 0; z€U).

Putting p(z) = f'(2) in (2.1), we obtain
Corollary 2.14. If f(z) € A satisfying

(2.23) Ak, o) < Im <1+ei<ﬂ/4><aﬁ> <('jf(z()z))2)> <ulk,t)) (z € U)

where Mk, t2) and p(k,t1) as in (2.2) and (2.3) respectively, then we have

(2.24) a0 < (@0 zeu).
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