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ABSTRACT. In this paper, we prove a weighted norm inequality for the Marcinkiewicz
integral operator Mgq,;, when h satisfies a mild regularity condition and Q belongs to
L(log L)M2(S™™ 1), n > 2. We also prove the weighted L? boundedness for a class of
Marcinkiewicz integral operators Mg, , y and Mgq n s related to the Littlewood-Paley g3-
function and the area integral S, respectively.

1. Introduction and statement of results

Let n > 2 and S™! be the unit sphere in R” equipped with the induced
Lebesgue measure do = do(-). Let Q be a homogeneous function of degree 0 satis-
fying Q € L1(S"~!) and

(1.1) /sni1 Q(2')do (z') =0,

where ' = z/ |z| € S"~ for any z # 0.
For a suitable C! function ® on R and a measurable function h : Ry — C,
the Marcinkiewicz integral operator Mg s 5 is defined by

[ 1/2
Moo nf(z) = (/ |F§z,c1>,h,tf(33)|2 dt) ;
0

t3
where

Fownif(a) = / " Q)R F( — B(Jyl)y)dy.

ly|<t

We are also interested in studying the related Marcinkiewicz integral operators
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Ma e n,s and Mg, 4,  which are defined by

1/2
dydt
Maonsflr) = / |FQ,<I>,h¢f(x)|2 3+3 J
I'(z) t

t A ayar\ "’
- F 2 Z/ : ’
</ fop (=) Vmmencrio t>

where A > 1 and I'(z) = {(y,t) e R} : |z —y| < t}.

If ®(t) =t we denote Mg 3.1, Mq,o,h,s and MG o.nx by Man, Ma s and
MG .2 Tespectively. Also, if h =1 and ®(t) = ¢ we denote Mq o n, Ma,e n,s and
MG & na by Man, Mq,s and M§ 4, respectively.

We 7point out that Mq ¢ and Ma ) are respectively related to the Lusin area
integral S and the Littlewood-Paley g3-function.

The operator Mq was introduced by E. M. Stein in [13] as an extension of
the notion of Marcinkiewicz function. Stein showed that if Q €Lip,(S™~1), (0 <
a < 1), then Mg is of type (p,p) for p € (1,2] and of weak type (1,1) (see [13]).
Subsequently, Benedek, Calderén and R. Panzone proved that Mg is of type (p,p)
for p € (1,00) if Q@ € C* (S™!) (see [2]). Some years later, T. Walsh [18] showed
that if p € (1,00), r = min{p,p'}, and Q € L(log L)/"(loglog L)2(1=2/")(§n~1),
then Mg is bounded on LP(R™). In particular, by Walsh’s result we have Mg is of
type (2,2) if Q € L(log L)*/?(S™~1). Moreover,Walsh showed the optimality of the
condition Q € L(log L)*/?(S"~1) for the L? boundedness of Mg in the sense that
the exponent 1/2 in L(log L)'/2(S™~1) cannot be replaced by any smaller numbers.
Very recently, Al-Salman-Al-Qassem-Chen-Pan in [1] were able to prove the LP
boundedness (1 < p < 00) of Mg if Q € L(log L)'/2(S"~1).

On the other hand, the weighted LP boundedness of Mg has also attracted
the attention of many authors in the recent years. Indeed, Torchinsky and Wang
in [17] proved that if Q € Lip,(S™™!), (0 < a < 1), then Mg is bounded on
LP(w) for p € (1,00) and w € A, (The Muckenhoupt’s weight class, see [9] for the
definition). The result of Torchinsky-Wang was improved by Ding, Fan and Pan in
[4] who were able to show that Mg, is bounded on LP(w) for p € (1, 00) provided
that b € L®(Ry), Q € LY(S" 1), ¢ > 1 and w? € A, (R"). In a recent paper,
Ming-Yi Lee and Chin-Cheng Lin in [11] showed that Mg ;, is bounded on LP(w)
for p€ (1,00) if h € L®(Ry), 2 € HY(S" 1) and w € AZI, (R™), where A£ (R™) is
a special class of radial weights introduced by Duoandikoetxea [6] and its definition
will recalled below.

We remark that on S”~ ! for any ¢ > 1 and 0 < a < 1, the following inclusions
hold and are proper:

M?z,qxh,,\f(l")

(1.2)  CYS™ ') C Lip,(S"™') C LYS" ') C L(log™ L)(S"™ 1) € H'(S"1).

Also, it is easy to see that L(logL)(S"') C L(logL)"/2(S"~'). However, it
is known that L(logL)*/?(S"~') is disjoint from H'(S™ ') in the sense that
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L(log L)Y/2(8"=1) € H*(S"™') and HY(S""!) € L(log L)*/?(S"~1) (see [3] for
more details).

Our chief concern in this paper is studying the weighted LP(w) boundedness of
Mg, under the natural condition Q € L(log L)/2(S*~!) and under a very weak

condition on h. To sate our main results, we need to recall some definitions.
We say that Q € L (log L)* (S™™1) (a > 0) if Q satisfies

/SH ()] (log(2 + [Q2()]))" do(z) < co.

For v > 1, we say that h € A (Ry) if h is a measurable function on R
satisfying
1/

1 (B 5
[hll5. = sup (R/ | ()] dt> < 0.
v R>0 0

Let LP(w) be the weighted LP spaces associated to the weight w > 0 which is defined
by

PR, w(a)de) = {f N F ) = ( /R ) f(x)lpw(x)de)l/p < oo} .

Definition 1.1. Let w(t) > 0 and w € L} (Ry). For 1 < p < oo, we say that

loc

w € A,(Ry) if there is a positive constant C such that for any interval I C R4,

<|1r|—1 /Iw(t)dt> (m—1 /Iw(t)l/(pl)dt>p_1 < C < oo

We say that w € A1(Ry) if there is a positive constant C' such that
|I|71/w(t)dt <C .ess ingw(t) for any interval I C Ry.
I S

It is easy to verify that w € A;(Ry) if and only if there is a positive constant C
such that
Mprw(t) < Cw(t) for a.e. t € Ry,

where My (f) is the Hardy-Littlewood maximal function of f.
Definition 1.2. Let 1 < p < co. We say that w € A,(R.) if

w(z) = v (|zNra(al)' 77,

where either v; € A;(R4) is decreasing or v? € A;(Ry), i=1, 2.

Let A{,(R”) be the weight class defined by exchanging the cubes in the defi-
nitions of A, for all n-dimensional intervals with sides parallel to coordinate axes
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(see [9]). Let flg =A,nN Al Tfwe A,, it follows from [6] that the standard Hardy-
Littlewood maximal function Mgy, f is bounded on LP(R"™, w(|z|)dz). Therefore, if
w(t) € Ay(Ry), then w(|z|) € A,(R™).

We shall need the following lemma which can be proved by the same argument
as in the proof of the elementary properties of A, weight class (see for example [9]):

Lemma 1.3. If1 < p < oo, then the weight class AII,(R+) has the following
properties:
(i) flél C Aéla if 1 < p1 < p2 < o0

(ii) For any w € AZI,, there exists an € > 0 such that w'*e € AII);

(iii) For any w € ;1117 and p > 1, there exists an € > 0 such that p —e > 1 and
w e AZIFE.

Our main results are the following:

Theorem 1.1. Let h € A (Ry) for some v > 1. Let ® be in C?([0,00)), convez,
and increasing function with ®(0) = 0. If Q € L(log L)*/2(S™~1) and satisfies (1.1),
then

(1.3) IMa,an(N)lLe@ny < CplfllLr @y

is bounded on LP(R™) for |1/p —1/2| < min{1/+',1/2}.

Theorem 1.2. Let ® be in C?([0,00)), conver, and increasing function with ®(0) =
0. Suppose Q2 € L(log L)Y/?(S"~1) satisfying (1.1) and h € A_ (R) for some v > 2.
If p and w satisfy one of the following conditions:

(a) 2<p<ooandw € AII)/Q(RJF);

(b) ¥ <p<2andwe AZI)/W,(R_F),
then there exists C, > 0, independent of f, such that
(1.4) I Maon(F)ll oy < CollFlncey -

Theorem 1.3. Let h € A (Ry) for some v > 2. Let ® be in C?([0,00)), convez,

and increasing function with ®(0) = 0. If Q € L(log L)'/?(S™~1), then there exists
Cp > 0 such that

(1.5) IMa.w.n.5(N oy + M0 n D o) < Co 1o

for2<p<ooandw € AZI,/2(R+).
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It is worth noting that the range of p given in Theorem 1.1 is the full range
(1,00) whenever v > 2. Also, the result in Theorem 1.1 extends the result of Al-
Salman-Al-Qassem-Chen-Pan in [1] who obtained Theorem 1.1 in the special case
h =1 and ®(t) = ¢t. We remark also that Theorems 1.2 and 1.3 represent an
improvement and extension of Theorems 1 and 2 in [4] in the case w € AII)(R+).

The main tools used in this paper come from [5] and [12]. The paper is divided
into three sections. In the second section, we compute certain Fourier transform
estimates and prove the weighted LP(w) boundedness of a maximal function. The
proofs of Theorems 1.1-1.3 will appear in Section 3, along with a further result.

Throughout the rest of the paper the letter C' will stand for a positive constant
not necessarily the same one at each occurrence.

2. Some basic lemmas

Definition 2.1. Let h be a measurable function and ®(t) be a C! function on R .
For m € NU{0}, let a,, = 20"+t and Q_ be a function on S"~! satisfying the
following conditions:

(2.1) ||QmHL2(S"*1) < (a,)%
(2.2) 2.0, < L

Define the family of measures {o,,; : ¢ € Ry} and the corresponding maximal
operator oy, on R" by
1 QVTL y/)
fome = 3 [ g@ub (o) Ly
Je<lyl<t vl

Re t

ot (z) S [lom el  f)]
+

where |0, 4| is defined in the same way as o,y , but with 2 replaced by |2, | and
h replaced by |h|.

Lemma 2.2. Let m € N and h € A (Ry) for some y, 1 <y < 2. Let Q_ be
a function on S"Lsatisfying (2.1)-(2.2) and (1.1) with Q replaced by K2, . Assume
that ® is in C?([0,00)), conver, and increasing function with ®(0) = 0. Then there
exist constants C and 0 < a < 1 such that for all k € Z and £ € R™ we have

(2.3) lomell < C
k41
@ ~ dt _ -
(24) /k |0'm’t(£) 2 ? S C(m —|— 1) ’(I)(aljn 1)6’ ' (m+1) :
o dt
(25) /k |&m)t(§) 2 ? S C(m —|— 1) ’(b(ai"'l)é" ~7(m+1) ,

m

where ||oy, 1| stands for the total variation of oy, . The constant C' is independent
of k, m, & and ® (-).
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By (2.2) and the definition of o,,,, one can easily see that (2.3) holds with
a constant C' independent of ¢ and m. Next we prove (2.4). Switching to polar
coordinates and then applying Holder’s inequality, we obtain

1/9'

¢ /v ‘ ,
|am,t<§>|<<1 / t|h<s>|”ds> (1 J o ds> ,

I, (s) = /STH1 e EET) (2)do ().

Since |I,, (s)| < 1 we immediately get

Lt , 1/4'
c f/ L (5)] ds
t Lt

= o[ @O Yoo (a) o) ) )

where

|m.2 (6]

IN

where .

Ym,t(f,x,y):/ e~ 1P(s)E (z—v) gg.
1/2

‘We now show that

(2.6) Vit (&, 9)| < ClO(/2)E]7 1€ (@ — )|

for some 0 < @ < 1/2.
To this end, we notice that by the assumptions on ® and the mean value theorem
we have J B(ts)
ts
— (®(ts)) = t®'(ts) >
& (@(ts) = 19/(1s) > T
Thus by van der Corput’s lemma, Yy, (&, z,y)| < [®(t/2)¢] "¢ - (@ —y)|". By
combining this estimate with the trivial estimate |Y;,, (¢, x,y)| < 1/2 and choosing
a such that 0 < o < 1/2 we get (2.6). Applying now Schwarz’s inequality and (2.1)

we get

|&m,t(§)|
, /9
cloe/ag ™ ([ 10.@0.6lE (-l do () dot))

> B(t)2).

IN

IN

, , 1/2y
C|®(t/2)|~ (a, )4 {/s |21 — y1| 2% do (2) da(y)} ,

n—1 XSn—l
where z = (21, -+ ,2,) and y = (y1,--- ,yn). Since the last integral is finite, we
obtain

16m1(6)] < C1B(t/2)¢]7" (a,, )",
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which easily leads to

o

a

ak+1 7

m

i@ % < Clmt1)(a, )

@(;afi)g‘

ak
m

< C(m+1)(a,)¥ |@(a" Ve[ .

m

By combining the last estimate with the trivial estimate

gkt

/ m
ak

m

o & < Clm+1)

we get (2.4).
We now turn to the proof of (2.5). By using the mean zero property (1.1) of
Q. we get

[Gm,1(§)] < %/s, /;t

Hence by (2.2) and since @ is increasing we get

e~ ()6 [h(s)] ]9, (z)| dsdo(x).

|1 (€)] < C|@(1)E] .
By using the same argument as above we get (2.5). The lemma is proved.
By the same argument as in [15, p. 57] we get

Lemma 2.3. Let ¢ be a nonnegative, decreasing function on [0,00) with
f[o sy P(t)dt = 1. Then

‘/{O )f(w—ty’)w(t)dt < My f(=),
where
1 R
My f() = swp = [ 17— sy)lds
RER 0

1s the Hardy-Littlewood mazimal function of f in the direction of v'.

Lemma 2.4. Let m € N, h € A (Ry) for some v > 1,9 < p < oo and

w € Ap/v' (Ry). Let Q, be a function on S"1 satisfying (2.1)-(2.2) and let ® be
in C?([0,00)), convez, and increasing function with ®(0) = 0. Then

(2.7) 105 (P ln ey < Co Il ooy

where C,, is independent of m and f.



38 H. M. Al-Qassem

Proof. By Holder’s inequality and (2.2), we have

llom. il * f ()]

1/~
1 ¢ ¥ 1 t
<t/;th(8)' ds) (t /
' , 1/
= <1 /;t/nl 192, W) £ (z = 2(s)y)]” do—(y')d8> .

Thus

IA

/Sn_l Q, () f(x—2(s)y)do(y')

o /9
ds)

, /9
29 o= ( [ 1000 May () @et))

where

Mgy f(x) = sup

teR ¢

+ |t = o

Without loss of generality, we may assume that ®(¢) > 0 for all ¢ > 0. By a change
of variable we have

1 e , ds
May,y f(x) Stselg <t/0 |f($5y>|<1>’(<1>—1(s))> .

Since the function m is nonnegative, decreasing and its integral over [0, ®(t)]
is equal to 1, by Lemma 2.3 we obtain

(2.9) May f(x) < My f(2).

By (2.8)-(2.9) and Minkowski’s inequality for integrals we get

, 1/
. * < / , vy !/ .
210) il < ( Lot )|, doto >)

By (8) in [6] and since w € Ap/v’ (R4) we have
(211) ”My'f”Lp/v’(w) < C ||f||LP/’Y'(w)

with C independent of . By (2.2) and (2.10)-(2.11) we get (2.7) which finishes the
proof of the lemma. O

3. Proof of theorems

Assume that Q € L(log L)*/?(S™~ 1) and satisfies (1.1). We may assume without
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loss of generality that o is normalized so that o(S"~!) = 1. For each m € N, let
En={yesnt:2m7 1 <|Q(y)| <2™}. Let

(3.1) Dg={meN: o(E,)>2"1"},

and for each m € Dg, let 0, = ||| 11 (g, ),

(3.2) Q (x)= 9;11 (Q(I)XEm (2) —/E Q(u)do(u)) .
Also, let
(3.3) Qo=0- > 0,0,

Let 6y = 1. Then the following hold for all m € Dg U {0}:

(3.4) / Q (x)do = 0
Snfl

(3.5) 12, -y <0G

(3.6) 12, 2y < Cla,)s

(3.7) Z (m+1)"26, < C 12l 1 10g £)1/2(87-1y 3

meDqU{0}

and

(3.8) Q=Y 0.9,
meDqU{0}

for some positive constant C'.

By (3.8) we have

(39) MQ,(P,h(f) < Z omMQm,‘I’,h(f) .

meDqU{0}

Therefore, Theorems 1.1 and 1.2 are proved if we can show that
(3.10) M, en(Nll L@y < Colm+ DY 1f | Lo gy
for p satisfying |1/p — 1/2| < min{1/4’,1/2}; and

(3.11) [ Mo, 000D ooy < Colm+ D21l

if p and w satisfy one of the conditions (a) and (b) of Theorem 1.2.
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Proof of (8.10). Since A (Ry) € A, (Ry) for v > 2, we may assume that 1 <
v < 2. Therefore, it suffices to prove (3.10) for p satisfying |1/p — 1/2] < 1/4'. For
k € Z and m € N let Ty, ;, = ®(a” ). We notice that {Y,,  : k € Z} is a lacunary
sequence with Y, 41/ Tk > a,,. Let {Ak,m}iooo be a smooth partition of unity in
(0, 00) adapted to the interval Iy ,,, = [T;:kﬂ, T:n],-kfl}' To be precise, we require
the following:

Apm € C® 0< A <1, Y Apm (B) = 15
k

where Cj is independent of the lacunary sequence {Y,, x : k € Z}. Let \Il/kjn(f) =
Ag,m(I€])-

By Minkowski’s inequality we have

Mo anf(x)

m

/OO
0

9 1/2
dt

t

Z 27 0, 5k * f(2)
k=0

00 0o 1/2
_ 2 dt
< S ([Tomann s £ )
k=0 0
o dt\ /?
= 2 / |0m,t * f('r) ? ) .
O t
Decompose
I Um,t(x) - Z Z(\Pk+j,m *Om,t * f)(x)x[ak ,ak+1)(t) = Z Sj m(l’,t)
JEZ kEZ e JEZ
and define
oo  dt 1/2
Minf(@) = ([T 18ima0 F)
Then

Mo, on(f) <2 Mjm(f)
JEZ
holds for f € S(R™).
We notice that to prove (3.10), it is enough to show that

(3.12) 1Mo () oy < Clm+1)227 B £]] gy

for some «, > 0 and for p satisfying |1/p —1/2| < 1/4'. This can be achieved
by interpolation between a sharp L? estimate and a cruder LP estimate of M, .
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To this end, as usual a sharp L? estimate can be obtained by using Plancherel’s
theorem. In fact,

k1

m dt
Mo Doy = 2 / Wiy o » [ &

keZ
k41

> / ( / ” G () dt)

Crm ={§ € R" 1 [¢] € Tk m}-

~ 2
f©)| de

IN

where

By Lemma 2.2 we have
(3.13) 1Mo (F) gy < Clm 4+ 12 270 | £]

On the other hand, we compute the LP(R"™)-norm of M ,,,(f). To this end,
assume first that 2 < p < 2“’ . By duality there exists a nonnegative function ¢ in

L(P/Q) (R”) with HgH(p/Q), S 1 such that

k+l
dt
My () ) = Z// O * Wssom » 1) L)

keZ

Now
(Ot % Uhggm % f ()]

1/;7: /Sn_l (Yitjm * f) (x — @(r)y)h(r)Q,, (y)do(y)dr

2

I _
< clo,l, (t//s N@ergn + ) @ = @) 12, W) ) ”da(y)dr> .
3
Thus by a change of variable we get

k+1
am 1 t
Mo Dl < €l [ S [ (t [ [ e emmie, wlx
R" ;o7 ak, st Jgn-1t

B doy)ir) S Wy« 50 da

Therefore, by (2.2) we have

B14) My (D) < Cmt D) [ 5 Wayn = F@F Mio-r sl
kEZ
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where
1 1, (y
M2+ 1,9(x) = sup */ g(z + @(|y)y’) [h(ly))? ”‘7”619
teRy | b J Lic|y|<t |yl
By invoking Lemma 2.4 with w = 1 and noticing that |h(-)]*™ € A, (Ry)and

!
(p/2)" > <ﬁ) we obtain

| M < C, Il iy < Co.

L®/2) (R")
Therefore, by Holder’s inequality and using Littlewood-Paley theory and Theorem
3 along with the remark that follows its statement in ([14], p.96), we have

1/2||2
My Dy < Colm+1) (Zmﬂm*ﬂ)

keZ Le(R™)

X || M,2-
H InI* 7’mgHL@/z)’(Rn)

which in turn gives

2y
(3.15) [Mm ()l porny < Cplm + 1)t/2 [l Lomny for2<p< =

Now we need to handle the case 33—12 < p < 2 Let Jyp = [a*,a"). By

a duality argument, there exist functions h = hi(x,t) defined on R™ x Ry with
HH”hk”L’z(J , < 1 such that

m,k>

2|l p

Mol = [ 3 [ i s ome s f) ) ol

keZ

By a change of variable, Holder’s inequality and using Littlewood-Paley theory we
have

A

(3.16) IMym(Hll, < Cp(m+1)"? (Z%m*ﬂ) @)

keZ

p’
p

IN

Cp (m+ 1)1, 1T/,

where

Z/ | (2, ) —

keZ
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Now, since p’ > 2, there exists a function ¢ € L(p//z)/(R") such that

Ty =3 [ ] et ol Sata)da
" m, k

keZ

By the same argument as above, we have

”T(h)”p//2 S / M|h\2 il mq (Z/ |hk Z, t | >
keZ
2 dt
S’Kzl/ il [,
keZ m k

p'/2

By invoking Lemma 2.4 with w = 1 we obtain

HM\h|2—~,m(Q)H < Cpllall 2y < Cop

(»'/2)

Thus by our choice of hy(z,t) we have

dt
mmmm«7<2/ e 2) <c,
keZ p'/2
which in turn along with (3.16) leads to the conclusion that
1/2 2y
(3.17) My, < €+ )Y 1] for 525 <p <2

By combining (3.15) and (3.17) we get
(3.18) [ Mym(Dl, < C (m+1)" £l for p satistying [1/p—1/2 < 1/

Now by interpolation between (3.13) and (3.18) we get (3.12). This completes the
proof of (3.10) which in turn concludes the proof of Theorem 1.1.

Proof of (3.11). As above it is enough to show that
(3.19) My ()l oy < Clom+ D225 |

if p and w satisfy one of the conditions (a) and (b) of Theorem 1.2. The proof of
this inequality follows immediately once we prove the estimate

(3.20) 1M (N oy < Clm+ D2 | fll o

if p and w satisfy one of the conditions (a) and (b) of Theorem 1.2. In fact, by
interpolating between (3.13) and (3.20) with w = 1 we get

(3.21) 1M (F)ll, < Cplm+ 1)1 /227 bl £ for o/ < p < oo
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By Lemma 1.3, for any w € AL(R), there is an € > 0 such that w'*s € AI(R,),
we get

(3.22) MG () o iy < Cplm 1) 2| Fll o e

if p and w satisfy one of the conditions (a) and (b) of Theorem 1.2. By Lemma 1.3

and using Stein and Weiss’ interpolation theorem with change of measures [16], we

may interpolate between (3.21) and (3.22) to get (3.11) as asserted. So let us turn

to the proof of (3.20). O
The key step in the proof of (3.20) will rely on the following lemma.

Lemma 3.1. Let m € N, h € A (Ry) for some v > 2 and w € AP/W/(RJr). Let
Q, be a function on S"~1 satisfying (2.1)-(2.2) and let ® be in C?([0,0)), convex,
and increasing function with ®(0) = 0. Then, for arbitrary functions {gr(-)},cz on
R, the following vector valued inequality holds

ok i 1/2
(3.23) (Z/ (Ot * gnl” t)

ak
keZ” I Lr(w)

< Cp(m+1)Y?

(Z |9k|2)1/2

kEZ

Lr(w)

if p and w satisfy one of the conditions (a)and (b) of Theorem 1.2, where Cp is a
positive constant which is independent of m.

Before presenting a proof of this lemma, let us prove (3.20) by applying Lemma
3.1. Let p be as in Lemma 3.1.

1/2
dt
(324) [ Ml = (Z L7 toma s Wi = S )
ke T Lr(w)
< C'(m+11/2 (Zmlkﬂm*ﬂ )
kEZ LP(w)
< Cpm+ D)2 fll o) »

where the first inequality follows by Lemma 3.1 and the last inequality follows from
a well-known weighted Littlewood-Paley inequality since A’ p/2(Ry) C Ap (Ry) C

Ap/'y (Ry) € Ap(Ry).

Proof of Lemma 3.1. To prove (3.23) we need to consider two cases. We shall use
frequently the arguments employed in the proof of (3.14).

Case 1: v =27 < p<ooandw € AP/Q(RJF). In this case 2 < p < co. By
duality, there is a function u(z) € L®/2" (w1~ #/2)") satisfying Hu||L(,,/2)/(w1_(p/2>/) <
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1 such that
ak+l 1/2 2
(3.25) Z/ " o+ gul? ﬂ
kez )
€ m Lr(w)
gkt
m o dt
-/ / O * g1 ()| Futa)dz.
" keZ

By the same argument as in the proof of (3.14) we get

lc+1  dt 1/2 2
(Z/ O+ il ) <Con+1) [ 3 @) Mypula)ds
kEZ "

Lr(w) kEZ

By Holder’s inequality

1/2]|2
(3.26) ( |0’m % gl )
;%;/ 9k

Lr(w)

1/2(|2
< C(m+1) (Z |9k | ) HMl,mU”L(p/'z)’(w1—<p/2>’) :
kEZ Lo(w)

It is easy to verify that w € A,/»(R") if and only if w'~®/2" € A, ») (R*). By
the same proof as that of Lemma 2.4 we get

Myl 2y (i-wrery < Cp lull sy @i-wrry <1

which when combined with (3.26) easily leads to (3.23) for v = 2.

Case 2: v> 2, v/ < p < oo and w is given as in Theorem 1.2. In this case we
need to consider two subcases.

Case 2(i): 2 <p < oco. In this case w € AP/Q(R+).

We argue as in the proof in Case 1. By duality, there is a function u(z) €
L®/2) (1= #/2)") gatisfying [l £o/27 (1- w2y < 1 such that

JRast , dt 1/2 2
(3.27) (Z/ |t * gk t)

ak
kez” U Lr(w)

aktl

m o dt
/ / |om,t * gi(z )| —u(x)dm.

keZ

By Schwarz’s inequality and (2.2) we have

O g0 SCG ) ) ( / L. |g<x+t1><r>y>|2|ﬂm<y>da(y)dr>.
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Since v > 2, by Holder’s inequality we have

¢ ¢ 2/
(1 /éth(r)|2dr> <c (1 /§t|h(r)|7dr> <c

Thus, we have

k1 gt 1/2 2
(3.28) <Z/ |0m,t*9k|2 t)

k
a
A Lo ()

1/2]|2
2
< C(m+1) (Z |9k | ) Myl o2y (1= sy -

k€Z Lr(w)

Reasoning as above we get (3.23) for the case v > 2 and 2 < p < oc.
Case 2(ii): ~' < p < 2. In this case 4, (Ry).
Let us first consider the case 7' < p < 2. Since
k+1
“m 2 di « 2
o omexgil” o < Clm+ 1) o, (l9 DI

we notice that to prove (3.23) for ¥/ <p <2 and w € flp/wl (R4) it suffices to show
that

1/2 1/2
(3.29) (Zmugmﬁ) <G, <Z |gk2>

kez Lo () kEZ Lr(w)
foryY <p<2andw € Ap /' (R4). The proof of this inequality is easy. In fact,
since o}, is a positive operator, supycz |0, (|gk|)| < |0}, (supyez |9x|)| and since o7,
is bounded on LP(w) for w € A,/ (R4 ) (by Lemma 2.4), we get

(3.30) <
Lr(w)

sup |07, (|gx])] sup |gr|
keZ keZ

Lr(w)

Moreover, the boundedness of ¢}, on LP(w) for w € flp /v (Ry) implies that

1/p 1/p
(3.31) (Z o7 |gk|>|'°> (Z |o:n<|gk|>||‘zp(w>>

kEZ kEZ

LP(w)

IN

1/p
Cp (Z ngllip(@)

kEZ

Cp (Z ngp> ”

kEZ

Lr(w)
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Since p < 2, (3.23) easily follows by (3.30), (3.31) and the Riesz-Thorin interpolation
theorem ([9, page 481]).

Now it remains to verify (3.23) for p = 2 and v > 2. However, the proof of this
inequality follows by (3.31). This concludes the proof of (3.23) for Case 2 and hence
the proof of Lemma 3.1 is complete. O

Proof of Theorem 1.3. A proof of Theorem 1.3 can be obtained by Theorem 1.2
and following a similar argument as in [11]. We omit the details. O

We end this section with the following result concerning power weights || .

One of the important special classes of radial weights is the power weights |z|%,
a € R. It is know that |z|* € A,(R") if and only if —n < a < n(p —1).

Our result regarding this class of weights is the following;:

Theorem 3.2. Let h € A (RY) with v > 2. Let ® be in C*([0,0)), convez, and
increasing function with ®(0) = 0.If Q € L(log L)*/2(S"~1), then

HMQ#I’,h(f)”Lp(uW) < Cp Hf”Lp(\aqa)

if p and « satisfy one of the following conditions:
(a) 2<p<ooand a € (-1, p/2—1);
(b) v <p<2anda € (-1, p/y —1).

A proof of this theorem can be obtained by Theorems 1.2 and noticing that
z|* € Al(Ry) for a € (—1,p—1).
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