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Hussain Al-Qassem and Mohammed Ali
Department of Mathematics, Yarmouk University, Irbid-Jordan
e-mail : husseink@yu.edu.jo and hamadneh2004@hotmail.com

Abstract. In this paper, we study the Lp mapping properties of singular integral oper-

ators related to homogeneous mappings on product spaces with kernels which belong to

L(log+ L)2. Our results extend as well as improve some known results on singular inte-

grals.

1. Introduction

Let n,m ≥ 2 and let Sd−1(d = n or m) denote the unit sphere in Rd which is
equipped with the normalized Lebesgue measure dσ = dσ (·). For a nonzero point
x ∈ Rd, we let x′ = x/ |x| . Let KΩ (·, ·) be the singular kernel on Rn ×Rm given
by

(1.1) KΩ (u, v) = Ω (u′, v′) |u|−n |v|−m ,

where Ω ∈ L1(Sn−1 × Sm−1) and satisfies the cancellation conditions

(1.2)
∫

Sn−1
Ω(u, ·) dσ (u) =

∫

Sm−1
Ω(·, v) dσ (v) = 0.

For suitable mappings Γ : Rn −→ RN and Υ : Rm −→ RM , define the singular
integral operator TΓ,Υ,Ω and its related maximal truncated operator T ∗Γ,Υ,Ω on the
product space Rn ×Rm by

(1.3) TΓ,Υ,Ωf(x, y) = p.v.
∫

Rn×Rm

f (x− Γ (u) , y −Υ(v)) KΩ (u, v) dudv,

T ∗Γ,Υ,Ωf(x, y)(1.4)

= sup
ε1,ε2>0

∣∣∣∣∣
∫

{|u|≥ε1,|v|≥ε2}
f (x− Γ (u) , y −Υ(v)) KΩ (u, v) dudv

∣∣∣∣∣
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for f ∈ S(RN ×RM ).
When (N, M) = (n,m) and (Γ(x), Υ(y)) = (x, y) for (x, y) ∈ Rn × Rm, the

operators TΩ = TΓ,Υ,Ω and T ∗Ω = T ∗Γ,Υ,Ω become the classical Calderón-Zygmund
singular integral operator and its corresponding maximal truncated operator on the
product space Rn ×Rm:

TΩ : f → p.v.
∫

Rn×Rm

f (x− u, y − v)KΩ (u, v) dudv,

T ∗Ω : f → sup
ε1,ε2>0

∣∣∣∣∣
∫

{|u|≥ε1,|v|≥ε2}
f (x− u, y − v)KΩ (u, v) dudv

∣∣∣∣∣ .

The Lp boundedness of the operators TΩ and T ∗Ω, under various conditions on
Ω, has been investigated by many authors ([3], [7], [9], [11], [12]). For example, R.
Fefferman and E. Stein proved in [12] that TΩ and T ∗Ω are bounded on Lp(Rn+m)
for 1 < p < ∞ if Ω satisfies certain Lipschitz conditions. Subsequently in [7],
Duoandikoetxea established the Lp (1 < p < ∞) boundedness of TΩ under the
weaker condition Ω ∈ Lq(Sn−1 × Sm−1) (with q > 1) and then in Fan-Guo-Pan [9]
for Ω belongs to the block space B

(0,1)
q (Sn−1×Sm−1) for some q > 1 which contains⋃

d>1 Ld(Sn−1×Sm−1) as a proper subspace (for p = 2, it was proved by Jiang and
Lu in [13]). In [3], Al-Qassem and Pan established the Lp (1 < p < ∞) boundedness
of the more general class of operators TΓ,Υ,Ω and T ∗Γ,Υ,Ω if Ω ∈ B

(0,1)
q (Sn−1×Sm−1)

for some q > 1 and Γ, Υ are polynomial mappings on Rn and Rm, respectively.
Very recently, Al-Salman-Al-Qassem-Pan [2] were able to show that the Lp

(1 < p < ∞) boundedness of TΩ and T ∗Ω holds if Ω ∈ L(log+ L)2(Sn−1 × Sm−1).
Furthermore, the condition that Ω ∈ L(log+ L)2(Sn−1 ×Sm−1) turns out to be the
most desirable size condition for the Lp boundedness of TΩ. This was made clear
by the authors of [2], where it was shown that TΩ may fail to be bounded on Lp for
any p if the condition is replaced by the condition Ω ∈ L(log+ L)2−ε(Sn−1×Sm−1)
for any ε > 0.

In order to state our main result, we first give the following definition.

Definition. For d = (d1, · · · , dl) ∈ Rl, define the family of dilations {δt}t>0 on Rl

by
δt(x1, · · · , xl) =

(
td1x1, · · · , tdlxl

)
.

We say that Γ : Rn −→ Rl is a (non-isotropic) homogeneous mapping of degree d
if

Γ(tx) = δt(Γ(x))

holds for all x ∈ Rn\{0} and t > 0.
The main result in this paper is the following:

Theorem 1.1. Let TΓ,Υ,Ω and T ∗Γ,Υ,Ω given by (1.3)-(1.4), respectively. Sup-
pose that Ω ∈ L(log+ L)2

(
Sn−1 × Sm−1

)
and satisfies (1.2). Let Γ : Rn −→ RN ,

Υ : Rm −→ RM be homogeneous mappings of degrees d = (d1, · · · , dN ) and
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h = (h1, · · · , hM ), respectively with dl, hr 6= 0 for 1 ≤ l ≤ N and 1 ≤ r ≤ M .
Assume that Γ | Sn−1 and Υ | Sm−1 are real-analytic mappings. Then there exists
a positive constant Cp > 0 such that

(1.5) ‖TΓ,Υ,Ω(f)‖p ≤ Cp ‖f‖p ,

and

(1.6)
∥∥T ∗Γ,Υ,Ω(f)

∥∥
p
≤ Cp ‖f‖p

for any f ∈ Lp (Rn ×Rm) with 1 < p < ∞.

We point out that Theorem 1.1 extends and improves the corresponding results
in [12] and [7]. Also, we point out that the one parameter case of Theorem 1.1 was
studied by many authors (see for example [10], [6], [1]). The paper is organized
as follows. In Section 2, a few lemmas will be recalled or proved. The proof of
Theorem 1.1 can be found in Section 3.

Throughout this paper, the letter C will denote a positive constant whose value
may change at each appearance but independent of the essential variables.

2. Preliminary results

Definition 2.1. For µ ∈ N ∪ {0} and k ∈ Z, let aµ = 2
(µ+1)

and Ik,µ=[ak
µ
, ak+1

µ
).

For suitable mappings Γ : Rn\{0} −→ RN and Υ : Rm\{0} −→ RM and a suitable
function Ωµ ∈ L1(Sn−1 × Sm−1), we define the sequence of measures {λk,j,Γ,Υ,µ :
k, j ∈ Z} and its corresponding maximal operator λ∗Γ,Υ,µ by

∫

RN×RM

fdλk,j,Γ,Υ,µ

=
∫

{(u,v)∈Rn×Rm: (|u|,|v|)∈Ik,µ×Ij,µ}
f (Γ (u) , Υ(v)) KΩµ

(u, v) dvdu,

λ∗Γ,Υ,µ (f) = sup
k,j∈Z

||λk,j,Γ,Υ,µ| ∗ f | .

We shall need the following two lemmas due to Ricci and Stein.

Lemma 2.2 ([15]). Let γ (t) = (a1t
q1 , · · · , antqn) , where al, ql ∈ R for 1 ≤ l ≤ n.

Let Mγ be the maximal operator defined on Rn by

Mγ f (x) = sup
R>0

1
R

∣∣∣∣∣
∫ R

0

f (x− γ (t)) dt

∣∣∣∣∣

for x ∈ Rn. Then, for 1 < p ≤ ∞, there exists a constant Cp > 0 such that
∥∥Mγ f

∥∥
p
≤ Cp ‖f‖p
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for all f in Lp (Rn). The constant Cp is independent of al for all 1 ≤ l ≤ n.

Lemma 2.3. Let γ (t) = (a1t
q1 , · · · , antqn), ϑ (s) = (b1s

r1 , · · · , bmsrm) , where al,
ql, bs and rs ∈ R for 1 ≤ l ≤ n and 1 ≤ s ≤ m. Let Mγ,ϑ be the maximal operator
defined on Rn ×Rm by

Mγ,ϑf (x, y) = sup
R1,R2>0

(R1R2)−1

∣∣∣∣∣
∫ R1

0

∫ R2

0

f (x− γ (t) , y − ϑ(s)) dtds

∣∣∣∣∣

for (x, y) ∈ Rn ×Rm. Then, for 1 < p ≤ ∞, there exists a positive constant Cp

such that

(2.1) ‖Mγ,ϑf‖p ≤ Cp ‖f‖p

for all f in Lp (Rn ×Rm). The constant Cp is independent of aland bs for all
1 ≤ l ≤ n and 1 ≤ s ≤ m.

The proof of this lemma follows easily by using Lemma 2.2 and the inequality
Mγ,ϑf (x, y) ≤M

ϑ
◦Mγ f (x, y) , where “◦” denotes the composition of operators.

We shall need the following lemma of van der Corput type proved by Ricci and
Stein in [14].

Lemma 2.4. Let n ∈ N, µ1, · · · , µn ∈ R and a1, · · · , an be distinct positive real
numbers. Let ε = min {1/a1, 1/n} and ψ ∈ C1([0, 1]).Then there exists a positive
constant C independent of {µj} such that

∣∣∣∣∣
∫ β

α

ei(µ1ta1+µ2ta2+···+µntan )ψ (t) dt

∣∣∣∣∣ ≤ C |µ1|−ε

(
|ψ (β)|+

∫ β

α

|ψ′ (t)| dt

)
,

holds for 0 ≤ α < β ≤ 1.

Now, in Lemma 2.4, if 1/2 ≤ α < β ≤ 1 and some of the aj ’s are negative, we
get the following lemma which can proved by using the arguments employed in the
proof of lemma 3 in [14].

Lemma 2.5. Let n ∈ N, µ1, · · · , µn ∈ R and a1, · · · , an be distinct nonzero real
numbers. Then there exists a positive constant Cindependent of {µj} such that

∣∣∣∣∣
∫ β

α

ei(µ1ta1+µ2ta2+···+µntan )ψ (t) dt

∣∣∣∣∣ ≤ C |µ1|−1/n

(
|ψ (β)|+

∫ β

α

|ψ′ (t)| dt

)
,

holds for 1/2 ≤ α < β ≤ 1 and ψ ∈ C1([1/2, 1]).

We shall need the following lemma from [6]:

Lemma 2.6. For j ∈ {1, 2}, let Uj be a domain in Rnj and Kj a compact subset of
Uj . Let R(·, ·) be a real-analytic function on U1 ×U2 such that R(·, y) is a nonzero
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function for every y ∈ U2. Then there exists a positive constant δ = δ(R,K1,K2)
such that

sup
y∈K2

∫

K1

|R(x, y)|−δ
dx < ∞.

By tracking the constants in the proof of Lemma 1 in [7], we have the following:

Lemma 2.7. Let A > 0 and let {λk,j} be a sequence of Borel measures on Rn×Rm.
Suppose that

∥∥supk,j∈Z ||λk,j | ∗ f |∥∥
q0
≤ A ‖f‖q0

for some q0 > 1and for every f in
Lq0 (Rn ×Rm). Then the inequality

(2.2)

∥∥∥∥∥∥∥


 ∑

k,j∈Z

|λk,j ∗ gk,j |2



1/2
∥∥∥∥∥∥∥

p0

≤
(

A sup
k,j∈Z

‖λk,j‖
)1/2

∥∥∥∥∥∥∥


 ∑

k,j∈Z

|gk,j |2



1/2
∥∥∥∥∥∥∥

p0

holds for |1/p0 − 1/2| = 1/(2q0) and for arbitrary functions {gk,j} on Rn ×Rm.

The following result follows directly from Lemma 2.7 and Theorem 16 due to
Al-Qassem and Pan in [3] which is a generalization of a result of J. Duoandikoetxea
[7].

Lemma 2.8. Let M , N ∈ N and let {λ(l,s)
k,j : k, j ∈ Z, 0 ≤ l ≤ N, 0 ≤ s ≤ M}

be a family of Borel measures on Rn × Rmwith λ
(l,M)
k,j = 0 and λ

(N,s)
k,j = 0 for k,

j ∈ Z. Let {al, bs : 0 ≤ l ≤ N − 1, 0 ≤ s ≤ M − 1} ⊂ [2,∞), {b (l) , d (s) : 0 ≤
l ≤ N − 1, 0 ≤ s ≤ M − 1} ⊂ N, {αl, βs : 0 ≤ l ≤ N − 1, 0 ≤ s ≤ M − 1} ⊆ R+,
and let L(l) ∈ L(Rn,Rb(l)) and Q(s) ∈ L(Rm,Rd(s)) be for 0 ≤ l ≤ N − 1 and
0 ≤ s ≤ M − 1,where L(Rn,RN ) denotes the space of linear transformations from
Rn into RN . Suppose that for some C > 0 and B > 1, the following hold for k,
j ∈ Z, 0 ≤ l ≤ N − 1, 0 ≤ s ≤ M − 1 and (ξ, η) ∈ Rn ×Rm :

(i)
∣∣∣λ(l,s)

k,j

∣∣∣ ≤ CB2;

(ii)
∣∣∣λ̂(l,s)

k,j (ξ, η)
∣∣∣ ≤ CB2

∣∣akB
l L(l) (ξ)

∣∣−αl
B

∣∣bjB
s Q(s) (η)

∣∣− βs
B ;

(iii)
∣∣∣λ̂(l,s)

k,j (ξ, η)− λ̂
(l+1,s)
k,j (ξ, η)

∣∣∣ ≤ CB2
∣∣akB

l L(l) (ξ)
∣∣αl

B
∣∣bjB

s Q(s) (η)
∣∣− βs

B ;

(iv)
∣∣∣λ̂(l,s)

k,j (ξ, η)− λ̂
(l,s+1)
k,j (ξ, η)

∣∣∣ ≤ CB2
∣∣akB

l L(l) (ξ)
∣∣−αl

B
∣∣bjB

s Q(s) (η)
∣∣ βs

B ;

(v)
∣∣∣λ̂(l,s)

k,j (ξ, η)− λ̂
(l+1,s)
k,j (ξ, η)− λ̂

(l,s+1)
k,j (ξ, η) + λ̂

(l+1,s+1)
k,j (ξ, η)

∣∣∣
≤ CB2

∣∣akB
l L(l) (ξ)

∣∣αl
B

∣∣bjB
s Q(s) (η)

∣∣ βs
B ;

(vi)
∣∣∣λ̂(l,s+1)

k,j (ξ, η)− λ̂
(l+1,s+1)
k,j (ξ, η)

∣∣∣ ≤ CB2
∣∣akB

l L(l) (ξ)
∣∣αl

B ;
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(vii)
∣∣∣λ̂(l+1,s)

k,j (ξ, η)− λ̂
(l+1,s+1)
k,j (ξ, η)

∣∣∣ ≤ CB2
∣∣bjB

s Q(s) (η)
∣∣ βs

B ;

(viii)
∥∥∥supk,j∈Z

∣∣∣
∣∣∣λ(l,s)

k,j

∣∣∣ ∗ f
∣∣∣
∥∥∥

p
≤ CB2 ‖f‖p for 1 < p < ∞

and for every f in Lp (Rn ×Rm). Then for every 1 < p < ∞, there exists a positive
constant Cp independent of {L(l), Q(s) : 0 ≤ l ≤ N − 1, 0 ≤ s ≤ M − 1} such that

(2.3)

∥∥∥∥∥∥
∑

k,j∈Z

λ
(0,0)
k,j ∗ f

∥∥∥∥∥∥
p

≤ CpB
2 ‖f‖p

hold for all f in Lp (Rn ×Rm).

3. Proof of Theorem 1.1

Assume that Ω ∈ L(log+ L)2(Sn−1 × Sm−1) and satisfies (1.2). We decompose
Ω as follows: For µ ∈ N, let Eµ = {(x, y) ∈ Sn−1 × Sm−1 : 2

µ ≤ |Ω(x, y)| < 2
µ+1},

bµ = ΩχEµ
and λµ =

∥∥∥b̃µ

∥∥∥
1
. Let D =

{
µ ∈ N : λµ ≥ 2

µ}
,

Ωµ(x, y) =
(
λµ

)−1
(

bµ(x, y)−
∫

Sn−1
bµ(u, y)dσ(u)−

∫

Sm−1
bµ(x, v)dσ(v)

+
∫

Sn−1×Sm−1
bµ(u, v)dσ(u)dσ(v)

)

for µ ∈ N and Ω0 = Ω− ∑
µ∈D

λµΩµ . Then it is easy to verify that

(3.1)
∫

Sn−1
Ωµ (u, ·) dσ (u) =

∫

Sm−1
Ωµ (·, v) dσ (v) = 0,

∥∥Ωµ

∥∥
2

≤ 4(aµ)2,(3.2) ∥∥Ωµ

∥∥
1

≤ 4,(3.3)

Ω(x, y) =
∑

µ∈D∪{0}
λµΩµ(x, y),(3.4)

for µ ∈ D ∪ {0}, where we used λ0 = 1. Thus

‖TΓ,Υ,Ω (f)‖p ≤
∑

µ∈D∪{0}

∣∣λµ

∣∣
∥∥∥TΓ,Υ,Ωµ

(f)
∥∥∥

p
,(3.5)

∥∥T ∗Γ,Υ,Ω (f)
∥∥

p
≤

∑

µ∈D∪{0}

∣∣λµ

∣∣
∥∥∥T ∗Γ,Υ,Ωµ

(f)
∥∥∥

p
.(3.6)
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Therefore, to prove (1.5)-(1.6), it suffices to prove that
∥∥∥TΓ,Υ,Ωµ

(f)
∥∥∥

p
≤ Cp(µ + 1)2 ‖f‖p ,(3.7)

∥∥∥T ∗Γ,Υ,Ωµ
(f)

∥∥∥
p

≤ Cp(µ + 1)2 ‖f‖p(3.8)

for 1 < p < ∞ and µ ∈ D∪{0}. Let us first prove (3.7). To this end, by assumptions
Γ = (Γ1, · · · , ΓN ) : Rn → RN and Υ = (Υ1, · · · ,ΥM ) : Rm → RM are homoge-
neous mappings of degrees d = (d1, · · · , dN ) and h = (h1, · · · , hM ), respectively
such that Γ | Sn−1 and Υ | Sm−1 are real-analytic and dl, hs 6= 0 for 1 ≤ l ≤ N
and 1 ≤ s ≤ M . In view of Lemmas 2.4-2.5, we shall only prove our theorem for
the case d1, · · · , dN , h1, · · · , hM > 0. The argument for the other cases that some
or all of the dl’s and hr’s are negative is similar and requires only minor modifica-
tions. If {Γl : dl = d1} = {0} or {Υs : hs = h1} = {0}, then TΓ,Υ,Ωµ

is the zero
operator and hence (3.7) holds trivially. Now, if {Γl : dl = d1} 6= {0} and {Υs :
hs = h1} 6= {0}, by a simple reordering of the mappings Γ1, · · · , ΓN ,Υ1, · · · , ΥM ,
if necessary, we may assume that there are z1, z̃1, w1 and w̃1 ∈ N such that z1 ≤
z̃1 ≤ N, {l : 1 ≤ l ≤ N and dl = d1} = {1, · · · , z̃1}, w1 ≤ w̃1 ≤ M, {s : 1 ≤ s ≤ M
and hs = h1} = {1, · · · , w̃1}, {Γ1, · · · , Γz1} forms a basis for span{Γ1, · · · , Γz̃1}
and {Υ1, · · · , Υw1} forms a basis for span{Υ1, · · · , Υw̃1}.

Let Φ0 = Γ, Φ1 = (0, · · · , 0,Γz̃1+1, · · · , ΓN ), Ψ0 = Υ, Ψ1 = (0, · · · , 0, Υw̃1+1, · · · ,

ΥM ), and λ
(l,s)
k,j,µ = λk,j,Γl,Υs,µ for l, s ∈ {0, 1}. Under the above assumptions, we

have the following:

Lemma 3.1. There exist L ∈ L(Rz̃1 ,Rz1), Q ∈ L(Rw̃1 ,Rw1) and positive con-
stants α0, β0 and C such that

∣∣∣λ(l,s)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ + 1)2for l, s ∈ {0, 1};(3.9)

∣∣∣λ̂(0,0)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ + 1)2
∣∣∣akd1

µ
L(0) (ξ)

∣∣∣
− α0

µ+1
∣∣∣ajh1

µ
Q(0) (η)

∣∣∣
− β0

µ+1
;(3.10)

(3.11)
∣∣∣λ̂(0,0)

k,j,µ(ξ, η)− λ̂
(0,1)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ+1)2
∣∣∣akd1

µ
L(0) (ξ)

∣∣∣
− α0

µ+1
∣∣∣ajh1

µ
Q(0) (η)

∣∣∣
β0

µ+1
;

(3.12)
∣∣∣λ̂(0,0)

k,j,µ(ξ, η)− λ̂
(1,0)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ+1)2
∣∣∣akd1

µ
L(0) (ξ)

∣∣∣
α0

µ+1
∣∣∣ajh1

µ
Q(0) (η)

∣∣∣
− β0

µ+1
;

∣∣∣λ̂(0,1)
k,j,µ(ξ, η)− λ̂

(1,1)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ + 1)2
∣∣∣akd1

µ
L(0) (ξ)

∣∣∣
α0

µ+1
;(3.13)

∣∣∣λ̂(1,0)
k,j,µ(ξ, η)− λ̂

(1,1)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ + 1)2
∣∣∣ajh1

µ
Q(0) (η)

∣∣∣
β0

µ+1
;(3.14)
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∣∣∣λ̂(0,0)
k,j,µ(ξ, η)− λ̂

(0,1)
k,j,µ(ξ, η)− λ̂

(1,0)
k,j,µ(ξ, η) + λ̂

(1,1)
k,j,µ(ξ, η)

∣∣∣

≤ C(µ + 1)2
∣∣∣akd1

µ
L(0) (ξ)

∣∣∣
α0

µ+1
∣∣∣ajh1

µ
Q(0) (η)

∣∣∣
β0

µ+1
,(3.15)

for all (ξ, η) ∈ RN × RM , where L(0) (ξ) = L(Πz̃1ξ), Q(0) (η) = Q(Πw̃1η),
Πz̃1ξ = (ξ1, · · · , ξz̃1 ) and Πw̃1η = (η1, · · · , ηw̃1).

Proof. First, it is easy to verify that (3.9) holds trivially. Now, we prove (3.10).
By assumptions, there exist two linear transformations L = (L1, · · · , Lz1) ∈
L(Rz̃1 ,Rz1) and Q = (Q1, · · · , Qw1) ∈ L(Rw̃1 ,Rw1) such that

(3.16)
z̃1∑

l=1

ξlΓl(x) =
z1∑

l=1

Ll(Πz̃1ξ)Γl(x) and
w̃1∑
s=1

ηsΥs(y) =
w1∑
s=1

Qs(Πw̃1η)Υs(y).

Thus we have

∣∣∣λ̂(0,0)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ + 1)
∫

Sn−1×Sm−1

∣∣Ω
µ
(x, y)

∣∣
∣∣∣∣∣
∫ 1

1/aµ

e−iYξ,k(t,x) dt

t

∣∣∣∣∣ dσ(x)dσ(y),

where

(3.17) Yξ,k(t, x) =

(
z̃1∑

l=1

ξlΓl(x)

)
td1a(k+1)d1

µ
+

N∑

s=z̃1+1

ξsΓs(x)tdsa(k+1)ds

µ
.

Define R : Sn−1 × Sz1−1 → R by

R(x, u) =
z1∑

l=1

ulΓl(x),

where x ∈ Sn−1 and u = (u1, · · · , uz1) ∈ Sz1−1. Since {Γ1, · · · , Γz1} is linearly
independent, R(·, u) is a nonzero function for every u ∈ Sz1−1. By Lemma 2.6,
there exists a δ1 > 0 such that

(3.18) sup
u∈Sz1−1

∫

Sn−1
|R(x, u)|−δ1 dσ(x) < ∞.

By letting ε = min{1/d1, 1/N, δ1/2},(3.2), (3.18) and Hölder’s inequality, we get

∣∣∣λ̂(0,0)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ + 1)
∫

Sn−1×Sm−1

∣∣Ωµ(x, y)
∣∣
∣∣∣∣∣

z1∑

l=1

Ll(Πz̃1ξ)Γl(x)

∣∣∣∣∣

−ε

dσ(x)dσ(y)

≤ C(µ + 1)a−εd1
µ

∥∥Ωµ

∥∥
L2(Sn−1×Sm−1)

∣∣∣akd1
µ

L(Πz̃1ξ)
∣∣∣
−ε

≤ C(µ + 1)a−εd1
µ

(aµ)2
∣∣∣akd1

µ
L(Πz̃1ξ)

∣∣∣
−ε

.(3.19)
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Thus, by combining the last estimate with the trivial estimate
∣∣∣λ̂(0,0)

k,j,µ(ξ, η)
∣∣∣ ≤ C(µ+

1)2, we get

(3.20)
∣∣∣λ̂(0,0)

k,j,µ(ξ, η)
∣∣∣ ≤ C(µ + 1)2

∣∣∣akd1
µ

L(Πz̃1ξ)
∣∣∣
−ε/(µ+1)

.

Similarly, we have

(3.21)
∣∣∣λ̂(0,0)

k,j,µ(ξ, η)
∣∣∣ ≤ C(µ + 1)2

∣∣∣ajh1
µ

Q(Πw̃1η)
∣∣∣
−β/(µ+1)

.

Combining the last two estimates yields (3.10). Next, we prove (3.11).

∣∣∣λ̂(0,0)
k,j,µ(ξ, η)− λ̂

(0,1)
k,j,µ(ξ, η)

∣∣∣ ≤
∫ 1

1/aµ

∫

Sn−1×Sm−1

∣∣Ω
µ
(x, y)

∣∣×
∣∣∣∣∣
∫ 1

1/aµ

e−iYξ,k(t,x) dt

t

∣∣∣∣∣
∣∣∣e−iη·Ψ0(a

j+1
µ

sy) − e
−iη·Ψ1(a

j+1
µ

sy)
∣∣∣ dσ(x)dσ(y)

ds

s
,

where Yξ,k(t, x) is given by (3.17). By a similar argument as that employed in the
proof of (3.10) we get
∣∣∣λ̂(0,0)

k,j,µ(ξ, η)− λ̂
(0,1)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ + 1)a−εd1
µ

∥∥Ωµ

∥∥
2

∣∣∣akd1
µ

L(0) (ξ)
∣∣∣
−ε ∣∣∣a(j+1)h1

µ
Q(0) (η)

∣∣∣

which when combined with the trivial estimate
∣∣∣λ̂(0,0)

k,j,µ(ξ, η)− λ̂
(0,1)
k,j,µ(ξ, η)

∣∣∣ ≤ C(µ +

1)2 yields (3.11). Similarly, we get (3.12)-(3.15). The proof of the lemma is com-
plete. ¤

Similarly, by using (3.1)-(3.3) we can find additional mappings Φ2, · · · , ΦK

from Rn \ {0} to RN , Ψ2, · · · , ΨJ from Rm \ {0} to RM , {αl, βs : 1 ≤ l ≤ K − 1,
1 ≤ s ≤ J − 1} ⊂ (0,∞), appropriate linear transformations {L(l), Q(s) : 1 ≤ l ≤
K − 1, 1 ≤ s ≤ J − 1}, two sets of distinct real numbers {dul

: 1 ≤ l ≤ K − 1},
{hvs : 1 ≤ s ≤ J − 1} with {dul

: 1 ≤ l ≤ K − 1} = {dl : 2 ≤ l ≤ N}\{d1},
{hvs : 1 ≤ s ≤ J − 1} = {hs : 2 ≤ s ≤ M}\{h1} and a finite family of measures
{λ(l,s)

k,j,µ : 2 ≤ l ≤ K, 2 ≤ s ≤ J} with the following properties:

ΦK = (0, · · · , 0) , ΨJ = (0, · · · , 0);

λ
(l,s)
k,j,µ(ξ, η) = λk,j,µ,Φl,Ψs for 2 ≤ l ≤ K and 2 ≤ s ≤ J ;

λ
(K,s)
k,j,µ = λ

(l,J)
k,j,µ = 0 for 2 ≤ l ≤ K and 2 ≤ s ≤ J ;

(3.22)
∣∣∣λ(l,s)

k,j,µ(ξ, η)
∣∣∣ ≤ C(µ + 1)2;

(3.23)
∣∣∣λ̂(l,s)

k,j,µ(ξ, η)
∣∣∣ ≤ C(µ + 1)2

∣∣∣akdul
µ

L(l) (ξ)
∣∣∣
− αl

µ+1
∣∣∣ajhvs

µ
Q(s) (η)

∣∣∣
− βs

µ+1
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(3.24)∣∣∣λ̂(l,s)
k,j,µ(ξ, η)− λ̂

(l+1,s)
k,j,µ (ξ, η)

∣∣∣ ≤ C(µ + 1)2
∣∣∣akdul

µ
L(l) (ξ)

∣∣∣
αl

µ+1
∣∣∣ajhvs

µ
Q(s) (η)

∣∣∣
− βs

µ+1
;

(3.25)∣∣∣λ̂(l,s)
k,j,µ(ξ, η)− λ̂

(l,s+1)
k,j,µ (ξ, η)

∣∣∣ ≤ C(µ + 1)2
∣∣∣akdul

µ
L(l) (ξ)

∣∣∣
− αl

µ+1
∣∣∣ajhvs

µ
Q(s) (η)

∣∣∣
βs

µ+1
;

(3.26)
∣∣∣λ̂(l,s+1)

k,j,µ (ξ, η)− λ̂
(l+1,s+1)
k,j,µ (ξ, η)

∣∣∣ ≤ C(µ + 1)2
∣∣∣akdul

µ
L(l) (ξ)

∣∣∣
αl

µ+1
;

(3.27)
∣∣∣λ̂(l,s)

k,j,µ(ξ, η)− λ̂
(l+1,s+1)
k,j,µ (ξ, η)

∣∣∣ ≤ C(µ + 1)2
∣∣∣ajhvs

µ
Q(s) (η)

∣∣∣
βs

µ+1
;

∣∣∣λ̂(l,s)
k,j,µ(ξ, η)− λ̂

(l,s+1)
k,j,µ − λ̂

(l+1,s)
k,j,µ + λ̂

(l+1,s+1)
k,j,µ (ξ, η)

∣∣∣

≤ C(µ + 1)2
∣∣∣akdul

µ
L(l) (ξ)

∣∣∣
αl

µ+1
∣∣∣ajhvs

µ
Q(s) (η)

∣∣∣
βs

µ+1
(3.28)

for 1 ≤ l ≤ K − 1 and 1 ≤ s ≤ J − 1. By (3.3) and Lemma 2.3, we immediately get

(3.29)

∥∥∥∥∥ sup
k,j∈Z

∥∥∥λ
(l,s)
k,j,µ ∗ f

∥∥∥
∥∥∥∥∥

p

≤ Cp(µ + 1)2 ‖f‖p

for 1 < p < ∞, 0 ≤ l ≤ K − 1 and 0 ≤ s ≤ J − 1. By (3.9)-(3.15), (3.22)-(3.28),
Lemma 2.8, we have

(3.30)
∥∥∥TΓ,Υ,Ωµ

(f)
∥∥∥

p
=

∥∥∥∥∥∥
∑

k,j∈Z

λ
(0,0)
k,j,µ ∗ f

∥∥∥∥∥∥
p

≤ Cp (µ + 1)2 ‖f‖p

for 1 < p < ∞ and f ∈ Lp (Rn ×Rm) which completes the proof of (3.7).
We can construct a proof of (3.8) by using the above estimates and the tech-

niques developed in [3]. We omit the details.
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