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Some New Hilbert Type Inequalities
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Abstract. In this paper, we obtain some inequalities similar to Hilbert type. Some new

inequalities are also given.

1. Introduction

The Hilbert integral inequality is given as follows [1]. Let p > 1, q > 1,
1/p + 1/q = 1, f, g > 0. If 0 <

∫∞
0

fp(t)dt < ∞, and 0 <
∫∞
0

gq(t)dt < ∞,
then we have

(1.1)
∫ ∞

0

∫ ∞

0

f(x)g(y)
x + y

dxdy ≤ π

sin(π
p )

(∫ ∞

0

fp(x)dx
) 1

p
( ∫ ∞

0

gq(y)dy
) 1

q

,

where π/sin(π/p) is best possible.
The Hilbert’s double series inequality is given as follows [1]. Let p > 1, q > 1,

1/p+1/q = 1, am, bn > 0. If 0 <
∞∑

m=1
ap

m < ∞, and 0 <
∞∑

n=1
bq
n < ∞, then we have

(1.2)
∞∑

m=1

∞∑
n=1

ambn

m + n
≤ π

sin(π
p )

( ∞∑
m=1

ap
m

) 1
p
( ∞∑

n=1

bq
n

) 1
q

,

where π/sin(π/p) is best possible.
Recently, many interesting extensions and generalizations of (1.1) and (1.2) ap-

peared in [2], [3], [4], [5], [6]. The main purpose of the present paper is to establish
some new generalized inequalities similar to Hilbert’s inequality. We also establish
some new inequalities.

2. Integral inequalities

First, we introduce some Lemmas.
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Lemma 2.1. For p > 1, q > 1, 1/p+1/q = 1, define the weight function w1(x) as

w1(x) =
∫ ∞

0

1
(Axα + Byβ)

pγ
2

(x

y

) pλ
2

dy(2.1)
(
A,B > 0; α, β, γ, λ ≥ 0; y ∈ [0,∞)

)
.

Then we get

(2.2) w1(x) =
A−

pγ
2

β

(A

B

) 2−pλ
2β

x
pλ
2 + α

2β [2−p(λ+βγ)]B
(2− pλ

2β
,
p(λ + βγ)− 2

2β

)
,

where B(a, b) is the well-known Beta function where a > 0 and b > 0.

Proof. Setting u = Byβ/Axα in (2.1), we have

w1(x) =
A−

pγ
2

β

(A

B

) 2−pλ
2β

x
pλ
2 + α

2β [2−p(λ+βγ)]

∫ ∞

0

u
2−2β−pλ

2β (1 + u)
−pγ

2 du.

Since B(a, b) =
∫∞
0

ta−1(1 + t)−(a+b)dt (a > 0, b > 0), then we get (2.2) immedi-
ately. ¤

Lemma 2.2. For p > 1, q > 1, 1/p + 1/q = 1, define the weight function w2(y) as

w2(y) =
∫ ∞

0

1
(Axα + Byβ)

qγ
2

(y

x

) qλ
2

dx
(
x ∈ [0,∞)

)
,

where A, B, α, β, γ, and λ are given as in (2.1). Then, similarly as in getting
(2.2), we have

(2.3) w2(y) =
B− qγ

2

α

(B

A

) 2−qλ
2α

y
qλ
2 + β

2α [2−q(λ+αγ)]B
(2− qλ

2α
,
q(λ + αγ)− 2

2α

)
.

Theorem 2.3. Let f, g be real-valued functions defined on [0,∞) such that
0 <

∫∞
0

x
pλ
2 + α

2β (2−p(λ+βγ))fp(x)dx < ∞ and 0 <
∫∞
0

y
qλ
2 + β

2α (2−q(λ+βγ))gq(y)dy <
∞. Then we have

∫ ∞

0

∫ ∞

0

f(x)g(y)
(Axα + Byβ)γ

dxdy(2.4)

≤
{

A−
pγ
2

β

(A

B

) 2−pλ
2β

B
(2− pλ

2β
,
p(λ + βγ)− 2

2β

) ∫ ∞

0

x
pλ
2 + α

2β [2−p(λ+βγ)]fp(x)dx

} 1
p

×
{

B− qγ
2

α

(B

A

) 2−qλ
2α

B
(2− qλ

2α
,
q(λ + αγ)− 2

2α

)∫ ∞

0

y
qλ
2 + β

2α [2−q(λ+αγ)]gq(y)dy

} 1
q

,

where A, B > 0, α, β, γ, λ ≥ 0; p > 1, q > 1, 1/p + 1/q = 1.
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Proof. By Hölder’s inequality, we have
∫ ∞

0

∫ ∞

0

f(x)g(y)
(Axα + Byβ)γ

dxdy

=
∫ ∞

0

∫ ∞

0

[
f(x)

(Axα + Byβ)
γ
2

(x

y

)λ
2

][
g(y)

(Axα + Byβ)
γ
2

(y

x

)λ
2

]
dxdy

≤
{∫ ∞

0

∫ ∞

0

fp(x)
(Axα + Byβ)

pγ
2

(x

y

) pλ
2

dxdy

} 1
p

{∫ ∞

0

∫ ∞

0

gq(y)
(Axα + Byβ)

qγ
2

(y

x

) qλ
2

dxdy

} 1
q

.

Using (2.2) and (2.3), we get (2.4) directly. ¤

Remarks 2.4.
1. Let A = B = 1, α = β = 1, p = q = 2, γ = 1, λ =

1
2

in (2.4). Then we have

∫ ∞

0

∫ ∞

0

f(x)g(y)
x + y

dxdy ≤ π
( ∫ ∞

0

f2(x)dx
) 1

2
( ∫ ∞

0

g2(y)dy
) 1

2
,

which is Hilbert’s integral inequality.
2. Let A = B = 1, α = β = 1, p = q = 2 in (2.4). Then we get

∫ ∞

0

∫ ∞

0

f(x)g(y)
(x + y)γ

dxdy(2.5)

≤ B(1− λ, γ + λ− 1)
(∫ ∞

0

x1−γf2(x)dx

∫ ∞

0

y1−γg2(y)dy
) 1

2
.

Let 1− λ = γ
2 in (2.5). Then we obtain

∫ ∞

0

∫ ∞

0

f(x)g(y)
(x + y)γ

dxdy ≤ B
(γ

2
,
γ

2

)( ∫ ∞

0

x1−γf2(x)dx

∫ ∞

0

y1−γg2(y)dy
) 1

2
,

which is the same result in B. Yang [2].
3. Let α = β = 1, p = q = 2 in (2.4). Then we have

∫ ∞

0

∫ ∞

0

f(x)g(y)
(Ax + By)γ

dxdy(2.6)

≤ 1
(AB)

γ
2
B(1− λ, γ + λ− 1)

( ∫ ∞

0

x1−γf2(x)dx

∫ ∞

0

y1−γg2(y)dy
) 1

2
.

Let 1− λ =
γ

2
in (2.6). Then we get

∫ ∞

0

∫ ∞

0

f(x)g(y)
(Ax + By)γ

dxdy

≤ 1
(AB)

γ
2
B

(γ

2
,
γ

2

)(∫ ∞

0

x1−γf2(x)dx

∫ ∞

0

y1−γg2(y)dy
) 1

2
,
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which is the same result in Y. Bicheng [6].
4. Let γ = 2 in (2.6). Then we have

∫ ∞

0

∫ ∞

0

f(x)g(y)
(Ax + By)2

dxdy(2.7)

≤ 1
AB

(∫ ∞

0

1
x

f2(x)dx

∫ ∞

0

1
y
g2(y)dy

) 1
2
.

Let A = B = 1 in (2.7). Then we get

(2.8)
∫ ∞

0

∫ ∞

0

f(x)g(y)
(x + y)2

dxdy ≤
( ∫ ∞

0

1
x

f2(x)dx

∫ ∞

0

1
y
g2(y)dy

) 1
2
.

5. Let A = B = 1, p = q = 2, γ = 1 in (2.4). Then we have
∫ ∞

0

∫ ∞

0

f(x)g(y)
xα + yβ

dxdy(2.9)

≤ 1√
αβ

[
B

(1− λ

β
,
λ + β − 1

β

)
B

(1− λ

α
,
λ + α− 1

α

)

∫ ∞

0

xλ+ α
β (1−λ−β)f2(x)dx

∫ ∞

0

yλ+ β
α (1−λ−α)g2(y)dy

] 1
2

.

Let α = β = n, λ = 0 in (2.9). Then we get
∫ ∞

0

∫ ∞

0

f(x)g(y)
xn + yn

dxdy ≤ π

n sin π
n

( ∫ ∞

0

x1−nf2(x)dx

∫ ∞

0

y1−ng2(y)dy
) 1

2
.

6. Let A = B = 1, p = q = 2, α = β = γ = n, λ = 0 in (2.4). Then we get
∫ ∞

0

∫ ∞

0

f(x)g(y)
(xn + yn)n

dxdy(2.10)

≤ 1
n

B
( 1

n
,
n2 − 1

n

)( ∫ ∞

0

x1−n2
f2(x)dx

∫ ∞

0

y1−n2
g2(y)dy

) 1
2
.

3. Discrete inequalities

First, we introduce some Lemmas.

Lemma 3.1. For p > 1, q > 1, 1/p + 1/q = 1, define the weight coefficient w1(m)
as

(3.1) w1(m) =
∞∑

n=1

1
(Amα + Bnβ)

pγ
2

(m

n

) pλ
2

,
(
A, B > 0, α, β, γ, λ ≥ 0

)
.
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Then

(3.2) w1(m) ≤ A−
pγ
2

β

(A

B

) 2−pλ
2p

m
pλ
2 + α

2β [2−p(λ+βγ)]B
(2− pλ

2β
,
p(λ + βγ)− 2

2β

)
.

Proof. From (3.1), we have

w1(m) =
∞∑

n=1

1
B

pγ
2 (A

B mα + nβ)
pγ
2

(m

n

) pλ
2

<
1

B
pγ
2

∫ ∞

0

1
(A

B mα + yβ)
pγ
2

(m

y

) pλ
2

dy.

In a similar way as in the proof of Lemma 2.1, we get (3.2). ¤

Lemma 3.2. For p > 1, q > 1, 1/p + 1/q = 1, define the weight coefficient w2(n)
as

w2(n) =
∞∑

m=1

1
(Amα + Bnβ)

qγ
2

( n

m

) qλ
2

.

Then

(3.3) w2(n) ≤ B− qγ
2

α

(B

A

) 2−qλ
2α

n
qλ
2 + β

2α [2−q(λ+αγ)]B
(2− qλ

2α
,
q(λ + αγ)− 2

2α

)
.

From Lemmas 3.1 and 3.2, we can prove the following theorem.

Theorem 3.3. Let {an} and {bn} be sequences of real numbers such that

0 <
∞∑

m=1
m

pλ
2 + α

2β [2−p(λ+βγ)]ap
m < ∞ and 0 <

∞∑
n=1

n
qλ
2 + β

2α [2−q(λ+αγ)]bq
n < ∞, if

A, B > 0, α, β, γ, λ ≥ 0; p > 1, q > 1, 1/p + 1/q = 1 . Then
∞∑

m=1

∞∑
n=1

ambn

(Amα + Bnβ)γ
(3.4)

≤
{

A−
pγ
2

β

(A

B

) 2−pλ
2β

B
(2− pλ

2β
,
p(λ + βγ)− 2

2β

) ∞∑
m=1

m
pλ
2 + α

2β [2−p(λ+βγ)]ap
m

} 1
p

×
{

B− qγ
2

α

(B

A

) 2−qλ
2α

B
(2− qλ

2α
,
q(λ + αγ)− 2

2α

) ∞∑
n=1

n
qλ
2 + β

2α [2−q(λ+αγ)]bq
n

} 1
q

.

Remarks 3.4.
1. Let A = B = 1, α = β = 1, p = q = 2 and λ =

1
2

in (3.4). Then we have

∞∑
m=1

∞∑
n=1

ambn

m + n
≤ π

{ ∞∑
m=1

a2
m.

∞∑
n=1

b2
n

} 1
2

,
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which is Hilbert’s double series inequality.
2. Let A = B = 1, α = β = 1, p = q = 2 and 1− λ =

γ

2
in (3.4). Then we get

∞∑
m=1

∞∑
n=1

ambn

(m + n)γ
≤ B

(γ

2
,
γ

2

) { ∞∑
m=1

m1−γa2
m

∞∑
n=1

n1−γb2
n

} 1
2

.

which is a discrete analogue of B. Yang’s integral inequality [2].
3. Let α = β = 1, p = q = 2 and 1− λ =

γ

2
in (3.4). Then we have

∞∑
m=1

∞∑
n=1

ambn

(Am + Bn)γ
≤ 1

(AB)
γ
2
B

(γ

2
,
γ

2

) { ∞∑
0

m1−γa2
m

∞∑
n=1

n1−γb2
n

} 1
2

,

which is the same result in Y. Bicheng [6].
4. Let A = B = 1, α = 1, p = q = 2 in (3.4). Then we get

∞∑
m=1

∞∑
n=1

ambn

mα + nβ
(3.5)

≤ 1√
αβ

{
B

(1− λ

β
,
λ + β − 1

β

)
B

(1− λ

α
,
λ + α− 1

α

)

×
∞∑

m=1

mλ+ α
β (1−λ−β)a2

m

∞∑
n=1

nλ+ β
α (1−λ−α)b2

n

} 1
2

(0 ≤ λ < 1).

Let λ = 0 and α = β in (3.5). Then we have

(3.6)
∞∑

m=1

∞∑
n=1

ambn

mα + nα
≤ π

α sin π
α

( ∞∑
m=1

m1−αa2
m

∞∑
n=1

n1−αb2
n

) 1
2
.

5. Let A = B = 1, p = q = 2, α = β = γ and λ = 0 in (3.4). Then we get

(3.7)
∞∑

m=1

∞∑
n=1

ambn

(mα + nα)α
≤ 1

α
B

(
α,

α2 − 1
α

)( ∞∑
m=1

m1−α2
a2

m.

∞∑
n=1

n1−α2
b2
n

) 1
2
.

4. New integral inequalities

Theorem 4.1. Let f, g be real-valued functions defined on [0, ∞) such that
0 <

∫∞
0

x2λp−1fp(x)dx < ∞, 0 <
∫∞
0

y2λq−1gq(y)dy < ∞; p > 1, q > 1,
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1/p + 1/q = 1. Then
∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + xy

dxdy(4.1)

≤
{

B
(
1− λp,

2λp + p− 2
2

) ∫ ∞

0

x2λp−1fp(x)dx

} 1
p

×
{

B
(
1− λq,

2λq + q − 2
2

) ∫ ∞

0

y2λq−1gq(y)dy

} 1
q

.

Proof. Using Hölder’s inequality, we have
∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + xy

dxdy

≤
{∫ ∞

0

∫ ∞

0

fp(x)
(1 + xy)

p
2

(x

y

)λp

dxdy

} 1
p

{∫ ∞

0

∫ ∞

0

gq(y)
(1 + xy)

q
2

(y

x

)λq

dxdy

} 1
q

.

Setting u = xy, we get
∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + xy

dxdy

≤
{∫ ∞

0

x2λp−1fp(x)
∫ ∞

0

u−λp

(1 + u)
p
2
dudx

} 1
p

{∫ ∞

0

y2λq−1gq(y)
∫ ∞

0

u−λq

(1 + u)
q
2
dudy

} 1
q

.

Hence the proof of Theorem 4.1 is complete. ¤
We introduce the following Lemmas

Lemma 4.2. For p > 1, q > 1, 1/p + 1/q = 1, define the weight function w1(x) as

(4.2) w1(x) =
∫ ∞

0

1
(xayb + xcyd)

pα
2

dy
(
d > b, c > a and

2
d

< pα <
2
b

)
.

Then we get

(4.3) w1(x) ≤ x
1

2(d−b) [−apα(d−b)+(c−a)(bpα−2)]

d− b
B

( 2− bpα

2(d− b)
,
dpα− 2
2(d− b)

)
.

Proof. Setting u = xc−ayd−b in (4.2), as in the proof of Lemma 2.1, we get (4.3).¤

Lemma 4.3. For p > 1, q > 1, 1/p + 1/q = 1, define the weight function w2(x) as

w2(x) =
∫ ∞

0

1
(xayb + xcyd)

qα
2

dx
(

d > b, c > a and
2
c

< qα <
2
a

)
.
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Then we have

(4.4) w2(x) ≤ y
1

2(c−a) [−bqα(c−a)+(d−b)(aqα−2)]

c− a
B

( 2− aqα

2(c− a)
,
cqα− 2
2(c− a)

)
.

Theorem 4.4. Let f, g be real-valued functions defined on [0, ∞)
such that 0 <

∫∞
0

x
1

2(d−b) [−apα(d−b)+(c−a)(bpα−2)]fp(x)dx < ∞ and

0 <
∫∞
0

y
1

2(c−a) [−bqα(c−a)+(d−b)(aqα−2)]gq(y)dy < ∞. For p > 1, q > 1,
1/p + 1/q = 1, we have

∫ ∞

0

∫ ∞

0

f(x)g(y)
(xayb + xcyd)α

dxdy(4.5)

≤
{

1
d− b

B
( 2− bpα

2(d− b)
,
dpα− 2
2(d− b)

) ∫ ∞

0

x
1

2(d−b) [−apα(d−b)+(c−a)(bpα−2)]fp(x)dx

} 1
p

×
{

1
c− a

B
( 2− aqα

2(c− a)
,
cqα− 2
2(c− a)

) ∫ ∞

0

y
1

2(c−a) [−bqα(c−a)+(d−b)(aqα−2)]gq(y)dy

} 1
q

(
d > b, c > a,

2
d

< pα <
2
d
,

2
c

< qα <
2
a

)
.

Proof. Using (4.3), (4.4), we get (4.5) directly. ¤

Remarks 4.5.
1. Let p = q = 2 in (4.1). Then we have, for 0 < λ < 1/2,

∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + xy

dxdy(4.6)

≤ B(1− 2λ, 2λ)
( ∫ ∞

0

x4λ−1f2(x)dx

∫ ∞

0

y4λ−1g2(y)dy
) 1

2
.

Let λ = 1/4 in (4.6). Then we get

(4.7)
∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + xy

dxdy ≤ π
( ∫ ∞

0

f2(x)dx

∫ ∞

0

g2(y)dy
) 1

2
.

2. Let a = b = 0, c = d = 1 and p = q = 2 in (4.5). Then we have, for α > 1,

(4.8)
∫ ∞

0

∫ ∞

0

f(x)g(y)
(1 + xy)α

dxdy ≤ 1
α− 1

( ∫ ∞

0

f2(x)
x

dx

∫ ∞

0

g2(y)
y

dy
) 1

2
.

3. Let a = b = 0 in (4.5). Then we get
∫ ∞

0

∫ ∞

0

f(x)g(y)
(1 + xcyd)α

dxdy ≤
(1

d
B

(1
d
,
dpα− 2

2d

) ∫ ∞

0

x−
c
d fp(x)dx

) 1
p

(4.9)

×
(1

c
B

(1
c
,
cqα− 2

2c

) ∫ ∞

0

y−
d
c gq(y)dy

) 1
q

,
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which, upon setting α = 1 and p = q = 2, yields
∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + xcyd

dxdy(4.10)

≤
( π

d sin(π
d )

∫ ∞

0

x−
c
d f2(x)dx

π

c sin(π
c )

∫ ∞

0

y−
d
c g2(y)dy

) 1
2
.

Let d = c = 2 in (4.10). Then we get

(4.11)
∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + x2y2

≤ π

2

( ∫ ∞

0

f2(x)
x

dx

∫ ∞

0

g2(y)
y

dy
) 1

2
.

Let d = c = n in (4.10). Then we have

(4.12)
∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + (xy)n

dxdy ≤ π

n sin π
n

( ∫ ∞

0

x−1f2(x)dx

∫ ∞

0

y−1g2(y)dy
) 1

2
.

Theorem 4.6. Let f, g be positive real-valued functions defined on [0, ∞). Then
we have

(4.13)
∫ 1

0

∫ 1

0

f(x)g(y)
1 + xayb

dxdy <

∫ 1

0

∫ 1

0

f(x)g(y)
xa + yb

dxdy

and

(4.14)
∫ ∞

1

∫ ∞

1

f(x)g(y)
1 + xayb

dxdy <

∫ ∞

1

∫ ∞

1

f(x)g(y)
xa + yb

dxdy,

where a, b > 0.

Proof. Since (1− xa)(1− yb) = 1 + xayb − (xa + yb), then (1− xa)(1− yb) > 0 for
0 < x, y < 1, also (1−xa)(1−yb) > 0 for 1 < x, y < ∞, and hence 1+xayb > xa+yb,

from which
1

xa + yb
>

1
1 + xayb

.

Since f(x), g(y) are positive valued functions, we have

f(x)g(y)
1 + xayb

<
f(x)g(y)
xa + yb

,

which, upon integrating, yields (4.13) and (4.14). ¤
In a similar way as in the proof of Theorem 4.4, we proved the following theorem

Theorem 4.7. Let f, g be real-valued functions defined on [0, ∞) such that
0 <

∫∞
0

x−
aαp
2 + a−c

d fp(x)dx < ∞ and 0 <
∫∞
0

y−
daαq

2(a−c)+
d

a−c gq(y)dy < ∞. Then we
have, for a, d 6= 0,



28 S. R. Salem

∫ ∞

0

∫ ∞

0

f(x)g(y)
(xa + xcyd)α

dxdy(4.15)

≤
[

1
d
B

(1
d
,
αpd− 2

2d

) ∫ ∞

0

x−
aαp
2 + a−c

d fp(x)dx

] 1
p

×
[

1
a− c

B
( 2− cαq

2(a− c)
,
aαq − 2
2(a− c)

) ∫ ∞

0

y−
daαq

2(a−c)+
d

a−c gq(y)dy

] 1
q

.

Remarks 4.8.
1. Let c = 0 in (4.15). Then we get

∫ ∞

0

∫ ∞

0

f(x)g(y)
(xa + yd)α

dxdy(4.16)

≤
[

1
d
B

(1
d
,
αpd− 2

2d

)∫ ∞

0

x−
aαp
2 + a

d fp(x)dx

] 1
p

×
[

1
a
B

(1
a
,
αqa− 2

2a

)∫ ∞

0

y−
dαq
2 + d

a gq(y)dy

] 1
q

2. Let α = 1, a = d = 2 in (4.16). Then we have
∫ ∞

0

∫ ∞

0

f(x)g(y)
(x2 + y2)

dxdy(4.17)

≤ 1
2

[
B

(1
2
,
p− 1

2

) ∫ ∞

0

x1−pfp(x)dx

] 1
p

×
[
B

(1
2
,
q − 2

2

) ∫ ∞

0

y1−qgq(y)dy

] 1
q

.

3. Let α = 2, a = d = 2 in (4.16). Then we get
∫ ∞

0

∫ ∞

0

f(x)g(y)
(x2 + y2)2

dxdy(4.18)

≤ 1
2

[
B

(1
2
,
2p− 1

2

) ∫ ∞

0

x1−2pfp(x)dx

] 1
p

×
[
B

(1
2
,
2q − 1

2

) ∫ ∞

0

y1−2qgq(y)dy

] 1
q

.

4. From (1.1), (4.7), (4.13) and (4.14). Then we have
∫ ∞

0

∫ ∞

0

f(x)g(y)
1 + xy

dxdy <

∫ ∞

0

∫ ∞

0

f(x)g(y)
x + y

dxdy(4.19)

≤ π
( ∫ ∞

0

f2(x)dx

∫ ∞

0

g2(y)dy
) 1

2
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5. Let a = d = α = n in (4.16). Then we have

∫ ∞

0

∫ ∞

0

f(x)g(y)
(xn + yn)n

dxdy ≤ 1
n

[
B

( 1
n

,
n2p− 2

2n

) ∫ ∞

0

x1−n2p
2 fp(x)dx

] 1
p

(4.20)

×
[
B

( 1
n

,
n2q − 2

2n

) ∫ ∞

0

y1−n2q
2 gq(y)dy

] 1
q

.

6. A discrete analogue of the inequality (4.14) is

(4.21)
∞∑

m=1

∞∑
n=1

aman

1 + mαnβ
<

∞∑
m=1

∞∑
n=1

aman

mα + nβ
.
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