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ABSTRACT. The present paper investigates the weighted L'-convergence of Griinwald in-

terpolatory operators based on the zeros of the second Chebyshev polynomials Uy, (z) =
sin(n+1)60

<o - Lhe approximation rate is sharp.

1. Introduction

Let f € Ci_1,1), taking {x}}}_; = {zx}}_,, the zeros of the second Chebyshev
polynomials U, (z) = W, x = cosf, as the nodes, then we define the famous

Griinwald interpolatory operators as follows:

Gn(fv .Z') = Z f(xk)l%c(x)’
k=1

where
U,(x)

W) = G )

k=1,2,---,n.

G. Min (see [3] and [4]) proved that G, (f,z) uniformly converges to f(z) in
any closed interval [a,b] C (—1,1), and it also converges to f(x) in the L' norm
(furthermore, [2] obtained the L'-convergence rate). In order to analyse the nature
of L'-convergence by the Griinwald operators completely, the present paper will
investigate the weighted case and establish the following
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Theorem. For any f € C|_y 1, the following estimates

: Onlwel£. D+ 2171, A>0,
[ 1Gutti) = F@ (VT=a? o < £ € w73+ =2201] . A=,
Cx oo, 1) + £, ~1<A<0

hold, where wy,(f,h) is the Ditzian-Totik type modulus with o(z) = V1 —z2, ||f||
denotes the supremum norm on [—1,1], C' and Cy denotes an absolute positive
constant and a positive constant only depending on A respectively, their values may
be different even in the same line.

2. Proof of Theorem

We establish some lemmas.

Lemma 1. For any f € C_1 1), A > —1, it holds that

1) / Go(f,2)| (VI— 22z < Gy £

-1

Proof. From [5], we have

Obviously, G, (f, ) is a polynomial of degree < 2n — 1. By using the inequality [1,
(8.1.4)], we have

1
(2) / Gu(fo2)] (V1= 2)\de

1—(2n)~
<cf |G (.0 (VI— ) da
14+(2n)—
1—(2n)~2 n
< / > | I- )
1+(2n)—2
logn 1—(2n)~2 1 \
< ol +C ||f||/ o =) T
14+(2n)—2
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and

1—(2n)~2
() / (1-2) " (V1 2)da

1+(2n)—2

1—(2n)~ 1 1
C/ =t —x | dx
ez \(1—z)'72  (142z)72

Ch, A >0,
Clogn, A=0,
Cyn™, —1<A<0.

IN

IN

Together with (2) and (3), (1) is proved. O

Write P, (z) as the best polynomial approximant of degree n to f(z), and

1— 2
ilk( ), k=1,2,---,n.

o(z) = (& — 2k) o

Lemma 2. For any f € Ci_1 1), A > —1, we have

@) [ 150 - Bl (VT < Oy (1.1,

—1
1
(5) / (G (f,2) = G (Pasa)| (VI =22 < Crw, (f, i) .
1
Proof. Using [1, Theorem 7.21], we know
1
15— Pall < e (1.1),

which means (4) holds. Applying (1) and noting that G,,(f,z) is a positive linear
operator, we have

/_ 1Gn(f, ) — Gn(Pr, 2)| (V1 — 22)da

1

1
< =Rl [ G0 W= E e < O, (£7).

therefore, (5) holds. O
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Lemma 3. If f is a polynomial of degree 2n+1, then we have the following identity:

©)  Gulfio)—f(@) = (Gulf,1)—f(1 ))1230(?(;))

+(Gn<f7_1)_ 1_x( )
Jer Ty) —— o (z) — f (zk)ok(z).
Proof. Write
2
Hx) = Gulf.2)— f() (( (f.1) - 1) 22 (g((ﬁ)
1—z ( Un(x) \°
+(Gu(f,—1) = f(=1)) 2 Un(_1)>

+Zf$k Z/«Tko'k )

k=1

Since G,,(f, ) is a polynomial of degree < 2n — 2, H,(z) is a polynomial of degree
2n + 1. We check that

H,(z)=0, k=1,2,---,n; H,(£1)=0.

In view of that Iy (z) = 1, we see that

(@)

’ 2 Un(z)
V] = 20 = ey 2 e —w)|
U@ 3o
 Ul(xg)  1—a¥’
hence
/ / 3y, /
Gu(foan) = fze) = flaw)g 2 f(ay)
= J) 7ok ~ k)

thus H), (zx) =0, k =1,2,--- ,n. A polynomial of degree 2n + 1 vanishes at 2n + 2
points (multiplicity calculated) must equal to zero. Lemma 3 is proved. O
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It is not difficult to deduce that

Lemma 4. Forp > q,

/”|sin(n—|—1)0\pdaw logn, ¢=1,
0 sin? 0 | nitl g > 1.

Lemma 5. For any A > —1, we have

1 14z Un(x) ? A
CAn_le”v A>0,
< {Cnllogn|fl, A=0,
Can ' MIfll, - —1<A<0,
and
1 — U, 2
®) [ |@atpun - i 5 (25 ) |V
CAn_le||7 A >0,
< (Cn7tlogn|fll, A=0,
Can ™ MIfll, —1<Aa<o.

Proof. 1t is easy to check that U, (£1) =n+ 1 and

- 3n—1
Yo ="
2
k=1
Then we use that || P,|| < 2| f]| to yield that
1
/.
& 2 1 ! 2 A
2 1 1)) — U, 1—22)"d
I 1+ 3060 | @I

-1

clflnt / UR@)(V1=a?) e

(M)Adx

S —

IN

IN

T a2
cllfn [ S5
0

sint ™0

IN
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Applying Lemma 4, with simple calculations for different cases A > 0, A = 0 and
—1 <A <0, leads to (7). (8) can be proved similarly. O

Lemma 6. For any A > —2, we have

(9) /1 ZP 5) o—k( )| (V1= 22 da

k=1
CanHI£1, A> =3,

< {Cn7tlognlfl, A=-—3,
A3 £ —2<A<—%-

Proof. We have (cf. [2], (22))

/ (ZP n T ) VI—atde < DO £

Note that Z Py (xp) 22 = 12 or(z) is a polynomial of degree < 2n+1, in a similar way

to the proof of Lemma 1, we have

/ ZP" ) or(@)| (V1 — 22) da
1 k

k=1
3x
< C/ (xk)l_l;2 or(z)| (V1 —22) da
14+n—2 k
1-n— n % 1—n—2
< / ZP” Tp)— V1 —22dx / (v1 —22)2 Ly
1+n—2 k —14n—2
1-n=2 %
< o |l { [ x2>”—1dx}
,1+n—2
1-n~2 %
1 1
< Cn7lf / ( — + - ) de y
H || { Cgn-2 (1 _ x)éf)\ (1 +$)§7)\
then (9) can be verified easily. O

Lemma 7. For any A > —1, we have

(10) /1 Z (x0)on(@)] (VI— ) de < Cro, (fi) .

k=1

=
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Proof. From [6, (32)], we have

/_11 (kz: P;L(mk)ak(x)>2 \/i% < COwl <f7 ) :

because A > —1, 1+ 2X\ > —1, by Holder inequality, we get

[ SLAEAE

k=1
/ (iP . ) L vl

C)\ww (f, ;) .
]

Proof of Theorem. Altogether, with the above lemmas, we can proceed the proof of
our theorem now. Since G, (f,x) is linear, by applying lemma 3, we then have

(V1 —a2) Nz

IN

IN

Gn(f, ) = f(x)
= Gu(f,7) = Gu(Pn,2) + Gu(Py,x) — Po(x) + Pu(z) — f(2)
_ 1+z (Uy(z)
= (Gulf2) ~ GulPa)) + (Pale) = 1) + (GolPar 1) = 1) 55 (245
+(GalPa=1) = Pu-1) 15 (8 )
+an($k)1 Z (zk)ow(z
k=1 =
with (4), (5), (7)-(10), we can get the required result. O
3. Remarks

For A < —1, there exist an fo(z) € Cj_1,1) such that

(11) / Ga(for ) — Fol@)| (VI = 22V dz 4= 0, n— ox.

-1

In fact, take fo(x) = 1, then we have

3 1 3
Gulfor2) = fole) = 5 G Une) + L T ponla
k=1
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When A > —1, by Lemma 4 we have

1 T2
/_1 g(:+ 11)2(]3(3;)(@)%3; = % 0 s?nnl—?geda
C, A= -1,
Cyn~ 172, —1<A<0,
Clogn/n, A=0,
Cyn~1, A >0,

V

v

together with (9), we have

(VI— ) da = o ( / 1 3MU2<x><m>Adx) ,

12412

that means, (11) holds for A = —1.
The above estimates also show that our results are sharp for A > —1.
We conclude that the result of [2] is a special case A = 0 of our theorem.
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