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On an Extension of Hardy-Hilbert’s Inequality
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ABSTRACT. In this paper, by introducing three parameters A, B and A, and estimating
the weight coefficient, we give a new extension of Hardy-Hilbert’s inequality with a best
constant factor, involving the Beta function. As applications, we consider its equivalent
inequality.

1. Introduction

Ifan,bn >0, p > 1, lJrl = 1, such that 0 < > 7 ,a? < oo and
0< 02, bl < oo, then the famous Hardy-Hilbert’s inequality is given by

(1) Z Z m+n sin 7r/p Zap}l/p{qu}l/q

n=1m=1

where the constant factor W is the best possible. Its equivalent inequality is
)
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where the constant factor | )]p is still the best possible (see [1]).

sin(jr/p
Inequality (1) and (2) are important in analysis and its applications (see [2]).

In recent years, (1) had been strengthened by [3], [4] as

B 3 < (i - Y s —

n=1m=1

where 1 — v = 0.42278433% (y = 0.57721566+ is Euler constant).
By introducing three parameters A, B and A, Yang et al. [5] gave a generaliza-
tion of (1) as

— by B(px 1-X 1-X
W Z:12:1(Am+Bn)A< Am)Bm {Z” s {Z" bit

Received April 4, 2005.

2000 Mathematics Subject Classification: 26D15.

Key words and phrases: Hardy-Hilbert’s inequality, weight coefficient, Beta function,
Holder’s inequality.

425



426 Bicheng Yang

where the constant factor % (pa(r) = 222 X > 2 —r 1 =p, q) is

still the best possible (B(u,v) is the Beta function). For A = B = 1, inequality (4)
reduces to
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Both (4) and (5) are generalizations of (1).
The main objective of this paper is to estimate the following weight coefficient:

(6) wx(4, B,p,m)

2 (1=N =1 ( A) 1=/ (p=1)

(Am + Bn)*(Bn)1=>/p
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(A,B>0,0<A<p, meN)

n=1

and then to obtain a new inequality related to the double series
ZE:—ﬂQL*
== (Am + Bn)*

with a best constant factor, but different from (4).
We need some lemmas and the following formula of the Beta function (see [6]):

o] 14+u
(7) B(u,v) :/0 &Wdt — B(v,u) (w0 > 0).

2. Some lemmas

Lemma 2.1. Ifp > 1, %4—% =1,0<A<pand A, B >0, wx(4,B,p,m) is
defined by (6), then for any m € N, we have

1 AA

(8) wi(4, B,p,m) < mlg(p a)~

Proof. Since 0 < A < p and A, B > 0, we have

& 1
ARB < mI=NE-1) (4 (1—§)(p—1)/ du.
wxr(A, B,p,m) <m (Am) . (Am + By) (By) /7 Y

Putting u = (By)/(Am) in the above inequality, we obtain

u—1+A/p
wA(4, B,p,m) <~y 1)3/ U)Adu'
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Hence by (7), we have (8). The lemma is proved. O
Note. If 0 < A < ¢, by (8) and (7), for any n € N, we also have

2 m=Ma=D) (Bp)(=A/p)(a—1) 1 A

A
9 (B, A B(—, —).
(9) wa( AR nz::l Bn+Am)A<Am>1—A/q < BA-1)(q—1) A (p7 q)

Lemma 2.2. Ifp > 1, %—&-%: 1,0 < A <min{p, ¢} and 0 < e < A(q¢ — 1), then
we have
1 I = — 1 A—1-2te 5 g Ate
(10) = ZZ(Am+Bn)/\m rn !
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Proof. VVehave)\—l—¥<O(r:p7 q)and%—§>0.Henceweﬁnd
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Setting u = (By)/(Az) in the above integral, we obtain
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By (7), we have (10). The lemma is proved. O
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3. Main results and applications

Theorem 3.1. Ifa,, b, > 0, p > 1, %—i—% =1, 0 < A < min{p,q}, such
that 0 < 300 n=NE-DeP < 00 and 0 < S 00 n(=N@=Dpd < oo, then for
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A, B> 0, we have

(11) Z Z Am—|—Bn

n=1m= 1
B(A A) {Z (1=N)(p—1) Py {Z (1=X)(g— 1)bq}*
AMaBX/p a n
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where the constant factor B(%, %)/(A’\/‘IBA/”) is the best possible. In particular,
for A= B =1, we have
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Proof. By Holder’s inequality and in view of (6) and (9), we have
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Hence by (8) and (9), we have (11).
For 0 < e < A(¢ — 1), setting a,, and b, as

then we have

(13) J = {Zn(lfk)(pfl)gﬁ}%{zn(lf/\)(qfl)’ggl}é
n=1

== 1 <1 1
= D o= 1+Z <1+ | gmmdt=1+4c.

If there exists A,B > 0 and 0 < A < min{p, ¢}, such that the constant
factor B(%,%)/(AA/qB)‘/p) in (11) is not the best possible, then there exists a

ab, (Am)(a— ’\)p/q Z Z (Bn)(p—/\)q/p2}
(Am + Bn)* (Bn)®=2/p Bn+Am A (Am)la=N/a
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positive number K < B(%, %)/(A’\/‘IB)‘/”), such that (11) is valid if we replace
B(%, %)/(AA/QB)‘/p) by K. In particular, we have

sIf»sZZ Am+B <5KJ

Hence by (10) and (13), we find

FBITHBG - 50— - G <K+,

Setting ¢ — 0% in the above inequality, we conclude that B (%, %) J(AMaBMPY) <
K. This contradicts the fact that K < B(%, %)/(AA/‘JB’\/Z”). Thus the constant
factor B(%, %)/(A’\/‘ZB)‘/I’) in (11) is the best possible. The theorem is proved. O

Theorem 3.2. Ifa > 0, p > 1, l—&—l—l 0 < XA < min{p, ¢}, such that
0< Y20 n=NE-Dagp < oo, thenforAB>0 we have
" BGAP

= A—1 = am (1=X)(p—1)
a3 |3 e < R S
n=1 m=1

where the constant factor [B(%, %)]p/(A)‘(p_l)B)‘) is the best possible; Inequality
(14) is equivalent to (11). In particular, for A = B = 1, we have

oo 00 a p P oo
15 A-1 _m B(Z Zyp 1=N(p-Dp
I S o IS D
Proof. Since 0 < Y00 nU=MNE=Ugk < oo, then there exists kg € N, such
that for any k& > ko, that makes 0 < Zn:l n(=NE-DgP < oo, We set
p—1
b, (k) = n*1 [Efnzl (AmilkimBn))‘:I , and use (11) to obtain
k k k a p
(16) 0 < (A=Mla=Dpa (k n —
Z RN P
ko k
B nz::z Am+Bn
< B(A A> {Z (A=Nr-1gp13 {Z (A=2)(g~ 1)bq},
AMaBMp a "

Hence we find

k . B()\ )\)
an otV m < AA/qBA/,,{Z a0V},



430 Bicheng Yang

It follows that 0 < 0% | n(1=M@=Dpd (c0) < co. Hence, (16) keeps strict inequality
as k — oo by (11); so dose (17) . Thus inequality (14) holds.

We prove that (11) implies (14). We need show that (14) implies (11). By
Holde’s inequality, we have

SR by
(18) Z (Am + Bn)*

[n“—ﬂ/%n}

=1

<

Hence by (14), we have (11). It follows that inequality (14) is equivalent to (11).
If the constant factor in (14) is not the best possible, we may get a contradiction

that the constant factor in (11) is not the best possible by (18). The theorem is
proved. O

If A =p < gq, we find that

} {Z n(1=M(a— 1)bq}j

B(E.E)  rrp-1) 1

Ar/apre/r  T'(p)AP-1B ~ (p—1)Ar—1B’

and in view of (11) and (14), we have

Corollary 3.3. Ifa, b, > 0,1 < p < gq, %4—1 = 1, such that 0 <

S nmP D’aP < 00 and 0 < Y2 nTtbe < oo, then for A,B > 0, we have
the following two equivalent inequalities:

19 330 s < G o
n=1 n=1

n=1 :1

p

1 PN e
<[<p—1>Ap—1B] 2V,
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(20) Zl n 1 [2(1477::}371)1’

where both of the constant factors in (19) and (20) are the best possible. In partic-
ular, for A= B =1, we have

o0 o0 1 o0 R N o0 N
(21) > D on e (Y ntbg )
n=1m=1 m + n (p - 1) n=1 n=1
o0 o0 p oo
22 A-1 m ~(p-1% 0
P P T 2




On an Extension of Hardy-Hilbert’s Inequality 431

Remark 3.4. (i). For A =1 and A, B > 0, both (4) and (11) reduce to

a77l n » ; 1
(23) Z — Am + Bn < Al/qu/pSln {Za } {Zb }

and for p=g¢=2and 0 < A <2, both (4) and (11) reduce to

29 22 Am+Bn AE’E/Q{Z# ’ 22”1 o

n=1 m:l

which is just (3.17) in [5] and similar to (3.5) in [7] for C = A + B. Inequalities (4)
and (11) are two distinct extensions of (1) with distinct best constant factors; so
are (5) and (12).

(ii). Inequality (4) is a new extension of (2). Inequality (22) is only dependent
on p > 1, which is not an extension of (2).

(iii). Since all the extended inequalities are with the best constant factors, we
give some new results.
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