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ABSTRACT. Applications of Weyl fractional g-integral operator to various generalized ba-
sic hypergeometric functions including the basic analogue of Fox’s H-function have been
investigated in the present paper. Certain interesting special cases have also been deduced.

1. Introduction

Al-Salam [2] introduced, the g-analogue of Weyl fractional integral operator as
follows:

B B g Hr=1)/2
1) k41w = s [ o et i)
where Re(u) > 0.
So that
(2) Kof(x) = f(@).

Following Jackson [5], Al-Salam [2] and Agarwal [1], we have the basic integra-
tion defined as
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In view of (3), equation (1) can be expressed as
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Further for real or complex «, and 0 < |g| < 1, the g-factorial is defined as
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The generalized basic hypergeometric series cf. Gasper and Rahman [4] is given
by
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where for convergence, we have 0 < |¢g| < 1 and |z| < 1 if r = s+ 1, and for any =
ifr <s.

The abnormal type of generalized basic hypergeometric series ,.¢s(+) is defined
as
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where A > 0 and 0 < |¢| < 1.

The g-binomial series is given by
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Following Saxena et.al. [8], we have the basic analogue of Fox’s H-function
defined as
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where 0 <mj; < B, 0 <ny; < A; as and ﬂ}s are all positive integers, the contour
C'is a line parallel to Re(ws), with indentations if necessary, in such a manner that
all poles of G(g%=#%), 1 < j < mj lies to the right, and those of G(q'~%+*),
1 < j < my, to the left of C. The integral converges if Re[slog(z) — logsinms] < 0
for large values of |s| on the contour that is, if |{arg(z) — wew] * log |z|}| < 7, where

0<|ql <1, logqg =—w = —(wy + iwsy), w, wy, wy are definite quantities, w; and
wsy being real.
Also
o7} -1 1
(12) G(¢") = (1—¢*™) =
nl;[O (4% @)oo

Ifweset aj =03, =1,1<j<A, 1<i<Bin (11), then it reduces to the basic
analogue of Meijer’s G-function due to Saxena et.al. [8], namely
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where 0 <m; < B, 0 <n; <A and Re[slog(z) — logsinms] < 0.

A
G(q¥=%)G(q'~*)sinws

—

+

(
Further, if we set ny = 0, m; = B in (13), we obtain the basic analogue of
MacRobert’s E-function as

(14) Glj:% ziq = E,[B;b;: Ajaj: z].

Saxena and Kumar [9], introduced the basic analogues of J, (z), Y, (x), K,(z), H,(x)
in terms of H,(-) function as under:
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where J,(z; ¢) denotes the g-analogue of Bessel function of first kind J, (x).
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where Y, (z; q) denotes the g-analogue of the Bessel function Y, (z).

2(1 _ ¢)2 -
A7) K (aq) = (1-qu2l | 210" ,

(5,1, (5%1), (1L1)

where K, (z;q) denotes the basic analogue of the Bessel function of the third kind
K, (x).

(18) H,(x;q)
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where H,(x;q) is the basic analogue of Struve’s function H, ().

In view of the definition (11), we can express the following elementary basic
(¢—) functions in terms of the basic analogue of H-function as:
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A detailed account of various functions expressible in terms of Meijer’s G-

function or Fox’s H-function can be found in research monographs by Saxena and
Mathai [6] and [7].

The object of the present paper is to evaluate Weyl fractional basic integral
operator involving basic analogue of the H-function and various other basic hyper-
geometric functions. The results deduced are believed to be a new contribution to
the theory of basic hypergeometric functions.

2. Main results

In this section we shall evaluate the following g¢-fractional integrals of Weyl
type involving basic hypergeometric function ,¢s(-) and basic analogue of Fox’s
H-function

A1y, Qp
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where Re(p) > 0,0 <my < B, 0<n; <A and Re[slog(z) — logsinms] < 0.

Proof of (24). In view of (4) and (8) L.H.S. of (24) becomes

oo
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On interchanging the order of summations, we obtain
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which on further simplification, reduces to R.H.S. of (24).
This completes the proof of (24). O

Proof of (25). To prove (25), we consider L.H.S. of (25) and make use of (4) and
(11) to obtains

—pk ( pt.
(1 — g)* —u<u+1>/zzq : q) XL
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On interchanging the order of summation and integration, which is valid under
the conditions stated with (11), we obtain
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On summing inner series 1¢o(+), it yields after some simplifications
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ds.

In view of (11), we arrive at the R.H.S. of (25).
This completes the proof of (25). O

In the next section we shall evaluate some basic integrals of Weyl type, involv-
ing basic hypergeometric functions and various other basic functions expressible in
terms of the basic analogue of Fox’s H-function as the applications of (24) and (25).

3. Applications of the Main Results

In this section we shall make use of (24) and (25) to deduce the following fifteen
results given in the table as under:
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Table-1

Eq.

—p(p—1)/2
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é(qof() Ty(p)

(y — @)u—1f(ya" "")d(y; q) Re(n) > 0

26.

p=A_ pA—p(p+1)/2

r,on 1

27.

z  eg(a/z)

) xu—Aqu/\—u(At-&-l)/? 101
VeY N
q

q,aq"/x 5 Re(A — p) > 0.
q )

28.

Mz +aq™"),

FeA—p—v) AT A= =l 1)/2

Fq(é_i’) N 3
a7,
q,—aq"/x S
qA—u ;
Re(A—v—p) >0

X214

29.

Ty —p) GHA AR /2
Lq(N)
al?"'7ar7qA7u

iq,aq9" [z
Xr+1¢s+l bl" /

'7b51qk ;q6
Re(A—p) >0, 6>0

30.

a1, an
G 4 wig
b17 e 7bB

(1 — q)uq—u(w-l)/? %

2
ai, -+ ,aa,0

mi1+1,n71 — .
GA+1,B+1 4 rq “iq

_'N7b17"'7bB
OﬁmlgB,OgnlgAand
Re[slog(z) —logsinms] < 0

31.

Ey[B;b; : Ajaj: x]

x“(l _q)uﬁ—u(u+1)/2x 3
ai, - ,aA,O
“Hiq 5
_'M7b17"'7b3
0<mi1 <B,0<n <Aand
Re[slog(z) —logsinms] < 0

B+1,0 4
GA+1,B+1 zq

continue




242

R. K. Yadav and S. D. Purohit

32. | Ju(z;q) (12-q) {G(9)}*q —p(pt1)/2 3
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continue
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39. | sinhg(x) x”ﬁ(l*q)“fl/z{G(q)}qu“(“H)/Q><
i

2
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208 —z%(1—¢q)?
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We shall now give proof of some of the results mentioned in the table.

Proof of (27). We set f(z) = 27 *e,(a/z) in (4) and make use of the g-exponential
series

(26) eq(®)

to obtain

0dol_; ¢, 7]

Ki{a" eq(a/a)} = Kj{z odol; _iq.a/z]}
which in view of (24) with » = s = 0 and a replaced by —a reduces to (27). O

Proof of (28). If we take f(x) = z=*(x + ag™"), where Re(A —v — u) > 0 in (4)
and make use of (7), we have
N N a’
Ki{a ™Mz +aq™"),} = K Qa6 q,—a/x

p— b

which on using (24) with r = 1, s = 0 and A replaced by A — v yields in R.H.S. of
(28). O

Proof of (29) follows similarly as of (24).

Proof of (30). Setting a; =8, =1,1<j <A, 1<i¢< Bin (25) and making use
of (13), we obtain

A, - ,04
(27) Ky SGE" | wig
by,--- ,bp

ay, -+ ,a4,0

_ 1, _
= 2"(1—q)"q n(p+1)/2 o GZ:{,BT1 zq M q

_/J“ablv"' 7bB
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where 0 <m; < B, 0 <n; < A and Re[slog(z) — logsinms] < 0. O
Results (31) follows from (42) with ny =0, m; = B.

Proof of (32). We take f(z) = J,(z;q) in (4) and on making use of (15), we get

" . Y o —p(pt1)/2 2= " (¢ )k
Ki{l(z:9)} = 2"(1-q)fq {G@¥Y
= (G

/ (@72~ ) (gt F)* (1 — )
" omi Gl(q 1+”/2JrS )G(¢°)G(q*—*)45 sin s

On interchanging the order of summation and integration, which is valid under
the conditions stated with (11), we obtain

(1= gq I HD2{G(q) }2/ G(g"/**)ma® (1 — )
27i G(q"tv/2+5)G(q%)G (¢ —*) sin ms(2g+)2s

/L+29)
Mk
d

k=0
On summing the inner 1¢q(+) series, it yields after certain simplification
.I'”(l _ q)uq—p(u+1)/2{G(q)}2 / G(qy/2—3>G(q—u—2$)ﬂ_ 31‘28(1 _ q)2$
2mi G(qg"t/2+2)G(g°)G(q~2*)G(q" ~*) sinms(2¢H)?s
In view of (11), we arrive at the R.H.S. of (32). O
Proofs of (33)-(40) follow similarly.

Finally, if we let ¢ — 17 in the results (24), (26)-(28) and (30), and make use
of the limit formulas

N (V)
@ =g =

where (), =a(a+1)---(a+n—1) and

(29) lim Ty(e) = T'(a).

q—1—

We respectively obtain various results mentioned in Erdelyi [3] [table (13.2), pp
201-212]. All these results are believed to be a new contribution to the theory of
g-hypergeoemetric functions.
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