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Abstract. We investigate semi-symmetry and pseudo-symmetry of some 3-dimensional

Riemannian manifolds: the D’Atri spaces, the Thurston geometries as well as the η-

Einstein manifolds. We prove that all these manifolds are pseudo-symmetric and that

many of them are not semi-symmetric.

1. D’Atri space

A Riemannian manifold is a D’Atri space if its local geodesic symmetries are
volume preserving, or equivalently are divergence preserving ([9], [16], [25]). O.
Kowalski proved that a connected and complete D’Atri space of dimension 3 is
isometric to one of the following manifolds: (i) Riemannian symmetric spaces:
R3, S3(c), H3(−c), S2 × R , H2(−c) × R, where c is a positive constant, or (ii)
the group SU(2) ≡ S3, the universal covering group of SL(2,R), or the Heisenberg

group H3 of all real matrix of the form




1 x y
0 1 z
0 0 1


 with any left invariant metric.

The metrics of 3-dimensional D’Atri spaces except for the metric of H3 have the
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form ([8], [24]):

g =
dx2 + dy2

(1 + m(x2 + y2))2
+ (dz +

l

2
ydx− xdy

1 + m(x2 + y2)
)2, l, m ∈ R,

which were studied already by L. Bianchi, E. Cartan and G. Vrançeanu ([3], [7], [8],
[24]). According to [20] we have: if m = 0 and l 6= 0 then M ≡ H3, or if m > 0 and

l 6= 0 then M ≡ SU(2), or if m < 0 and l 6= 0 then M ≡ ˜SL(2,R), or if m > 0 and
l = 0 then M ≡ S2 ×R, or if m < 0 and l = 0 then M ≡ H2 ×R, or if 4m− l2 = 0
then M is a real space forms of positive or zero curvature.
With respect to the above classification, we will investigate the property of pseudo-
symmetry of H3, SU(2) and ˜SL(2,R).

Let X1, · · · , Xn be an orthonormal moving frame on a Riemanian manifold
(M, g), n = dim M ≥ 3, and let ωi and ωi

j be the dual forms and the connection
forms for this moving frame. Then the structure equations of (M, g) are given by:

dωi = −ωj
i ∧ ωj , dωj

i = −ωk
i ∧ ωj

k +
1
2
Ri

jklω
k ∧ ωl,

where Ri
jkl are the local components of the Riemann curvature tensor of (M, g).

The basis and the dual basis of 3-dimensional D’Atri space are given by:

X = (1+m(x2 +y2))
∂

∂x
− l

2
y

∂

∂z
, Y = (1+m(x2 +y2))

∂

∂y
+

l

2
x

∂

∂z
, ξ =

∂

∂z
,

and

ω1 =
dx

1 + m(x2 + y2)
, ω2 =

dy

1 + m(x2 + y2)
, ω3 = dz +

l

2
ydx− xdy

1 + m(x2 + y2)
.

The eigenvalues ρi, i = 1, 2, 3, of the Ricci tensor and the scalar curvature κ of
(M, g) are the following

(1) ρ1 = ρ2 = 4m− l2

2
, ρ3 =

l2

2
, κ = 8m− l2

2
.

Let (M, g), n ≥ 3, be a semi-Riemannian manifold. We consider the endomorphisms
X ∧g Y and R(X, Y ) of (M, g) defined by

X ∧g Y = g(Y,Z)X − g(X,Z)Y ,

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z ,

where ∇ is the Levi-Civita connection, κ the scalar curvature and S the Ricci
operator of (M, g). The Ricci tensor S and the Ricci operator S of (M, g) are
related by S(X, Y ) = g(SX,Y ). The Riemann curvature tensor R and the tensor
G of (M, g) are defined by

R(X1, X2, X3, X4) = g(R(X1, X2)X3, X4) ,

G(X1, X2, X3, X4) = g((X1 ∧g X2)X3, X4) ,
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respectively. For a (0, k)-tensor T , k ≥ 1, on M we define the (0, k+2)-tensors R ·T
and Q(g, T ) by

(R · T )(X1, X2, · · · , Xk; X, Y ) = (R(X, Y ) · T )(X1, X2, · · · , Xk) =
−T (R(X,Y )X1, X2, · · · , Xk)− · · · − T (X1, X2, · · · ,R(X, Y )Xk) ,

Q(g, T )(X1, X2, · · · , Xk;X,Y ) = ((X ∧g Y ) · T )(X1, X2, · · · , Xk) =
− T ((X ∧ Y )X1, X2, · · · , Xk)− · · · − T (X1, X2, · · · , Xk−1, (X ∧g Y )Xk).

If we set in the above formulas T = R, then we obtain the tensors: R · R and
Q(g, R).

A semi-Riemannian manifold (M, g), n ≥ 3, is called semi- symmetric if R·R = 0
on M . A semi-Riemannian manifold (M, g), n ≥ 3, is said to be pseudo-symmetric
([10], [12], [23], [26]) if at every point of M the tensors R ·R and Q(g, R) are linearly
dependent. Thus we see that (M, g) is pseudo-symmetric if and only if

(2) R ·R = LR Q(g, R)

on UR = {x ∈ M |R − κ
n(n−1)G 6= 0 at x}, where LR is some function on

UR. The condition (2) arose during the study on totally umbilical submanifolds
of semi-symmetric manifolds as well as when considering geodesic mappings of
semi-symmetric manifolds ([10], [23]). Every semi-symmetric manifold is pseudo-
symmetric. The converse statement is not true (see e.g. [11]). A pseudo-symmetric
space which is not semi-symmetric is said to be a proper pseudo-symmetric space.
We will denote the class of space forms by R0. Locally symmetric spaces (∇R = 0)
form a generalization of the space forms. We will denote this class of manifolds
by R1. Similarly, the semi-symmetric manifolds form a generalization of the lo-
cally symmetric spaces. We will denote this class of manifolds by R2. Finally, the
pseudo-symmetric spaces form a generalization of the semi-symmetric manifolds.
We will denote this class of manifolds by R3. Thus we have R0 ⊂ R1 ⊂ R2 ⊂ R3.
In addition, all inclusions being proper ones, provided that n ≥ 4, ([2], [10], [12],
[13], [23]). We recall that (M, g), n ≥ 3, is said to be quasi-Einstein if at every
x ∈ M its Ricci tensor S has the form

S = α g + β ω ⊗ ω , α , β ∈ R , ω ∈ T ?
x M .(3)

Theorem A ([14]). A 3-dimensional semi-Riemannian manifold is pseudo-sym-
metric if and only if it is quasi-Einstein.

Proposition B ([10], [12]). For a 3-dimensional quasi-Einstein Riemannian man-
ifold (M, g), for which ρ1 = ρ2 6= ρ3 on M , we have R ·R = ρ3

2 Q(g, R).

Consequently, we have
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Theorem 1. Every 3-dimensional D’Atri space is pseudo-symmetric.

Proof. The eigenvalues of the Ricci tensor of D’Atri spaces are ρ1 = ρ2 = 4m− l2

2 ,
ρ3 = l2

2 . Thus by Proposition B we have R ·R = l2

4 Q(g, R). ¤

We note that for every D’Atri space we have S = (4m− l2

2 ) g +(l2− 4m) ω⊗ω,
where ω is a 1-form with the local components ωh = δ1

h.
Using the above results we obtain,

Proposition 2. The D’Atri spaces: S2 × R,H2 × R, are non-Einstein semi-
symmetric manifolds. Moreover, the D’Atri spaces H3, SU(2) and ˜SL(2,R) are
proper pseudo-symmetric spaces.

Let M2n+1 be a (2n + 1)-dimensional differentiable manifold, and let φ, ξ and
η be a tensor field of type (1, 1), a vector field and a 1-form on M2n+1, respectively.
If the following conditions are satisfied: φ2X = −X + η(X)ξ, φξ = 0, η(φX) = 0,
η(ξ) = 1, for any X ∈ χ(M2n+1), then M2n+1 admits an almost contact structure
(φ, ξ, η) and is called an almost contact manifold. An almost contact structure on
M2n+1 is said to be normal if the Nijenhuis tensor Nφ formed with φ, Nφ(X,Y ) =
φ2[X, Y ] + [φX, φY ]− φ[φX, Y ]− φ[X, φY ], satisfies Nφ + 2dη ⊗ ξ = 0.

If a Riemannian metric g is given on M2n+1 such that g(φX, φY ) = g(X, Y )−
η(X)η(Y ), η(X) = g(ξ,X), for any X,Y ∈ χ(M2n+1), then (φ, ξ, η, g) is called
an almost contact metric structure and M2n+1 is called an almost contact metric
manifold. If, in addition, dη(X, Y ) = g(X, φY ), for all X, Y ∈ χ(M2n+1), then an
almost contact metric structure is called a contact metric structure. It is called
a K-contact structure if the characteristic vector field ξ is a Killing vector field.
The normal contact metric structure is called a Sasakian structure and a manifold
with Sasakian structure is called a Sasakian manifold. Let M2n+1 be a contact
metric manifold with contact metric structure (η, g, ξ, φ). M2n+1 is said to be η-
Einstein if the Ricci tensor is of the form S(X, Y ) = ag(X, Y ) + bη(X)η(Y ), where
a and b are some functions on M2n+1. It is known that if M2n+1 is a K-contact
η-Einstein manifold, with n > 1, then the functions a and b are constant. Every K-
contact three-manifold is η-Einstein. Every K-contact three-manifold is Sasakian,
a Sasakian manifold of constant φ sectional curvature is an η-Einstein. For more
details we refer to [4] and [19]. There are examples of non-Sasakian η-Einstein
contact metric manifolds ([4], [5]).

Proposition C ([5]). Let M3(φ, ξ, η, g) be a contact metric manifold. Then any
of the following three conditions is equivalent to each other:

(i) M3 is η-Einstein,

(ii) Sφ = φS,

(iii) R(X, Y )ξ = k(η(Y )X − η(X)Y ).

Theorem D ([5]). Let M3 be a contact metric manifold on which Sφ = φS. Then
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M3 is either Sasakian, flat or of constant ξ-sectional curvature K(X, ξ) = k < 1
and constant φ-sectional curvature K(X,φX) = −k.

Using the above results we obtain,

Theorem 3. Every 3-dimensional η- Einstein manifold is pseudo-symmetric. More
precisely, R ·R = k Q(g,R).

Corollary 4. Every 3-dimensional K-contact manifold is pseudo-symmetric, with
R ·R = Q(g,R).

Corollary 5. Every 3-dimensional Sasakian space form is pseudo-symmetric.

Example 1.1 ([1]). Let (x, y, z) be a standard coordinates on R3 and let η be
the 1-form η = 1

2 (dz − ydx). We set ξ = 2( ∂
∂z ) and we define the matrix of

φ by




0 1 0
−1 0 0
0 y 0


. In addition, we have η(ξ) = 1 and φ2 = −I + η ⊗ ξ. So

(φ, ξ, η) is an almost contact structure on R3. We define the metric tensor g by
g = 1

4 (dx2 + dy2) + η ⊗ η. The vector fields X = 2
(

∂
∂x + y ∂

∂z

)
, Y = 2( ∂

∂y ) and
ξ = 2( ∂

∂z ) form an φ-orthonormal basis φX = −Y , φY = X, φξ = 0. Thus
(R3, η, φ, ξ, g) is a Sasakian space form, denoted by R3(−3). The Ricci curvatures
are the following: ρ1 = ρ2 = −1, and ρ3 = 2.

Consequently we have

Proposition 6. The Sasakian space form R3(−3) is a proper pseudo-symmetric
manifold. More precisely, on R3(−3) we have R ·R = Q(g, R) 6= 0.

Theorem 7. Let (M, g) be a 3-dimensional semi-Riemannian manifold and let
X,Y, ξ be an orthonormal basis of TxM , x ∈ M . If the following two conditions
noted by (C): R(X,Y )Xi = α (X ∧g Y )Xi and R(X, ξ)Xi = β (X ∧g ξ)Xi, are
satisfied, where α and β are functions on M , Xi ∈ {X,Y, ξ}, then M is pseudo-
symmetric.

Proof. Any semi-Riemannian manifold (M, g), n = 3, satisfying the condition (C)
is quasi-Einstein. Thus it is also pseudo-symmetric. ¤

We remark that the 3-dimensional Sasakian manifolds satisfy the condition (C).

In the next section we present examples of 3-dimensional manifolds satisfying
the condition (C) with nonconstant functions α and β and examples of pseudo-
symmetric manifolds which are not D’Atri spaces.

2. Warped products

Let (M1, g) and (M2, g̃), dim M1 = p, dim M2 = n − p, 1 ≤ p < n, be
semi-Riemannian manifolds covered by systems of charts {U ; xa} and {V ; yα}, re-
spectively. Let F be a positive smooth function on M1. The warped product
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M1×F M2 of (M1, g) and (M2, g̃) is the product manifold M1×M2 with the metric
g = g ×F g̃ = π∗1g + (F ◦ π1)π∗2 g̃, where πi : M1 × M2 → Mi, i = 1, 2, being the
natural projections ([18]). The local components grs of the metric g = g ×F g̃,
which may not vanish identically are the following: gab = gab, gαβ = F g̃αβ , where
a, b, c, d, e, f ∈ {1, · · · , p}, α, β, γ, δ ∈ {p + 1, · · · , n} and r, s, t, u, v, w ∈ {1, · · · , n}.
The local components Γr

st of the Levi-Civita connection ∇ of M1 ×F M2 are
Γa

bc = Γ
a

bc, Γα
βγ = Γ̃α

βγ , Γa
αβ = − 1

2gabFbg̃αβ , Γα
aγ = 1

2F Faδα
β Γa

αb = Γα
ab = 0. Now

the local components Rrstu = grw(∂uΓw
st − ∂tΓw

su + Γv
stΓ

w
vu − Γv

suΓw
vt), ∂u = ∂

∂xu , of
the tensor R and the local components Sts of the tensor S of M1×F M2 which may
not vanish identically are the following ([11]):

Rabcd = Rabcd ,(4)

Rαabβ = −1
2
Tabg̃αβ ,(5)

Rαβγδ = FR̃αβγδ − ∆1F

4
G̃αβγδ ,(6)

Sab = Sab − n− p

2F
Tab ,(7)

Sαβ = S̃αβ − 1
2

(
tr(T ) +

n− p− 1
2F

∆1F

)
g̃αβ ,(8)

Tab = ∇bFa − FaFb

2F
, tr(T ) = gabTab , ∆1F = gabFaFb ,(9)

∇bFa = ∂bFa − Γd
abFd .(10)

The scalar curvature κ of the manifold M1 ×F M2 is given by

(11) κ = κ +
1
F

κ̃− n− p

F

(
tr(T ) +

n− p− 1
4F

∆1F

)
,

where κ and κ̃ are the scalar curvature of (M1, g) and (M2, g̃), respectively.

Example 2.1. We consider the warped product M1 ×F M2 of a 1-dimensional
manifold (M1, g), g11 = ε = ±1 and a 2-dimensional manifold (M2, g̃) with the
warping function F . The local components of the Riemannian curvature tensor
R and the Ricci tensor S of M1 ×F M2 which may not vanish identically are the
following

R1αβ1 = −1
2

T11 g̃αβ = − tr(T )
2F

g11gαβ = − tr(T )
2F

G1αβ1 ,

Rαβγδ =
1
F

(
κ̃

2
− 41F

2F
)Gαβγδ ,

S11 = − tr(T )
2F

g11 ,

Sαβ =
(
− tr(T )

2F
+

1
2F

(
κ̃

2
− 41F

2F
)
)

gαβ ,
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where 41F = g11(F1)2, tr(T ) = 1
2F g11T11, T11 = ∇1F1 − 1

2F (F1)2, F1 = ∂F
∂x1 , and

α, β, γ, δ ∈ {2, 3}. From the above formulas we get

S =
(
− tr(T )

2F
+

1
2F

(
κ̃

2
− 41F

2F
)
)

g − ε

2F
(
κ̃

2
− 41F

2F
)ω ⊗ ω ,

where ωh = δ1
h are the local components of the 1-form ω. Thus M1 ×F M2 is a

quasi-Einstein manifold, and in a consequence of Theorem A, a pseudo-symmetric
manifold.

Example 2.2. Let on the set M1 = {(x1, x2) ∈ R2, x1 ∈ (0, π
2 )} be given a

metric tensor g, defined by g11 = a2, g12 = g21 = 0, g22 = a2 cos2 x1, where
a = const. > 0. It is easy to verify that the local components Tab, a, b ∈ {1, 2}, of
the tensor T = ∇2F − 1

2F dF ⊗ dF , where F is defined by F = F (x1, x2) = cos2 x1,
are the following: T11 = − 2

a2 cos2 x1 g11, T12 = T21 = 0, T22 = 2
a2 sin2 x1 g22.

Furthermore, we also have 1
a2 = κ

2 . The local components of the curvature tensor R

of M1×F M2, which may not vanish identically, are the following Rabcd = κ
2 Gabcd,

R3ab3 = − 1
2F Tabg33. Using now the above relations we find

R3113 = − 1
2F

T11g33 = − 1
2F

(− 2
a2

)F g11g33 =
κ

2
G3113 ,

R3123 = − 1
2F

T12g33 = 0,

R3223 = − 1
2F

T22g33 = − 1
2F

(
2
a2

) sin2 x1 g22g33 = −1− F

F

κ

2
G3223 ,

S11 =
κ

2
g11 −

1
2F

T11 =
2
a2

g11 =
2
a2

g11 ,

S22 =
κ

2
g22 −

1
2F

T22 =
1
a2

(1− tan2 x1) g22 =
1
a2

(1− tan2 x1) g22 ,

S33 =
tr(T )

2
g̃33 =

1
a2

(1− tan2 x1) g33 .

From the above formulas we get

S =
1
a2

(1− tan2 x1) g + (
2
a2
− 1

a2
(1− tan2 x1)a2) ω ⊗ ω ,

where ωh = δ1
h are the local components of a 1-form w. Thus M1 ×F M2 is a

quasi-Einstein manifold, and in a consequence of Theorem A, a pseudo-symmetric
manifold.

3. 3-dimensional Thurston geometries

A model geometry (G,M) is a manifold M together with a Lie group G of
diffeomorphisms of M such that ([22]): M is connected and simply connected, G
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acts transitively on M , with compact point stabilizers, G is not contained in any
larger group of diffeomorphisms of M with compact stabilizers of points, and there
exists at least one compact manifold of type (modeled on) (G,M).

W. M. Thurston classified the 3-dimensional geometries which are R3, S3(c),

H3(−c), S2 × R, H2(−c) × R, SU(2), ˜SL(2,R), H3 and the Lie group Sol ([21],
[22]). The Lie group Sol is considered as R3 endowed with the left invariant metric
ds2 = e2zdx2 + e−2zdy2 + dz2. Geometric properties of the eight 3-dimensional
Thurston geometries were studied, among others, in [6] and [17].

It is known that the Lie group Sol admit the following family of metrics

g = g[µ1, µ2, µ3] = e−2µ1zdx2 + e−2µ2zdy2 + µ2
3dz2 ,

where µ1, µ2 and µ3 are real constants and µ3 is positive. Recently, these metrics
have been studied by J. Inoguchi ([15]). The Riemannian curvature R and the Ricci
curvatures and the scalar curvature of such metrics are the following ([15]):

R1212 = −µ1µ2

µ2
3

, R1313 = −µ2
1

µ2
3

, R2323 = −µ2
2

µ2
3

,

ρ1 = −µ1(µ1 + µ2)
µ2

3

, ρ2 = −µ2(µ1 + µ2)
µ2

3

, ρ3 = −µ2
1 + µ2

2

µ2
3

, κ = − 2
µ2

3

(µ2
1+µ2

2+µ1µ2) ,

respectively. We have,

Proposition 8. The Riemannian manifold M3 = (R3, g[µ1, µ2, µ3]) is pseudo-
symmetric if and only if µ1 = 0 or µ2 = 0 or µ1 = ±µ2.

Proof. Our assertion is an immediate consequence of Proposition B and the relation

(ρ1 − ρ2)(ρ1 − ρ3)(ρ2 − ρ3) = µ1µ2(µ1 + µ3)(µ1 − µ2)3 ,

which holds on M3.
From the last proposition it follows that the hyperbolic 3-space M3 = H3(−c2)
(µ1 = µ2 = c 6= 0), the 4-symmetric space M3 (µ1 + µ2 = 0 and |µi| = 1

2 ), and
the warped products (N2, dx2 + µ2

3dz2)×e−2µ2z R and (N2, dy2 + µ2
3dz2)×e+2µ2z R

( µ1µ2 = 0) are pseudo-symmetric manifolds. ¤
Thus we have,

Corollary 9. Every 3-dimensional Thurston’s geometry is pseudo-symmetric.
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[24] G. Vrançeanu, Leçons de geometrie differentielle, Acad. R. P. Roumanie ed., 1957.

[25] T. J. Willmore, Riemannian Geometry, Clarendon Press, Oxford, 1993.

[26] S. . Yaprak, Intrinsic and extrinsic differential geometry concerning conditions of
pseudo-symmetry, Ph.D. thesis, K.U.Leuven, 1993.




