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ABSTRACT. In this paper, we obtain some inequalities similar to Hilbert type. Some new
inequalities are also given.

1. Introduction

The Hilbert integral inequality is given as follows [1]. Let p > 1,9 > 1,
I/p+1/g =1, f,g > 0. If 0 < [[°fP(t)dt < oo, and 0 < [~ g?(t)dt < oo,
then we have

(1.1) /000 /000 dedy < sin?—g)(/ooo fp(x)dx>:’(/ooo gq(y)dy)é’

where 7/sin(7/p) is best possible.
The Hilbert’s double series inequality is given as follows [1]. Let p > 1, ¢ > 1,

&) o0
1/p+1/g=1, am, b, >0. If0 < > af, <oo, and 0 < > bl < oo, then we have
m=1 =

n=1
0 ambn T > P)%(Oobq)%
(1.2) ;;m+n<sin(;)(7;am nz::l n) oo

where 7 /sin(7/p) is best possible.

Recently, many interesting extensions and generalizations of (1.1) and (1.2) ap-
peared in [2], [3], [4], [5], [6]. The main purpose of the present paper is to establish
some new generalized inequalities similar to Hilbert’s inequality. We also establish
some new inequalities.

2. Integral inequalities

First, we introduce some Lemmas.
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Lemma 2.1. Forp>1, ¢ > 1, 1/p+1/q =1, define the weight function wy(x) as

> 1 2\ 5

2.1 = . S— d

(21) w) = | e aw (0) W
(4.B>0; a,8,7,020; ye0,)),

Then we get

B

_ATE (NS msp s (22 PA PO BY) —2
(22) o) =—3 ( ) ver B( 28 20 )

where B(a,b) is the well-known Beta function where a >0 and b > 0.
Proof. Setting u = By®/Axz® in (2.1), we have

Ai% A % E-ﬁ-&[?—p()\-&-ﬁ’y)] O° 5 28-pa —py
wy(z) = 3 (E) x'2 20 ; u 26 (14u)™2 du.

Since B(a,b) = [;°t* 1 (14 ¢)=(@*Ydt (a > 0, b > 0), then we get (2.2) immedi-
ately. O

Lemma 2.2. Forp>1, ¢>1, 1/p+1/q =1, define the weight function wa(y) as

wa(y) = /000 M(y>2d$ (33 € [0’00)),

where A, B, «a, B, v, and X\ are given as in (2.1). Then, similarly as in getting
(2.2), we have

B~% /B\%5¥ o, 2— g\ g A+ay)—2
= —_ 2 2 [2 q()\-‘rOl’Y)]
(2:3) w2(y) @ (A) y B( 20 200 )

Theorem 2.3. Let f, g be real-valued functions defined on [0,00) such that

0 < [Tt EPO () de < 00 and 0 < [y +as QO+ ga(y)dy <
o0o. Then we have

24/ / Axa+B )dxdy

< { - (%) B(2 2;)\’p()\+ﬁ7 )—2 / % 22— p(>\+ﬁ"/)fp( )dw};
)

1
/ % 2£ 2— q()\-‘ra'Y)]gq(y)dy} ' )

where A, B>0,a, 8, v, A>0;p>1, ¢>1,1/p+1/qg=1.

X{B_?(B)Q B(2—q/\ q)\—i—oz'y )—2

« A 20
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Proof. By Holder’s inequality, we have
/O N /O N Mdmy
Il
{/ / (Aze +Byﬁ)% ( dxdy} {/ / (Aze +By5)% (5 )Qdedy}q '

Using (2.2) and (2.3), we get (2.4) directly. O

A
2

9(y) z <y>3]dxdy

(Az> + Byﬁ)% (7) (Az® + By

Remarks 2.4. )
l.Lete A=B=1,a=0=1,p=q=2,v=1, )\:5 in (2.4). Then we have

[ [0y o [ o) ([ )

which is Hilbert’s integral inequality.
2.Let A=B=1,a=0=1,p=¢=21in (2.4). Then we get

(2.5) / / @ + e dzdy

< Bl-Av+A- 1)(/oo xl”]‘ﬁ(x)dff/(x> ylf”g2(y)dy)

0 0

1
2

Let 1 — A = 7 in (2.5). Then we obtain

/O°° /0°° dedy <B(3:3) (/000 7 (@) de /OOO y1*792(y)dy)%,

which is the same result in B. Yang [2].
3. Let a=pF=1,p=¢q=21in (2.4). Then we have

o [ / L0y,

= (AB)a g7 B A= /000 2! f (z)de /:> ¥ g3 (y)dy) g

Let 1 - A= % in (2.6). Then we get
= _f@)ey)

—————=—dxd

/0 /0 (Az+ By

< apt G r@e [t
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which is the same result in Y. Bicheng [6].
4. Let v =2 in (2.6). Then we have

2.7) // AHB Sy,
< E(/ —f*(x)dx /O ;QQ(y)dy)é-

Let A= B =1in (2.7). Then we get

(2.8) / / Hy T@9W) 4y < (/OOO ifQ(x)dx/Ooo ;92(y)dy)é.

5. Let A=B=1,p=¢q=2,~v=1in (2.4). Then we have

(2.9) / / o + yﬁ d dy

< m[3<lﬁA7A+§1>B<1A7>\+al)

e e
% ars(1-a 2 X A E(1-Ar-a) 2 ?
/ AEUTAD g (w)dx/ yMatizrmalg (y)dy}
0 0
Let « = 8 =n,A=01in (2.9). Then we get
T [e’e} [e’e} 1
< 1—n g2 d/ 1-n 2 d).
L LR sy < ([T s [
6. Let A=B=1,p=¢q=2,a=0=~v=mn,A=0in (2.4). Then we get
(2.10) // fx)g)
< (x0T 1)

- (/OOO 2 (@ dm/ yl‘"ng(y)dy) :

[N

3. Discrete inequalities
First, we introduce some Lemmas.

Lemma 3.1. Forp>1, ¢ >1, 1/p+1/q =1, define the weight coefficient wy(m)
as

(3.1) wi(m i gy _:Bnﬁ)p;, (ﬂ)%, (A, B>0, «a, 8, 7, )\20).

>

n:l
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Then
32) wiim) < AT (A) T s p( 2202 pAE 01 =2y
' W= \B 26 23 '

Proof. From (3.1), we have

= 1 m\ %

wl(m) = ;B%(%maJ'_nﬁ)% (E)
- 1 o 1 (@)%d

BT Jo Emoty)F\y/ W

In a similar way as in the proof of Lemma 2.1, we get (3.2). |

Lemma 3.2. Forp>1, ¢>1, 1/p+1/q =1, define the weight coefficient wa(n)

as R

> 1 n 42

Wo = — .

z:l Ame + Bnf)= \m ( )

Then
B~% /B\%¥ 4 A gA+ay) -2
. < = >+ am [2—a(Atay)] ( 49 4q )

(3.3)  wa(n) < o (A) n' s B 200’ 2a

From Lemmas 3.1 and 3.2, we can prove the following theorem.

Theorem 3.3. Let {a,} and {b,} be sequences of real numbers such that

0 < ioj m%+%[27p()‘+’67)]afn < o0 and 0 < i n%+%[2—q(>\+aw)]b% < o0, if
m=1 n=1

A B>0, o, 8, v, A>0; p>1,gq>1,1/p+1/qg=1. Then

by

(3.4) (Ame + Bnd)

B =

2-pr pA+08y) -2 5 [2-p(A+67)] ,p
B( 28 ' 23 )Zm ’ @m

m=1
1

g
e )

n=1

Remarks 3.4. 1
1. LetA:B:l,a:ﬂ:l,p:q:Zand)\:§ in (3.4). Then we have

SRS
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which is Hilbert’s double series inequality.
2. LetA:B:l,a:ﬂ:l,p:q:?amdl—/\:%in (3.4). Then we get

S5 et a3 S S

m=1

which is a discrete analogue of B. Yang’s integral inequality [2].
3. Leta:ﬁ:l,p:q:Qandl—)\:%in (3.4). Then we have

ii Am+Bn < (A;)Z (7 7) {Zml a2, Zn—vbg} 7

m=1 n:l

which is the same result in Y. Bicheng [6].
4. et A=B=1,a=1,p=¢g=2in (3.4). Then we get

(3.5) >

Mg

m=1n=1 me + nﬁ
1 1-— -1 1-— -1
< {B )\,/\+ﬁ )B( )\7)\—&-@ )
Vai Jé] 1] « «o
1
o] [e’e] 2
> Z m)\Jr%(lf)\*ﬁ)aTQn an-l-f(l—)\—a)bi} (0 <A< 1)
m=1 n=1
Let A=0and o = § in (3.5). Then we have
o~ Ambn T = 17042001012%
(3.6) YY ms —(Ymi T Yo )
m=1n=1 a  m=1 n=1

5. Let A=B=1,p=q=2,a=0F=vand A =0 in (3.4). Then we get

— 1)<§: ml_o‘Qa?n.inl @ b2>

m=1 n=1

[N

4. New integral inequalities

Theorem 4.1. Let f, g be real-valued functions defined on [0, oo) such that
0< fooo 22 PP (2)dr < 00, 0 < foo 2a-lgd(y)dy < co; p>1, ¢> 1,
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1/p+1/q=1. Then
(4.1) / / f(x)g(y) dudy
o Jo l+uay
1
2X -2 e p
< {B(l — \p, %) / x”‘plfp(x)dx}
0
1
2 -2 > a
x {B<1 — A, %) / y”q‘lg"(y)dy} :
0
Proof. Using Holder’s inequality, we have
/ / f@)g() . dy
142y
A
< L )l
(1 + zy)z \y (1+ay)? + zy)

Setting u = xy, we get
/ / f(x)g(y)dxdy
o Jo l+uay
< {[evrw [T }’1’{/% gy [T duay
= x r T L p auaxr Yy g \y T L gauay
0 o (14+u)% 0 o (1+wu)?

Hence the proof of Theorem 4.1 is complete. O

Q) /\qudy}; .

no\.a

1
q

We introduce the following Lemmas

Lemma 4.2. Forp>1,q>1,1/p+1/q =1, define the weight function wy(zx) as

> 1 2 2
(4.2) w1 (z) :/O Wdy (d>b, c>a and 7 <pa< 5)

Then we get

3y [ apa(d=b)+(c—a) (bpa—2))

(43) w1 (l‘) <

< — (Q—bpa dpa—2)

2(d—0)’ 2(d - b)

Proof. Setting u = x¢%y%=% in (4.2), as in the proof of Lemma 2.1, we get (4.3).00

Lemma 4.3. Forp>1,q>1,1/p+1/q =1, define the weight function wy(zx) as

o 1 2 2
wa(x) = —qadac(d>b,c>a and7<qa<7>.
o (zoyb+axeyd)z c a
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Then we have

se—ay [—baa(c—a)+(d—b)(aga—2)]
y2e-a) (2—aqa cqa—?)
4.4 < B .
(4.4) (@) < c—a 2(c—a)’ 2(c —a)

Theorem 4.4. Let f, g be real-valued functions defined on [0, oo)
such that 0 < [;° g 7@ [-apa(d=b)+(c=a)(bpa—2)] fP(x)dz < oo and
0< fooo yz(cl—a)[ bga(c—a)+(d—b)(aga—2)]
1/p+1/q =1, we have

= f@)ely)
45 R
( )/0 /0 xayb+xcyd)oz ray
< 1 (2—bpa dpo — 2 )/OO$2(+,b)[—apoz(d—b)-ﬁ-(C—a)(bpa—Q)}fp(x)dx
d )/ Jo
1

d—b \2(d—0)2(d—b
1
—aga cqa — 2 o sty [~baa(e—a)+(d—b)(aga—2)] Ja(, 1\ 4 ¢
X{c—a —a)’ 2(c—a))/0 Y 9*(y)dy

91(y)dy < co. Forp>1,q>1,

B =

2 2
d>b, c>a, —<pa<-—

2< <2)
- a < —).
d c q a

d?

Proof. Using (4.3), (4.4), we get (4.5) directly. O

Remarks 4.5.
1. Let p=¢g =2 in (4.1). Then we have, for 0 < A < 1/2,

f(z
4. d d
(46) / / 1+xy Y
< B(1—2A,2A)(/ x‘u_lfz(w)dx/ y”‘ng(y)dy)E-
0 0
Let A=1/4in (4.6). Then we get
(4.7) / )d:cdy < 7T< oof2(:z:)d3: /OO g2(y)dy)%.
0 1—|—9cy 0
2. Leta:b:O,c:dzlandp:q:2in (4.5). Then we have, for o > 1,
T I@ely) / () /°° W) \*
4.8 —d .
(48) /0 /0 (1+xy) _a—l y y)
3. Leta=b=0in (4.5). Then we get
1_/1 dpa—2 . :
< (Zgp(z P
49/ / 1—|—xy dxdy = (dB(d’ 2d )/0 v df(:”)dx)

1 1 cqae—2 4 7
X(*B(*, )/ y cg“(y)dy) :
c \c 2c 0

0




Some New Hilbert Type Inequalities 27

which, upon setting o =1 and p = ¢ = 2, yields

(4.10) / / 1+x y dxdy
(dS”ﬂM/o i csizlr(%) /Oooyggz(y)dy);.

Let d = ¢ =2 in (4.10). Then we get

([ ).

Let d = ¢ =n in (4.10). Then we have

(4.12) / / da:dy < Smﬁ(/ooo a:_lfQ(x)dx/oooy_lf(y)dy)é.

Theorem 4.6. Let f, g be positive real-valued functions defined on [0, oo). Then
we have

aw [ [0, [,

and

(4.14) / / S dacdy</ / f dxdy,

where a, b > 0.

Proof. Since (1 — 2%)(1 —y®) = 1+ 2%® — (2% + y°), then (1 — 2%)(1 —y®) > 0 for
0<x, y<1,also(1—2%)(1—y?) > 0for 1 < 2,y < 0o, and hence 1+z%" > x4y,
1

from which

> .
z¢+yd T 14 xeyb
Since f(z),g(y) are positive valued functions, we have

f@)aly) _ f(x)g(y)
1+ .’anb o + yb ’

which, upon integrating, yields (4.13) and (4.14). O

In a similar way as in the proof of Theorem 4.4, we proved the following theorem

Theorem 4.7. Let f, g be real-valued functions defined on [0, 0o) such that

aap | a—c _ daog | _d_
0< fooo r= 2 @ fP(x)dr < oo and 0 < foooy 2<a*°>+“i“fgq(y)dy < oo. Then we
have, for a, d #0,
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(4.15) / / Lg(ygdmy
o Jo (z*+acyt)>
1 1 apd—2 & _asp aze
ﬁB<&’ 2d ) /O v * f(@)de
1 2 —caq acg—2 °° _ daag | a4
B 2(a—c) Ta—c g4
><[ac (Q(afc)’Q(afc)>/O 4 g (y)dy}

Remarks 4.8.
1. Let ¢ =0 in (4.15). Then we get

4.1
(4.16) / / xaﬂ/ ey
1 /1 apd—2\ [® _sep,a v
< —-B( = 2 p
= [dB(d’ 2d )/0 v o (x)dx]

1 /1 N
X fB(f,aqa )/ y‘?*g"(y)dy]
a \a 2a 0

2. Let a=1,a=d=2in (4.16). Then we have
1

417// x2 dd

: ;Ww o] a2 [ o]

3. Let a =2, a=d=2in (4.16). Then we get

418// l ~dady
< [ (1 2= )/ L2 e )xrx B(;,2q2_1)/000y1‘2"9“(y)dy]

4. From (1.1), (4.7), (4 13) and (4.14). Then we have

(4.19) / / f d:rdy < / / fx+ dxdy
< o[ P@as [ Pww)’

=

Q=

Q=

a

1
q
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5. Let a =d = a =mnin (4.16). Then we have

<[ f=)gly) Ll nPp—2y (% 4 a2
(4.20)/0 /0 dedy < - B(ﬁ’T)/O z! f (m)dm]

1

1 n?q—2\ [ | _»2 ‘

x B(*,L>/ y' 2q9“(y)dy] :
0

n 2n

6. A discrete analogue of the inequality (4.14) is

(4.21) Z Z 146:77:an§ Z Z mi"f’;ﬁ

m=1n=1 m=1n=1
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